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0. INTRODUCTION

These notes cover a one-semester basic course in algebraic topology. The
course begins by introducing some fundamental notions as categories, functors,
homotopy, contractibility, paths, path components and simplexes. After that we
will study the fundamental group; the Fundamental Theorem of Algebra will be
proved as an application. This will take roughly the first half of the semester.
During the second half of the semester we will study singular homology. We
will show that singular homology satisfies the Eilenberg-Steenrod Axioms. As an
application we will, for example, prove the Brouwer Fixed Point Theorem in all
dimensions. We will finish the semester by doing more applications of singular
homology, exactly what topics will be covered depends on how much time will be
left.

These notes are based on Joseph Rotman’s book ” An Introduction to Algebraic
Topology”.

1. CATEGORIES AND F'UNCTORS

Definition 1.1. A category C consists of three ingredients:

(1) a class of objects, obj(C),
(2) a class of morphisms, Hom(C),
(3) composition of morphisms.

For every ordered pair (A, B) of objects in C, there is a set of morphisms
Hom(A, B).
For objects A, B, C of C, there is composition of morphisms
Hom(A, B) x Hom(B,C) — Hom(A,C), (f,g)— go f.
The following axioms are satisfied:
(1) the sets Hom(A, B) are pairwise disjoint,
(2) composition is associative
(ho(gof))=(hog)of,
(3) for every object A of C, there exists a morphism 14: A — A called the
identity morphism for A, such that 14 o f = f, for every f € Hom(B, A)

and for every object B of C, and go14 = g, for every g € Hom(A, C') and
for every object C of C.

We often also denote the identity morphism 14 by id 4.

Example 1.2. The category of all sets is C = Sets:
(1) obj(C) = all sets,
(2) Hom(A, B) = the family of all functions A — B,
(3) composition is the usual composition of functions.

Example 1.3. The category of all topological spaces is C = Top:
(1) obj(C) = all topological spaces,
(2) Hom(A, B) = the family of all continuous functions A — B,
(3) composition is the usual composition of functions.



Although the objects of a category C do not necessarily form a set, we use the
expression A € obj(C) to mean that A is an object of C. Similarly, if 4 is another
category, we write obj(C) C obj(.A) to mean that every object in C is also an
object in A.

Definition 1.4. Let A and C be categories. Assume obj(C) C obj(A). For
A, B € 0bj(C), we denote the sets of morphisms corresponding to .4 and C by

Hom (A, B) and Hom¢(A, B),
respectively. We call C a subcategory of A, if
Home(A, B) C Homy (A, B),

for all A, B € obj(C) and if the composition in C is the same as the composition

in A.

Example 1.5. Subcategories of Top: We obtain subcategories by restriction. For
example, the objects could be all Hausdorff spaces, all compact spaces or all
connected spaces. If we choose the objects to be smooth manifolds, it makes
sense to choose the morphisms to be smooth maps.

Example 1.6. The category of all groups is C = Groups:
(1) obj(C) = all groups,
(2) Hom(A, B) = the family of all homomorphisms A — B,
(3) composition is the usual composition of functions.

Ezample 1.7. The category of all abelian groups is C = Ab:
(1) obj(C) = all abelian groups,
(2) Hom(A, B) = the family of all homomorphisms A — B,
(3) composition is the usual composition of functions.

Then Ab is a subcategory of Groups.

FEzample 1.8. The category of all rings is C = Rings:
(1) obj(C) = all rings,
(2) Hom(A, B) = the family of all ring homomorphisms A — B, that preserve
identity elements,
(3) composition is the usual composition of functions.

Ezample 1.9. The category C = Top*:

(1) obj(C) = all ordered pairs (X, A), where X is a topological space and A
is a subspace of X,

(2) Hom((X, A),(Y,B)): A morphism f: (X,A) — (Y,B) is a continuous
map f: X — Y such that f(A) C B,

(3) composition is the usual composition of functions.

Example 1.10. The category of pointed spaces is Top,. The objects of this cat-
egory are all ordered pairs (X, zy) where X is a topological space and xy € X.
A morphism f: (X,z9) — (Y,4) is a continuous map f: X — Y such that
f(zo) = yo. We call zg the basepoint of X. Morphisms of this category are called
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pointed maps or basepoint preserving maps. Objects are called pointed spaces.
The category Top, is a subcategory of Top?.

Definition 1.11. Let C be a category. Let ~ be an equivalence relation on
U Hom(A, B).
(A,B)
We call ~ a congruence on C, if it satisfies the following conditions:
(1) if f € Hom(A, B) and f ~ f’, then f' € Hom(A, B),
(2) if f ~ f’, g ~ ¢" and the composite g o f exists, then go f ~ ¢’ o f'.
The proof of the following theorem follows immediately from the definitions.

Theorem 1.12. Let C be a category and let ~ be a congruence on C. Let [f]
denote the equivalence class of a morphism f. Define C' by:

(1) obj(C’) = obj(C),

(2) Home (A, B) = {[f] | f € Home(A, B),

3) lglolfl=1lgofl.
Then C' is a category.

The category C’ is called a quotient category of C. For us the most important
quotient category will be the homotopy category defined later.

Definition 1.13. Let A and C be categories. Let T': A — C satisfy the following:
(1) if A € obj(.A), then TA € obj(C),
(2) if f: A — A’ is a morphism in A, then T'f: TA — T'A’ is a morphism in
C,
(3) if f and g are morphisms in A and go f is defined, then T'(go f) = T'goT f,
(4) T14 = 174, for every A € obj(A).
We say that T is a (covariant) functor from A to C.

Example 1.14. Let A and C be categories and let T: A — C be a functor. We
call T" a forgetful functor, if it ”forgets” some of the structure or properties of A.
The functor T": Top — Sets that assigns to each topological space its underlying
set and to each continuous function itself is an example of a forgetful functor.

Ezxample 1.15. Let C be a category. The identity functor J: C — C is defined by
JA = A for every A € obj(C) and Jf = f for every morphism f.

Example 1.16. Let Y be a topological space. Then there is a functor
Ty : Top — Top,

where Ty (X) = X x Y, for a topological space X, and, for a continuous function
f: X=X,

Ty(f): X xY — X' x Y,
is defined by (z,y) — (f(x),y).

The functor Hom(A, ) in the following example is called a covariant Hom
functor.
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Ezample 1.17. Let C be a category. Let A € obj(C). Define a functor
Hom(A, ): C — Sets

as follows: assign the set Hom(A, B) to each B € obj(C), and assign the induced
map

Hom(A, f): Hom(A4, B) — Hom(A, B’), g+ fogy,
to every morphism f: B — B’
A functor is called contravariant, if it reverses the direction of arrows:

Definition 1.18. Let A and C be categories. Let S: A — C satisfy the following:

(1) if A € obj(A), then SA € obj(C),

(2) if f: A — A’ is a morphism in A, then Sf: SA" — SA is a morphism in
C,

(3) if f and g are morphisms in A and go f is defined, then S(go f) = SfoSyg,

(4) S14 = 154, for every A € obj(A).

We say that S is a contravariant functor from A to C.
Example 1.19. Let C be a category. Let B € obj(C). Define a functor
Hom( , B): C — Sets

as follows: assign the set Hom(A, B) to each A € obj(C), and assign the induced
map

Hom(g, B): Hom(A’, B) — Hom(A, B), h+ hog,
to every morphism g: A — A’
The functor Hom( , B) is called a contravariant Hom functor.

Definition 1.20. Let C be a category and let A, B € obj(C). Let f: A — Bbea
morphism. If there is a morphism g: B — A such that fog =1 and go f = 1y,
we say that f is an equivalence or an isomorphism in C.

Theorem 1.21. Let A and C be categories, and let T: A — C be either a co-
variant or a contravariant functor. Let f be an equivalence in A. Then Tf is an
equivalence in C.

Proof. Assume T is covariant. Let f: A — B be a morphism that is an equiv-
alence in A. Then there is a morphism g: B — A such that fog = 1 and
go f =14. Since T is covariant, it follows that

TgoTf=T(gof)=T1s= lra,

and
TfoTg=T(fog)=Tlg = 1rp.

Thus T'f is an equivalence in C. The case where T is contravariant is similar. [



2. HomoTory

Definition 2.1. Let X and Y be topological spaces and let fy and f; be contin-
uous maps from X to Y. We say that fy is homotopic to fi (denoted by fy ~ f1),
if there is a continuous map

F: XxI—Y
such that
F(z,0) = fo(z) and F(z,1) = fi(x) for all x € X.
The map F' is called a homotopy.

If F'is a homotopy from f, to fi, we often write F': fy ~ fi.

Let t € I. Define fi: X — Y by fi(x) = F(z,t). Then the homotopy F' gives
a one-parameter family of continuous maps deforming fy into f;.

Recall the following gluing lemmas:

Lemma 2.2. (Gluing lemma 1) Let X be a topological space and let X;, 1 <
i < n, be finitely many closed subsets of X such that X = J;_, X;. LetY be a
topological space. Assume there are continuous maps f;: X; — Y, 1 < i < n,
such that

Then there ezists a unique continuous map f: X — Y with f|X; = f; for all i.

Lemma 2.3. (Gluing lemma 2) Let X be a topological space and let X; be (possi-
bly infinitely many) open subsets of X such that X = J, X;. LetY be a topological
space. Assume there are continuous maps f;: X; — 'Y such that

Then there ezists a unique continuous map f: X — Y with f|X; = f; for all i.

The proofs of Lemmas 2.2 and 2.3 are easy and can be found in many general
topology text books.

Theorem 2.4. Homotopy is an equivalence relation on the set of all continuous
maps X — Y.

Proof. Let f: X — Y be a continuous map. Then
F: XxI-=Y, (z,t) = f(x),

for all z € X and for all ¢t € I, is a homotopy, F': f ~ f. Thus ~ is reflexive.

Let next f,g: X — Y and assume f ~ ¢g. Then there is a continuous map
F: X x I =Y, such that F(z,0) = f(x) and F(z,1) = g(x), for all x € X. Let

G: X xI—=Y, (x,t)— F(z,1-1).

Then G: g ~ f. It follows that ~ is symmetric.
Finally, let f,g,h: X — Y and assume F': f ~ g and G: g ~ h. Let

F(x,2t), if 0<t
t

H: X xI=Y, (z,t) H{ G(z,2t — 1), if
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Now, for t = %,

1
F(z,2- 5) = F(z,1) = g(x), for every x € X,
and .
G(z,2- 3 1) = G(z,0) = g(z), for every z € X.

Thus it follows from the first gluing lemma that H is continuous. Therefore,
H: f ~ h. Consequently, the relation ~ is transitive. O

Definition 2.5. The homotopy class of a continuous map f: X — Y is the
equivalence class

[f] = {continuous g: X =Y | g~ f}.
The family of all such homotopy classes is denoted by [X, Y.
Theorem 2.6. Let fo, fi: X — Y and go,91: Y — Z be continuous. Assume
fo=~ fi and go =~ g1. Then goo fo = gi 0 fi, i-e., [goo fo] =[g10 fi].
Proof. Let F': fy~ f; and G: gy >~ g, be homotopies. Let
H: X x1—2Z (x,t)— G(fo(x),1).
Then H is continuous,
H(x,0) = G(fo(x),0) = go(fo(2)),
and
H(z,1) = G(fo(x),1) = g1(fo(x)),
for all z € X. Thus H: ggo fy =~ g1 0 fo. Let then
K: X xI1—2Z (x,t)— (g10F)(z,1).
Thus K: g, o fo =~ g1 o fi. Since homotopy is a transitive relation, it follows that
goo fo=g10 fi. O

The following corollary follows immediately from the definition of congruence and
from Theorems 2.4 and 2.6:

Corollary 2.7. Homotopy is a congruence on the category Top.

According to Theorem 1.12, there is a quotient category whose objects are topo-
logical spaces and whose morphism sets are Hom(X,Y) = [X,Y]. The composi-
tion is given by [g] o [f] = [g o f]. This category is called the homotopy category
and it is denoted by hTop.

Definition 2.8. A continuous map f: X — Y is called a homotopy equivalence,
if there exists a continuous map ¢g: ¥ — X with go f ~ 1x and fog ~ 1y.
Topological spaces X and Y have the same homotopy type, if there is a homotopy
equivalence f: X — Y.

Clearly, f: X — Y is a homotopy equivalence, if and only if [f] € [X,Y] is an
equivalence in hTop.
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Definition 2.9. Let X and Y be topological spaces and let yo € Y. The map
c: X =Y, x— vy, is called the constant map atyy. A continuous map f: X — Y
is called nullhomotopic, if there exists a constant map c¢: X — Y with f ~c.

Theorem 2.10. Let Y be a topological space and let f: S* — Y be a continuous
map. The following conditions are equivalent:

(1) the map f is nullhomotopic,

(2) the map f can be extended to a continuous map D" — Y

(3) if xg € S" and k: S™ — Y 1is the constant map at f(xg), then there is a
homotopy F': f ~ k with F(xo,t) = f(x) for allt € 1.

Proof. We first show that (1) implies (2): Let ¢: S* — Y be the constant map at
Yo € Y. Assume F': f ~ c. Let

‘ 1
Ry e { P2~ 2l 1St
The map g is well defined, since for ||z|| = %,
F(pp2 = 2ll) = P2, 1) = o
By the first gluing lemma, ¢ is continuous. If z € S™, then ||z|| = 1 and

g(x)=F(z,2—-2-1) = F(z,0) = f(z).

Thus g is an extension of f.
We next show that (2) implies (3): Assume that g: D"™' — Y extends f. Let

F:S"xI =Y, (z,t)— g((1 —t)x + txo).
Clearly, F' is continuous. For all z € S",
F(z,0) = g(z) = f(z) and F(z,1) = g(x0) = f(xo).
Thus F': f ~k, where k: S" — Y, x — f(xg). Forallt € I,
F(zo,t) = g((1 — t)xo + tao) = g(wo) = f(xo).
Obviously, (3) implies (1). O

3. CONVEXITY, CONTRACTIBILITY AND CONES

Definition 3.1. A subset X of R™ is called convez, if tx + (1 —t)y € X, for all
x,y € X and for all t € I.

Definition 3.2. A topological space X is called contractible, if the identity map
1x: X — X is nullhomotopic.

Theorem 3.3. Fvery convex set is contractible.

Proof. Let X be a convex set and let zp € X. Define ¢: X — X by ¢(z) = x, for
allz € X. Define F': X xI — X by F(z,t) =txg+(1—¢t)x. Then F: 1x ~¢. O

Definition 3.4. Let X be a topological space and let X’ = {X, | j € J} be a
collection of subsets of X. We call X’ a partition of X, if the following conditions
hold:
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(1) X; # 0, for every j € J,
(2) X =Ujes X5,
(3) X;nX; =0, for all 4,5 € J, where i # j.

Definition 3.5. Let X be a topological space and let X’ = {X, | j € J} be a
partition of X. The map

VZX-)X/7 CL'I—>XJ, if I'GXJ,

is called the natural map (or natural projection or quotient map). The quotient
topology on X' is the collection of all subsets U’ of X’ such that v~*(U’) is open
in X.

Notice that the natural map v is always a continuous surjection.

Example 3.6. Let X and Y be topological spaces, and let f: X — Y be a function.
Define z ~ 2’ if f(x) = f(2’). Then ~ is an equivalence relation. Let v: X —
X/kerf be the natural map, where X /kerf denotes the quotient space. Let [z]
denote the equivalence class of x € X. The map

p: X/kerf =Y, [2] = f(x),
is an injection making the diagram
X
Z/\L \

X/kerf —>Y
¥

commute.

Definition 3.7. A continuous surjection f: X — Y is called an identification if
it satisfies the following: A subset U of Y is open if and only if f~*(U) is open
in X.

Ezrample 3.8. Let ~ be an equivalence relation on a topological space X and let
X/~ be equipped with the quotient topology. Then the natural map v: X —
X/ ~ is an identification.

Example 3.9. Let f: X — Y be a continuous map that is a surjection. If f is
either open or closed, then it is an identification.

Let f: X — Y be a continuous map. Assume there is a continuous map s: Y —
X with fos=1y. We call s a section of f. Notice that f must be surjective in
order to have a section.

Example 3.10. A continuous map f: X — Y having a section is an identification.

Theorem 3.11. Let f: X — Y be a continuous surjection. Then f is an iden-
tification if an only if the following holds: For all spaces Z and for all functions
g: Y — Z, the function g is continuous if and only if go [ is continuous.
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Proof. Let g: Y — Z be a function. Then the diagram
X

N

Y —> 7
g

commutes. Assume first that f is an identification. Then g o f is continuous, if
g is continuous. Assume g o f is continuous. Let V' be an open set in Z. Then

(go /)7 (V)= f"g (V)
is open in X. Since f is an identification, it follows that ¢g=!(V') is open in Y.
Since V' was chosen arbitrarily, it follows that ¢ is continuous.
Assume then that the condition holds. Let Z = X/kerf and let v: X —
X/kerf be the natural map. Let ¢: X/kerf — Y be the injection [z] — f(z).
Since f is a surjection, also ¢ is a surjection. The diagram

X

{ N

X/kerf —>Y
¥

commutes. Now, v = ¢! o f is continuous. Since the condition holds, it follows
that the inverse function p=': Y — X/kerf of ¢ is continuous. Since v is an
identification, it follows that ¢ is continuous. Thus ¢ is a homeomorphism and,
consequently, f is an identification. OJ

Definition 3.12. Let f: X — Y be a function and let y € Y. Then f~!(y) is
called the fiber over y.

Corollary 3.13. Let X, Y and Z be topological spaces and let f: X — Y be
an identification. Let h: X — Z be a continuous function that is constant on
each fiber of f. Then g: Y — Z, y — h(f~(y)), is continuous. Moreover, the
following are equivalent:

(1) the map g is open (closed),

(2) the set h(U) is open (closed) in Z whenever U is an open (closed) set in
X with U = f~(f(U)).

Proof. The following diagram commutes:

N

Y —> 7
g
Notice that the function g is well defined, since h is constant on each fiber of
f. The function g o f = h is continuous. Therefore, by Theorem 3.11, also g is
continuous.
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Assume then that g is an open map. Let U be an open subset of X with
U= f~Y(f(U)). Since f is an identification, it follows that f(U) is open in Y.
Since g is open, it follows that g(f(U)) is open in Z. But then, h(U) = g(f(U))
is open in Z. Thus the first condition implies the second one.

Finally, assume that the second condition holds. Let V' be an open subset of
Y. Since f is a surjection, f(f'(V)) = V. Thus f~(f(f71(V))) = fFH(V).
By the second condition, g(V) = h(f~'(V)) is open. Thus g is an open map.
Therefore, the second condition implies the first one. O

Corollary 3.14. Let X and Z be topological spaces and let h: X — Z be an
identification. Then the map

p: X/kerh — Z, [x] — h(x),
18 a homeomorphism.

Proof. Consider the commutative diagram
X

| N

X/kerh —> Z
'd

By an earlier example, ¢ is an injection. Since h is a surjection, also ¢ is a
surjection. Since v is an identification and h is continuous, it follows that ¢ is
continuous. To show that ¢ is a homeomorphism, it suffices to show that it is an
open map. Let U be an open subset of X /kerh. Then

L= (@(U)) = (wor) Hp(U) = v (¢ (p(U))) = v (V)
is open in X, since v is continuous. Since h is an identification, it follows that
©(U) is open in Z. Thus ¢ is a homeomorphism. O
Remark 3.15. Let f: X — W and ¢g: Y — Z be identifications. Then the
cartesian product
fxg: X xY = WxZ (x,y) = (f(2),9()),

does not need to be an identification, see [2], Chapter 2, Example 22.7.

However, the following result holds:
Theorem 3.16. Let X, X' and Z be topological spaces. Assume that Z is locally
compact Hausdorff. Let p: X — X' be an identification. Then also

pxid,: X x Z = X' x 7

1s an identification.
Proof. Since p and idy are continuous, also p x idz is continuous. Thus (p X
idz)~1(U") is open in X x Z for every open subset U’ of X’ x Z.

Assume then that U’ C X’ x Z and that U = (pxidz) ' (U’) is open. It suffices

to show that U’ is open. Let (2/,2") € U’, and let € X be such that p(x) = /.
Then (p x idz)(x, z) = (2/, z), which implies that (x, z) € U. Since U is open in
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X x Z, it follows that x has an open neighborhood V in X and z has an open
neighborhood J in Z with (z,z) € V x J C U. Since Z is locally compact, there
is an open subset W of Z such that z € W ¢ W C J and W is compact. Then
{r} x W CV xJCU. Let

A={ae X |{a} xW CU}.
Then z € A. We show that A is open in X. Let o € A. For every £ € W, there
are open subsets L¢ of X and N¢ of Z with (o, &) € Lg x Ne C U. Since W is
compact, the open cover {N¢ | £ € W} has a finite subcover {Ny, ..., N, }. Then,
for every i € {1,...,m}, L; x N; C U, where we define L; = L¢, if N; = N¢.
Also, « € N, Li and W c U, N;. Thus (", L; = L is open and o € L,
L x N; C U, for every 7. Hence
LxWclJZxn)cu
i=1

Consequently, a € L C A. It follows that A is open in X.

For B € X, {8} x W C U = (p xidz)~(U’) if and only if {p(8)} x W C U’
In particular, 8 € A if and only if {p(8)} x W C U’. Clearly, A C p~'(p(A)).
Assume 3 € p~!(p(A)). Then p(B) € p(A). Thus p(8) = p(«), for some o € A.
Hence {p(B)} x W = {p(a)} x W C U’. But this now implies that 8 € A.
Therefore, p~'(p(A)) C A and, consequently, A = p~'(p(A4)). Since p is an
identification and A is open, it follows that p(A) is open. Thus p(A) x W C U’
is an open neighborhood of (2, z). Hence U’ is open. O

The proof of the following useful lemma is similar to that of Theorem 3.16:

Lemma 3.17. (Tube lemma) Let X and Y be topological spaces. AssumeY is
compact. Let xg € X and let U be an open subset of X XY such that {xq} xY C U.
Then xo has an open neighborhood L in X with {zo} xY C LxY CU.

Proof. [2], Lemma 3.26.8. O

Corollary 3.18. Let f: X — Y be an identification. Then
fxidy: X xI —>Y x1I

1s an identification.

Definition 3.19. Let X be a topological space. The relation (z,t) ~ (2/,t'), for
t=t =1, (and (z,t) ~ (z,1)) is an equivalence relation on X x I. The quotient
space X x I/ ~ is called the cone over X and denoted by C'X.

Ezxample 3.20. Let X and Y be topological spaces and let yy € Y. Let f: X xI —
Y satisfy f(z,1) =y for all z € X. Then f induces a continuous map

f:CX =Y, [x,t]— f(z,1).
Choose X = S", Y = D"*! and
f:S"x T =D (u,t) — (1 -t
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Then f(u,1) =0 for all u € S™ and there is a continuous map
f:CS" — D" Ju,t] = (1 —t)u.

The map f is a homeomorphism. Thus we may consider D"*! as the cone over
S™ with vertex 0.

Theorem 3.21. The cone C'X 1is contractible for every topological space X.

Proof. Let v: X x I — C'X be the quotient map, and let
fe X xIxT—XxI, (z,ts)— (z,(1—s)t+s),

and
F:CX xI—CX, ([z,t,s)— [z,(1—s)t+s].

Then vo f = Fo (v x1;). By Corollary 3.18, v x 17 is an identification. Since v
and f are continuous, it now follows that F' is continuous. Since F'is continuous,
Fy = 1¢x and F} equals the constant map taking every point of C'X to the vertex
point, it follows that C'X is contractible. O

Theorem 3.22. A topological space X is contractible if and only if it has the
same homotopy type as a point.

Proof. Let {a} be a one-point space. Assume first that X and {a} have the
same homotopy type. Then there are maps f: X — {a} and ¢: {a} — X with
gof~1xand fog 1y (in fact, fog = 1f,). Now, g is the map {a} — X,
a — xg, for some xg € X. Thus (go f)(x) = g(f(z)) = g(a) = xg, for all z € X.
Hence g o f is a constant map and 1x ~ g o f is nullhomotopic.

Assume then that X is contractible. Then 1x ~ k, where k: X — X, x — x9,
for some xzy € X. Let f: X — {20} be the constant map and let g: {zo} — X,
To +— xo. Then fog =1y, and go f = k ~ 1x. Thus X and {zo} have the
same homotopy type. Il

4. PATHS AND PATH COMPONENTS

Definition 4.1. A path in a topological space X is a continuous map f: I — X.
If f(0) =a and f(1) = b, we say that f is a path from a to b.

Notice that if f is a path in X from a to b, then g: [ — X, t— f(1 —1),is a
path in X from b to a.

Definition 4.2. A topological space X is path-connected, if, for every a,b € X,
there s a path from a to b.

Theorem 4.3. If X is path-connected, then X is connected.

Proof. Assume X is path-connected. Assume X = AU B is a separation of X.
Let f: I — X be a path in X. Then f(I) is connected as a continuous image
of a connected set. Therefore, f(I) lies entirely either in A or in B. Therefore,
there is no path in X joining a point in A to a point in B. This contradicts the
assumption that X is path-connected. |
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Ezxample 4.4. The subset
1 1
in—) | 0<e < —}tU{(0 -1 <y <1
{(w,sin ) [0 <o < s U{(0,p) [ -1 <y <1}

of R? is connected but not path-connected. This subset is called the topologist’s
Sine curve.

Theorem 4.5. Let X be a topological space. Define a relation ~ on X by setting
a ~ b if there is a path in X from a to b. Then ~ is an equivalence relation.

Proof. Exercise. O

Definition 4.6. The equivalence classes of X under the relation ~ in Theorem
4.5 are called the path components of X.

Definition 4.7. Let mo(X) denote the set of path components of X. If f: X — Y
is continuous, define

7o(f): mo(X) = mo(Y)
to be the function taking a path component C' of X to the unique path component
of Y containing f(C).

Theorem 4.8. my: Top — Sets is a functor. If f ~ g, then wo(f) = mo(g).

Proof. Clearly, my preserves the identity and the composition. Therefore, 7 is a
functor.

Let f,g: X — Y and assume F': f ~ g. Let C' be a path component of X.
Then C' x [ is path-connected. Since F' is continuous, also F(C' x I) is path-
connected. Now

f(C)=F(C x{0}) Cc F(Cx1I)
and

g(C)=F(Cx{1}) C F(C x I).
Thus the unique path component of Y containing F'(C' x I) contains both f(C)
and g(C'). Hence mo(f) = mo(g). O

Corollary 4.9. If X and Y have the same homotopy type, then they have the
same number of path components.

Proof. Let f: X — Y and ¢g: Y — X and assume that gof ~ 1x and fog ~ 1y.
Then
mo(g) o mo(f) = mo(g o f) = mo(1x) = Lry(x),
and
mo(f) © mo(g) = mo(f 0 g) = mo(ly) = lry(v).
Thus mo(f) is a bijection. O

Definition 4.10. A topological space X is called locally path-connected, if the
following holds: For every x € X and for every open neighborhood U of = there
is an open subset V of X with x € V' C U such that any two points in V' can be
joined by a path in U.
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Ezxample 4.11. Let X be the set
1 1
{(,sin ) [0 <2<} U{(0.) | -1 <y <1}UA
x T

where A is the line segment joining the points (0,1) and (3,0). Then X is
path-connected but not locally path-connected.

Theorem 4.12. A topological space X is locally path-connected if and only if
the path components of open subsets are open. In particular, if X is locally path-
connected, then its path components are open.

Proof. Assume first that X is locally path-connected. Let U be an open subset
of X and let C' be a path component of U. Let x € C'. Then there is an open
subset V' of X such that x € V C U and every point in V' can be joined to x by
a path in U. Thus every point in V is in the same path component as x. Hence
V C C. Therefore, C' is open.

Assume then that the path components of open subsets of X are open. Let
U be an open subset of X, let x € U. Let V be the path component of z in U.
Then V' is open and it follows that X is locally path-connected. O

Corollary 4.13. A topological space X 1is locally path-connected if and only if,
for every x € X and for every open neighborhood U of x, there is an open path-
connected V with x € V C U.

Proof. If X is locally path-connected, then one can choose V' to be the path
component of U containing z. The converse is clear. O

Corollary 4.14. Let X be a locally path-connected topological space. Then the
components of every open set coincide with its path components. In particular,
the components of X coincide with the path components of X.

Proof. Let U be an open subset of X and let C' be a component of U. Let
{A; | j € J} be the path components of C. Then C' is a disjoint union of the A;.
By Theorem 4.12, the A; are open in X. Therefore, they are open in C. Since
the complement of any A; in C'is the union of the A;, ¢ # j, it follows that the
A; are closed in C. Since C' is connected, it follows that it must have exactly one
path component. O

Corollary 4.15. If X s connected and locally path-connected, then X is path-
connected.

5. SIMPLEXES AND AFFINE SPACES

Definition 5.1. Let A C R™. If for all z,2" € A, x # 2/, the line determined by
x and 2’ is contained in A, we call A an affine set.

Remark 5.2. Notice that:

(1) The empty set and one-point subsets are affine.
(2) All affine sets are convex.
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Theorem 5.3. Let X;, j € J, be affine (or convex) subsets of R". Then also
NjesX; is affine (or convez). O

Let X C R"™. The affine (or conver) hull of X is the intersection of all affine
(or convex) subsets of R containing X. We also say that the affine (or convex)
hull of X is the affine (or conver) set spanned by X.

We use the notation [X] for the convex hull of X.

Definition 5.4. Let pg,...,p, € R". An affine combination of pg,...,p, is a
point x with

T =1topo + ...+ tnPm,
where > " t; = 1. A convexr combination is an affine combination such that
t; > 0, for every 1.

Theorem 5.5. Let pg,...,pm € R™.  The convex hull [po,...,pm] of the set
{po,---,pm} is the set of all convex combinations of po, ..., Dm-

Proof. Let S be the set of all convex combinations of py, ..., ppn.

We first show that [po,...,pm] C S. It suffices to show that S is convex
and po,...pm € 5. Let j € {0,...,m}. Sett; =1, ¢ =0, for i # j. Then
p; = Z:lotlpl € S. Thus Do, -3 Pm € S.

Let then a = > a;p; and 5 =Y b;p;, where a;,b; >0, > a; =1 and > b; = 1.
Let t € I. Then

tot (L—t)B=tY api+(1—1t)) bip
i=0

0

(tai + (1 — t)b,)pz €S,

Il
INGER'

Il
=)

7

since ta; + (1 —t)b; > 0, for every i and

i(tai—i—(l—t)bi) :tzm:ai—l—(l—t)zm:bi
iiaen=1

It follows that S is convex.

We then show that S C [po,...,pm]. In order to do that we show that S C X
for any convex subset X of R™ containing {po,...,pm}. The proof is done by
induction on m:

First, let m = 0. Then S = {py} and we are done.

Let then m > 0. Let t; > 0 for every i and assume Y ¢; = 1. We may assume
that ¢t # 1. (If ¢ty = 1, then > t;p; = po € X.) Let p = X" t;p;. Then the
convex combination

tl 2fm
= 1—t0p1+.”+—1_topm€X
by induction. Thus p = topy + (1 — t9)q € X, since X is convex. O

q

The proof of the following corollary is similar to the proof of Theorem 5.5.
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Corollary 5.6. The affine set spanned by {po,...,pm} is the set of all affine
combinations of pg, ..., Pm. O

Definition 5.7. An ordered set {pg,...,pm} C R™ is called affine independent,
if {p1 —po,...,Pm — Po} is a linearly independent subset of R™.

Remark 5.8. Notice the following:

) The set {po} is affine independent for py # 0.
2) The empty set is affine independent.
3) The set {po, p1} is affine independent if py — p; # 0, i.e., if p; # po.
4) A linearly independent set is affine independent.
5) Let {pi1,...,pm} be linearly independent. Then {0,pi,...,p,} is affine
independent but not linearly independent.

(1
(
(
(
(

Theorem 5.9. Let {po,p1,...,pm} be an ordered set of points in R™. The fol-
lowing conditions are equivalent:

(1) The set {po,...,pm} is affine independent.

(2) If {s0,--.,sm} C R satisfies Y sip; = 0 and Y ;" ys; = 0, then sy =
- Sy = 0.

(3) Every element x of the affine set spanned by {po,...,pm} has a unique
expression as an affine combination

m m
T = thpi, where Zti =1.
i=0 i=0

Proof. We show that (1) = (2), (2) = (3) and (3) = (1).
(1) = (2): Assume »_s; =0and > s;p; =0 Then

0=> spi= Zszpz Z s1)Po
=0

=0
m m
=2 silnim) =) sty
1=0 =1

since pg — po = 0. Since the set {py,...,pn} is affine independent, it follows
that the set {p1 —po,...,Ppm — po} is linearly independent. Thus s; = 0 for every
ie{l,...,m}. Since Y ", s; = 0, must be sp = 0 as well.

(2) = (3): Let A denote the affine set spanned by {po,...,pn}. Let z € A.

By Corollary 5.6,
r = th‘pi, where Zti =1.

Assume that also = )", tip;, where > " t; = 1. Then

m

0= Z(tz - t;)pi

i=0
Now, Y7 (t;—t) = > " ti—> i gti =1—1=0. By Condition (2), t; —t; =0,
for all 4, i.e., t; = t., for all i.
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(3) = (1): If m = 0, there is nothing to prove. Therefore, assume m > 0.
Assume that each x € A has a unique expression as an affine combination of
Pos - -+, Pm. Let’s make a counter assumption, by assuming that {po,...,pn} is
not affine independent. Thus {p; — po,...,Pm — po} is linearly dependent. It
follows that there are r; € R, not all of them 0, such that

m
0= > ri(pi—po) (*)
i=1
Assume r; # 0. By multiplying (%) by % if necessary, we may assume that
rj = 1. There now are two different ways to write p; as an affine combination of
DOy - -+ > D

pj=1-pj
and
pj = Zﬁ‘(pi —po) +po = — Zﬁpz +(1+ ZTz‘)po-
1#] i#] 1#]
This is a contradiction. Thus {po, ..., pm} is affine independent. O

We obtain the following corollaries:

Corollary 5.10. Affine independence is a property of the set {po,...,pm} that
1s independent of the ordering. O

Corollary 5.11. Let A be the affine set in R™ spanned by an affine independent
set {po,...,pm}. Then A is of the form

A= To + V,
where xg € R™ and V is an m-dimensional vector subspace of R™.

Proof. Let V' be the vector subspace of R™ whose basis is {p1 — po, .- -, Pm — Do}
Choose ¢ = py. O

Definition 5.12. A set {ay,...,ax} of points in R™ is in general position, if every
subset of it consisting of n + 1 points is affine independent.

Remark 5.13. Assume {aq,...,a;} is in general position.

(1) Assume n = 1. Then every pair {a;, a;} is affine independent, i.e., a; # a;
for i # j.

(2) Assume n = 2. A three-point set {a;, a;,a;} is affine independent, if and
only if {a; —a;, ay — a;} is linearly independent. This means that no three
points a;, aj, a; can lie in a single straight line.

(3) Assume n = 3. No four points of {aq,...,a,} can lie in a single plane.

Definition 5.14. Let {po,...,pn} be an affine independent subset of R". Let A
be the affine set spanned by {po,...,pm}. Let x € A and let (t,...,t,) be the
unique (m + 1)-tuple with Y " (¢, = 1 and x = > ", t;p; (such a tuple exists by
Theorem 5.9). The numbers t, ..., t,, are called the barycentric coordinates of
(relative to the ordered set {po,...,Pm}).
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Definition 5.15. Let {po,...,pm} be an affine independent subset of R™. The
convex set [po, ..., Pm| spanned by {po,...,pn} is called the (affine) m-simplex
with vertices po, ..., Pm-

Theorem 5.16. Let {po,...,pm} be an affine independent set. Then every x €
(Do, - -, Pm] has a unique expression of the form

i=0
where Y " o t; =1 and t; > 0, for every i.

Proof. By Theorem 5.5, every x € [po,...,Pn| has an expression of such form.
By Theorem 5.9, the expression is unique. 0

Definition 5.17. Let {po,...,pn} be an affine independent set. The barycenter

of [po, ..., Pm] is
1

m—H(PoJr"'erm)-

Ezample 5.18. The set [po] is a 0-simplex consisting of one point, which is its own
barycenter.

The 1-simplex

[po. 1] = {tpo+ (L = t)ps [t € I}
is a line segment. The barycenter of [pg, p1] is %(po + p1), i.e., the midpoint of
[po, p1]-

The 2-simplex [pg, p1, p2] is a triangle (with interior) with vertices po, p; and
pe. The barycenter of [pg, p1, po] is %(po + p1 + p2), i.e., the center of gravity
of [po, p1,p2]. The edges of [po, p1,pa] are [po, p1], [po, p2] and [p1, ps]. Consider
the edge [po,p1]. The barycentric coordinates of € [pg,p1| are of the form
(t,1 —t,0). Generally, z € [po,p1,p2] lies on an edge if and only if one of its
barycentric coordinates is 0.

The 3-simplex [po, p1, P2, p3] is a solid tetrahedron with vertices pg, p1, p2 and
ps. The triangular face opposite of p; consists of those points of [pg, p1, pa, p3]
whose i barycentric coordinate equals 0.

Ezample 5.19. (Standard n-simplez) Let the standard basis vector for R™™ be

€g, - - ., €en. Then ¢; is the vector in R™! whose (i+1)** cartesian coordinate equals
1, and all other coordinates are 0. The set {ey,...,e,} is linearly independent,
hence also affine independent. The n-simplex |e, ..., e,] is called the standard

n-simplez and denoted by A™. It consists of all convex combinations x = ) t;e;.
In this case, barycentric and cartesian coordinates coincide.

Definition 5.20. Let [po,...,pm] be an m-simplex. The face opposite p; is the
(m — 1)-simplex

The boundary of [po, ..., pm] is the union of its faces.
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In the previous definition, the notation [py, ..., p;, ..., pm] means that the ver-
tex p; is deleted.

An m-simplex has m + 1 faces.

Let 0 < k <m —1. A k-simplex spanned by k + 1 of the vertices po,...,pm
is called a k-face of [pg, ..., pm]. Thus the faces defined as in Definition 5.20 can
be called (m — 1)-faces.

The diameter of a subset S of a euclidean space is defined to be

diam(S) = sup{||u — v|| | u,v € S}.
The following theorem will be needed later:

Theorem 5.21. Let S be the n-simplez [po, . ..,pn|. Then:
(1) If u,v € S, then ||u — v|| < sup; ||u — p;||.
(2) The diameter of S equals sup; ; \lpi — pjll-
(3) If b is the barycenter of S, then
n

16— pill < ——diam(s).

n+1
Proof. Write v = > t;p;, where t; > 0 and Y t; = 1. Then

lu— vl = flu=> " tipill = 1O tu—>tipi]
= > tiltuw—p)l <> tillu—pill
<> tisup |u—p;|| = sup|lu — pi.
J 7

This proves the first claim.
The second claim follows since,

lu — || < sup|ju — pil| < sup(sup ||p; — pill)
1 K3 J
= sup ||p; — pill,
2,

for every u,v € S.
By definition, b = n+r1 > pi. Thus

n

=~ 1 =~ 1 1
1o =pill =113 —pi = pill = 1D —ps = O —7 )il
=0 =0

=0

n

"1 1
= — (p. — o)l < — Alp: — n.
Hj}zojnH(pJ pz>||_§j:03n+lup] il

1 n
= n—HZHPj—pz‘H
7=0
nHSZquHpj —pill (since |p; —pil| =0 if i =j)
n

= 1dlam(S’).
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This proves the last claim. O

Definition 5.22. Let A be the set spanned by the affine independent set {po, ..., pm}-
Let k > 1. An affine map T: A — RF is a function satisfying

T tipj) =Y ;T(p;)
whenever » ¢, = 1.

Affine maps preserve affine combinations, hence also convex combinations. Also
the restriction of T' to the convex hull [py, ..., p,] is called an affine map. An
affine map is determined by its values on an affine independent subset. Thus its
restriction to a simplex is determined by its values on the vertices.

Theorem 5.23. Let [po,...,pm] be an m-simplex and let [qo,...,q,] be an n-
simplex. Let f: {po,...,pm} — [q0s---,qn] be any function. Then there is a
unique affine map T+ [po,. - Dm] — Wor--»as] satisfying T(m) = F(ps), for
every i € {0,...,m}.

Proof. Define T'(>_ t;p;) = >_ t; f(p;) for convex combinations ) ¢;p;. Uniqueness
is clear. n

The proof of the following theorem is left as an exercise:
Theorem 5.24. Every affine map is continuous. 0J

Theorem 5.25. (Radon’s theorem, 1905) Let x1 . . ., x, 1o be distinct points in R".
Then the set {z1,...,T,12} can be partitioned in two subsets S and T such that
[S]N[T] # 0, where [S] and [T] denote the convex hulls of S and T', respectively.

Proof. Consider the following equations for solving the unknown real numbers
A1y...,0p490!
Q11+ + QppaTnyr =0

{ 041+"'+04n+2 =0
Since there is one equation for each coordinate and one more equation, there are
altogether n + 1 equations. Since there are n + 1 equations and n + 2 unknowns,
it follows that the system has a nontrivial solution (ay, ..., a,12). Without loss
of generality, we may assume that

0>a; < < <0< agp < <ape >0,
for some k € {1,...,n+ 1}. Then

—Q — = Q= Qg+ Qg > 0.
Thus
—qy — Ol
p= _(a1+...+ak)x1+."+_(a1+...+ak)wk
_ Ot Tt + -+ Ont2

Tnia = (.
(a1 + -+ Qi) (Qpy1 + -+ ya) 2

Let S ={z1,...,2x} and T = {xp11,...,Tpnsa}. Then p € [S] and ¢ € [T]. Since
p = q, it follows that [S] N [T] # 0. O
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Radon’s theorem can be reformulated by using simplexes: For every affine
map f: A" — R", there exist two faces S and T of A", SNT = (), such that

fS)Nf(T) #0.

6. ON RETRACTS, DEFORMATION RETRACTS AND STRONG DEFORMATION
RETRACTS

Let
X = {(%,y) ER?[0<y<1neNU ({0} x[0,1]) U ([0, 1] x {0}).

be equipped with the relative topology from R2. The space X is called the comb
space. The comb space is a good space for examples and counterexamples. For
example, it is connected but not locally connected, and path-connected but not
locally path-connected.

The comb space X

Lemma 6.1. The comb space is contractible.

Proof. Define
H: X xT—X, ((,9),t) { (2, (1~ 2t)y§, 1£

For t = %,

(z,(1—2- %)y) = (z,0) = ((2— 2-%)33,0).

It now follows from the first gluing lemma that H is continuous. For ¢ = 0,
H((:c,y),O) = (x,y), and for t = 1, H((ﬂc,y),l) = (0,0). It follows that the
identity map of X is null-homotopic, and hence that X is contractible. (]

Definition 6.2. Let X be a topological space, let A C X and let i: A — X be
the inclusion. If there is a continuous map r: X — A such that roi = 14, then
A is called a retract of X. In this case the map 7 is called a retraction of X to A.

Ezample 6.3. Let Y = [0,1] x [0, 1] and let X be the comb space. Then X C Y
and both X and Y are contactible, i.e., they have the same homotopy type. We
show that X is not a retract of Y: Let r: Y — X be a continuous map. Let
(0,y) € X, y #0. Assume 7(0,y) = (0,y). Let U be a neighborhood of (0,y) in
X, we may assume that U is small enough so that it does not intersect the X-
axis. Since r is continuous at (0,y), it follows that (V') C U, for arbitrarily small
neighborhoods V' of (0,y) in Y. Since Y is locally connected, we may assume
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that V' is connected. Thus also r(V') is connected. Therefore, r(V') must lie on
the y-axis. Thus the restriction r|X # i: X — Y, and it follows that r can not
be a retraction.

Definition 6.4. Let X be a topological space and let A C X. Assume there is
a continous map F': X x I — X with the following properties:

(1) F(z,0) =z, for all z € X,

(2) F(z,1) € A, forall z € X,

(3) F(a,1) = a, for all a € A.
Then A is called a deformation retract of X. If, in addition, F'(a,t) = a for all
a € A and for all t € I, then A is called a strong deformation retract of X.

Equivalently, A is a deformation retract of X, if there is a continuous r: X — A
with roi =14 and ior ~ 1x, where i: A — X is the inclusion.
The following follows immediately from the definition:

Theorem 6.5. If A is a deformation retract of X, then A and X have the same
homotopy type. O

Corollary 6.6. The circle S* is a deformation retract of C\ {0}. The spaces S*
and C\ {0} have the same homotopy type.

Proof. Let

F: (C\{0}) x T = C\ {0}, (=) > (1—t)z+H—in.

Then F satisfies conditions (1) - (3) above. Thus S! is a deformation retract of

C\ {0}. O

Remark 6.7. Some authors, like A. Hatcher [1], call a deformation retract what
we call a strong deformation retract.

Ezample 6.8. Let X = S' and A = {(z,y) € X | # > 0}. Let r: X — A,
(x,y) — (|z|,y). Then r is a retraction. However, X and A do not have the
same homotopy type, since A is contractible but X is not, as will be proved later.
Thus A is not a deformation retract of X.

Example 6.9. Let
X = {(%,y) eR*|0<y<1neN}U ({0} x[0,1]) U ([0,1] x {0}).

be the comb space. We show that the one-point space {(0,1)} is a deformation
retract of X but not a strong deformation retract of X. Notice that it does not
matter on which finite interval a homotopy is defined. Thus the homotopy

z,(1—2t)y), if 0<t<l
(2 —2t)z,0), if $ <t<1,
0,t—1), if 1<t<2,

H: X x[0,2] - X, ((:L’,y),t) >

deformation retracts X to {(0,1)}.
Assume F': X x [ — X is a homotopy that strongly deformation retracts X
to the point (0,1). Then
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() F({(0.0) x 1) = (0.}
F((1,1),1) = (0,1), for every n € N,

(3) F((2,1),0) = (2,1), for every n € N.

Let U be a neighborhood of (0, 1). Since F is continuous, the set {(0,1)} x I has
a neighborhood N such that F'(N) C U. By the Tube Lemma (Lemma 3.17),
we may assume that N is of the form N = V x I, where V is a neighborhood
of (0,1). Now, there exist m € N such that for every n > m, (£,1) € V.
Thus F({(2,1)} x I) c U. Since F((1,1),0) = (£,1), F((2,1),1) = (0,1)
and F({(£,1)} x I) is connected, this is impossible if U is an arbitrarily small
neighborhood of (0,1): a path from (£,1) to (0,1) must go through the z-axis
and can not stay in an arbitrarily small neighborhood U. It follows that {(0,1)}
cannot be a strong deformation retract of X.

7. THE FUNDAMENTAL GROUPOID

Definition 7.1. Let X be a topological space and let f,g: I — X be paths with
f(1) = ¢(0). Define a path f*g: I — X by

_ f@t), if
(fxg)t) = { g2t —1), if
The path f * g is called the concatenation of f and g.

Notice that f * g is continuous by the first gluing lemma.
Let [f] denote the homotopy class of the path f. Define an operation among
the homotopy classes by setting

[fllgl = [f % g].

Lemma 7.2. Let X and Y be topological spaces. Assume X is contractible and
Y is path-connected. Then any two continuous maps f,qg: X — Y are homotopic
(and each is nullhomotopic).

Proof. Since X is contractible, there exist g € X and a homotopy F': 1x =~ ¢,
where ¢;, denotes the constant map at xy. Then foF': f ~ cf,,) and go F': g ~
Co(wo)- Oince Y is path-connected, there is a path h: I — Y, with h(0) = f(xo)
and h(1) = g(xg). Let pr: X x I — I be the projection. Then

H=hopr: X xI =Y, (x,t) — h(t),
is a homotopy from cg(yy) t0 ¢y(z,). Thus
[~ Cfao) = Colao) = G-
OJ
Assume X is path-connected. Since [ is contractible, Lemma 7.2 implies that

all paths I — X are homotopic. Therefore, there is only one homotopy class of
maps [ — X.
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Definition 7.3. Let A C X and let fy, fi: X — Y be continuous maps. Assume
folA = f1]A. If there is a continuous map

F: X xI—=Y, with F: fy~ fi,

and
F(a,t) = fo(a) = fi(a), for every a € At €1,
we write

F: fo ~ firelA.
The homotopy F' is called a homotopy rel A or a relative homotopy.

For A = () we get our earlier definition of a homotopy, which is also called a
free homotopy.

Exercise 7.4. Let A C X. Show that homotopy rel A is an equivalence relation
on the set of continuous maps X — Y.

Definition 7.5. Let I = {0,1}. The equivalence class of a path f: I — X rell
is called the path class of f and denoted by [f].

Theorem 7.6. Let fy, f1, 90,91 be paths in X. Assume
fo~fi rell and Jo =~ g1 rell.
If fo(1) = fi(1) = go(0) = ¢1(0), then
fox go = f1* grrell.
Proof. Let F: fo~ firell and G: gy ~ gy rell. Let
F(2t,s), if 0<t<
G(2t—1,s), if $<t<

Since F'(1,5) = G(0, s) for every s € I, it follows that H is well-defined. By the
first gluing lemma H is continuous. Thus H: fy * go >~ f1 * g1 rell. 0J

Definition 7.7. Let zg,z; € X and let f: I — X be a path, f(0) = o, f(1) =
x1. Then zq is called the origin of f (xq = a(f)) and z; is called the end of f
(x1 = w(f)). A path f is closed at xg, if a(f) = xo = w(f).

Let f,g: I — X be paths, f ~ grell. Then a(f) = a(g) and w(f) = w(g).
Thus it makes sense to speak about the origin and end of a path class, those are
denoted by af] and w[f], respectively.

1
HJXI%X,@QH{ >

Definition 7.8. Let p € X. The constant function i,: I — X, ¢t — p, is called the
constant path at p. The inverse path of a path f: I — X is the path f~': I — X,
t— f(1—1).

Theorem 7.9. Let X be a topological space. The set of all path classes in X
forms an algebraic system called a groupoid under the operation [f][g] = [f * g]
(not always defined) satisfying the following properties:

(1) Each path class [f] has an origin o[f] =p € X and an end w[f] =q € X

and
(i) [f] = [f] = [f][ig)-
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(2) Associativity holds whenever possible.

(3) If p = alf] and q = w[f], then
LI~ = [ip] and [f7][f] = lig]-

Proof. We show that i, * f ~ f rell. Similarly it can be shown that frig> f rell.
The following picture explains the construction of a suitable homotopy:

For every t € [0,1), stretch the interval [15£,1] to [0, 1] by using an affine map

Qt.[ 5 71]%[071]7 8'—>1—<1—t)/2‘
Let
| p, if 2s<1-—t,
H:IxI—X, (S,t) H{ f(gt(s))’ if 2s>1—t.

It is left for the reader to check that H: i, x f ~ f rell.
Let then f,g,h: I — X. Assume f(1) = g(0) and g(1) = h(0). Then (f*g)*h
and (f * g) * h are defined,

f@@,ﬁOSSS?
(fxg)*h(s) =1 g(ds—1), if }igsgi,
h(28_1)7 if §§5§1a
and
f(2), 0S5
fx(gxh)(s)=4 g(4s—2), if %SSSL
h(4s —3), if §<s< 1.

The following picture explains how to construct a homotopy H : (fxg)*xh~
f*(g*h)rell:
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;9 h s

It is left to show that i, ~ f % f~'rell. Here

O f(2s), if 0<s< 2,
(f«f )(S)_{ 125 —1), if %gsgi,
_ f(2s), if 0<s<4,
N 12— 2s), if%gsgl.
The following picture will help to construct a homotopy H: i, ~ f % f~'rell:
t
S f
p p
ip 5
Then
f(2s), if 0<s< %
H(s,t) = f@), if Lt<s<1-3,
f2—=2s), if 1-£<s<1

OJ

Definition 7.10. Choose 2y € X and call it the basepoint. The fundamental
group of X with basepoint xg is

T (X, zo) = {[f] | [f] is a path class in X with o[f] = x¢ = w[f]}
with the operation [f]lg] = [f * g].

Theorem 7.11. 7 (X, xg) is a group for each xy € X. O
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8. THE FUNCTOR T

The category of pointed spaces, Top,, was defined in Example 1.10. The objects
of Top, are all ordered pairs (X, xg) where X is a topological space and zg € X
is a basepoint of X. A morphism f: (X,z9) — (Y,y) is a continuous map
f: X — Y such that f(zg) = yo. Morphisms of this category are called pointed
maps or basepoint preserving maps. Objects are called pointed spaces.

For the standard unit circle S' we always choose the basepoint 1 = (1,0), and
for the unit interval I we choose the basepoint 0.

Theorem 8.1. 7;: Top, — Groups is a functor. If h,k: (X, zq) — (Y,yo) and
h ~ krel{xo}, then m(h) = m (k).

Proof. Define
mi(h): (X, 20) = (Y, 90), [f] = [ho f].
Since ho f: I — Y is continuous and

(ho f)(0) = h(f(0)) = h(zo) = yo = h(f(1)) = (ho [)(1),
it follows that [hof] € m (Y, yo). If f ~ f rell, then it follows that ho f ~ ho f’ rell

(check this!). Thus 7 (h) is well-defined.
Let f and g be closed paths in X at zy. Then

ho(fxg)=(hof)*(hog).
Thus it follows that 7 (h) is a homomorphism.

Let 1x: X — X be the identity function. Then m(1x): 71 (X, z9) = m1(X, x0)
is the identity. Also, for h: (X, z0) = (Y, yo) and I: (Y, yo) = (Z, 20), mi(loh) =
m1(l) o my(h). Thus 7 is a functor.

Let f be a closed path in X at xg. Let h ~ krel{zo}. Then ho f ~ ko frell.
Thus [ho f] = [k o f]. It follows that mi(h) = m (k). O

We will often use the notation h, for the homomorphism (k) induced by h.
We next define the pointed homotopy category hTop,. The objects in hTop,
are the pointed spaces (X, zg). Morphisms (X, z¢) — (Y, o) are the relative ho-
motopy classes [f] of pointed maps f: (X, z9) = (Y, yo). Composition is defined
by setting [h o f] = [h| o [f] for such h and f that composing in Top, is possible.

Theorem 8.2. Let xqg € X and let Xy be the path component of X containing
xg. Then
(X, z0) = m1(Xo, o).

Proof. Let i: (Xo,x9) < (X, x9) be the inclusion. Then i induces the homomor-
phism i, : 7 (X0, 20) — m1 (X, 20). Assume [f] € keri,. Then io f ~ crell, where
c: I — X, t — x, is the constant path at zo. Let F':io f ~ crell. Then
F(0,0) = (io f)(0) = xy € Xo, and F(I x I) is path-connected, since I x [ is
path-connected. Therefore, F'(I x I) C Xy. It follows that i o f is nullhomotopic
in X,. Consequently, i, is injective.

Let then f: I — X be a closed path at zg. Then f(I) C Xo. Let f': I — X,
f'(t) = f(t) forevery t € I. Theniof' = f. Thusi,[f'] = [iof'] = [f]. Therefore,

14 18 surjective, which proves the claim. O
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Theorem 8.3. Let X be path-connected and let xo, x4 € X. Then
(X, o) = m (X, x1).
Proof. Since X is path-connected, there is a path v in X from zy to x;. Let
p: (X, @0) = m(X,21), [l D]

The homomorphism ¢ is an isomorphism by Theorem 7.9. The inverse of ¢ is
given by [g] = [][g][v~"]- U

Theorem 8.4. Let (X, zq) and (Y, yo) be pointed spaces. Then
T (X XY, (20, 40)) = m1(X, o) X ™1 (Y, 40)-

Proof. Let p: (X XY, (x0,%0)) — (X, x0), and q: (X X Y, (z0, %)) — (Y, 90) be
projections. Then

(pa Q) (X X Y? (350,?/0)) — (X X Y7 (w07y0))7

induces

(p*a(J*): 7T1(X X Y7 (x07y0)) — WI(X7 ZEO) X 7Tl(}/a yO)? [f] = (p*[f]7q*[f])7

where f is a closed path at (zo,50) and (p.[f], ¢.[f]) = ([po f].[g o f]). Then
(P«, ¢) is a homomorphism. We show that it is an isomorphism by finding its
inverse.

Let g: I — X be a closed path in X at z¢ and let h: I — Y be a closed path
in Y at yq. Let

0: m (X, x0) X m(Y,50) = (X XY, (20, %0)), ([g], [A]) = (g, )],

where
(9. h): I = X XY, te(g(t), h(t)).
Then 6 is the inverse of (p, ¢.). OJ

Lemma 8.5. Let g, 01: X — Y be continuous. Assume there is a (free) homo-
topy F': po >~ ¢1. Let x9 € X and let X be the path F(xo, ) in'Y from po(xo) to
©1(xo). Then there is a commutative diagram

1 (X7 :UO)

L0«
SOI*\L

(Y, ¢1(20)) 7 m1(Y; po(z0))

where 1 is the isomorphism [g] — [Ax g * A71].
Proof. Let f: I — X be a closed path at xy. Let
G:IxI—=Y, (s,t) = F(f(s),1).
Then G: ¢go f ~ ;0 f. Consider the following triangulations of I x I:
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¢
d

q ¢ p
T

a bS

¢

) Y
0

o [58

Define a continuous map H: [ x [ — I x I: First, define H on each triangle,
then use the gluing lemma to see that H is continuous. On every triangle (i.e.,
on 2-simplices), H will be an affine map. Thus it suffices to evaluate it on each
vertex, and the maps defined on overlaps will agree automatically. Define

(1) H(a) = H(q) = a,

(2) H(b) = H(p) = 5,
(3) H(c) =,
(4) H(d) =9,
(5) H(r) = e,

a, q] collapses to «,
b, p] collapses to f3,
,d] goes to [a, d],

J=GoH:IxI—=Y, (st)— G(H(s,t)).
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Then

J(5,0) = G(H(s,0)) = G(s,0) = F(f(s),0) = (oo f)(s),

J(s,1) =G(H(s, 1)) = (A* (p10 f) * )\_1)(3),

J(0,t) = G(H(0,1)) = G(0,0) = F(f(0),0) = ¢o(f(0)) = @o(z0),

J(1,t) = G(H(L,1)) = G(1,0) = F(f(1),0) = ¢o(f(1)) = @o(zo)
Thus

J: gpoof’:)\*(gplof)*/\_lrelj.
Now,
ol f] = oo fl = [\ * (pro f)x A7,
and also
(W o pr)[f] = ¥(wrlf]) = ¥(lpro f1) = A (pro f)x A7),

It follows that wo. = ¥ 0 @1.. O

By Lemma 8.5, freely homotopic maps ¢y and ¢; may not induce the same
homomorphism between fundamental groups, the induced homomorphisms differ
by the isomorphism 1.

Corollary 8.6. Assume g, ¢1: (X, 20) = (Y, yo) are freely homotopic. Then:

(1) There is [N\ € m(Y,y0) such that @o.[f] = [N * (p1 0 f) * A7 for all
[f] € m(X,x0) (thus @o. and @1, are conjugate).
(2) If m1 (Y, yo) is abelian, then o, = Q1.

Proof. Part (1) follows immediately from Lemma 8.5: Since ¢o(zo) = yo = ¢1(x0)
and since \ is a closed path at yg, it follows that [A\] € (Y, o) and

[N (10 f) + A = [N[gr o fIIA] = Neew[£IIN
If m1 (Y, yo) is abelian, then

@0« [f] = [Alp1«[f] P‘]fl = oulf]
O]

Theorem 8.7. Let f: X — Y be a homotopy equivalence. Then (,: m (X, xo) —
T (Y, B(xg)) is an isomorphism for every zy € X.

Proof. Since [ is a homotopy equivalence, there is a continuous map a: ¥ — X
with o 8~ 1x and o« ~ 1y. Consider the following diagram:

B

m (X, x0) ———> m (Y, B(xg))

% Kﬁ)* io‘*

(X, xo) # m (X, aB(zo)).

The left triangle commutes by Lemma 8.5. Since v is an isomorphism, also («of),
is an isomorphism. Since 7 is a functor, it follows that (a o ), = au o B,. Thus
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the right triangle commutes. Since (« o (). is a bijection, it now follows that a.
is a surjection and f, is an injection.

Using the fact that § o a ~ 1y, it can be proved in the same way that a, is
injective and [, is surjective. Therefore, 3, is an isomorphism. [

Corollary 8.8. Let X and Y be path-connected and assume they have the same
homotopy type. Then, for every xo € X and for every yp € Y,

(X, 20) = m (Y, v0).
Proof. Let f: X — Y be a homotopy equivalence. Theorem 8.7 implies that

m (X, z0) = m (Y, B(20)). By Theorem 8.3, the isomorphism classes of the funda-
mental groups of X and Y do not depend on the choice of basepoints. O

Corollary 8.9. Let X be a contractible space and let xo € X. Then
m (X, {zo}) = {0}.

Proof. The claim follows immediately from Corollary 8.8 and the fact that the
fundamental group of a one-point space is trivial. O

Definition 8.10. A topological space X is called simply connected, if it is path-
connected and if 71 (X, zg) = {0} for every zy € X.

Notice that some authors do not require a simply connected space to be path-
connected. They call a space simply connected if every path component of the
space is simply connected in the sense of Definition 8.10.

Corollary 8.11. Assume [5: (X,xz9) — (Y, yo) is (freely) nullhomotopic. Then
the induced homomorphism B: m (X, o) — m (Y, yo) is trivial.

Proof. Let k: X — Y, x — y, be a constant map. Then
k*: 7T1(X,5L'0) — ﬂ-l(}/ayl)7 [f] = [I{JO f]7

is trivial, since k o f is a constant path at y;. Assume 5: (X, xo) — (Y,yo) is
nullhomotopic, f ~ k. By Lemma 8.5 there is an isomorphism 1) making the
following diagram commute:

1 (X7 SC(])

b X

(Y, %0) 7 ™ (Y, y1)

Then 93, = k., and it follows that 8, = ¥ ~'k, is trivial. O

9. THE FUNDAMENTAL GROUP OF A CIRCLE
The exponential map p: R — S! is defined by
p(t) = (cos 2rt, sin 27t) = €™,
It is a continuous surjection and a group homomorphism (R, +) — (S, ),
Pt 4 5) = 2T — i2nt_i2ms gy ()
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The kernel of p is kerp = Z. The restriction p[: (—3,3) — S'\ {-1} is a
homeomorphism. We denote the inverse function of p| by log: S' \ {-1} —

(—3.1). For example, p(0) = 1 and thus log(1) = 0.

Definition 9.1. Let X be a topological space and let f: X — S! be a function.
A continuous function f': X — R is called a lift of f,if po f' = f.

Definition 9.2. Let A C R"” and a € A. We say that A is star-like at a, if the
line segment connecting x and a is in A for all z € A.

Proposition 9.3. Let X C R", 0 € X. Assume X is compact and star-like at
0. If f: X — S! is a continuous map and ty € R satisfies p(ty) = f(0), then f
has a unique lift f': X — R satisfying f'(0) = to.

Proof. Since X is compact and f: X — S! is continuous, it follows that f is
uniformly continuous. Thus there exists > 0 such that ||z — z'|| < ¢ implies
IIf(x) — f(2")]| < 2. Hence f(2') # —f(x) if ||z — 2'|| < 0. Since X is bounded,
there exists n € N with M < ¢ for every x € X. Then

1 :
|——— U+ Le ]—x|| el < ¢, for every z € X, and for every j € {0,...,n — 1}.

n
Smce X is star-like at 0, it follows that
. 1
J—x, U+le € X, for every z € X, and for every j € {0,...,n — 1}.
n n

Thus
1 .
||f((‘7+ )z ) f(‘ﬁ)]|<2, for every x € X, and for every j € {0,...,n —1}.
n

It follows that the function

f((]+1)x)

)
is well-defined and continuous for 0 < j < n — 1. Write f as a product of
functions:

gj: X—>Sl\{ 1}, z—

f(x) = f(0)go(@)g1 () - - - gn-1(2).
Let
[ X =R, z—to+log(go(x)) + -+ log(gn_1(z)).
Then f’ is continuous. It is a lift of f, since
p(f'(x)) = p(to +log(go(x)) + - - - + log(gn-1(x))
p(to)p(log(go(x))) - - - p(log(gn-1()))
= f(0)go(x) - - - gn-1(z) = f(2).
Moreover,
f'(0) =t +10g(go(0)) + - - - +10g(gn-1(0))
=to+log(1) + - - -+ log(1)
= to,
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since log(1) = 0.
It remains to prove the uniqueness: Assume f’)f”: X — R are lifts of f
satisfying f/(0) = f”(0) =t5. Let h: X - R, 2 +— f'(x) — f"(z). Then

p(f'(x))

p(h(z)) = p(f'(z) — f"'(x)) = ———% (p is a homomorphism
= ﬂ =1, for all x.
/()
Thus h(X) C p—1(1) = Z. Since X is star-like, it is path-connected. Therefore,

h(X) is a path-connected subset of Z, which implies that it is a one-point set.
Now, h(0) = f'(0) — f"(0) = to —to = 0. Thus h(z) = 0 for all z € X, i.e.,
f'(z) = f"(z) for all z € X. O

Notice that I and I x [ are star-like at origin.

Corollary 9.4. (1) (Uniqueness of path lifting) Every path o: I — S' with
a(0) =1 has a unique lift o' I — R with o/(0) = 0.

(2) (Uniqueness for lifting homotopies) Let o, B: I — S' be paths with a(0) =
B(0) = 1. Let o/,5: I — R be the lifts of a and 3, respectively, with o/(0) =
B'(0) = 0. Every homotopy F: a ~ Brell has a unique lift F': o/ ~ 'rell.
Proof. Since a(0) = 1 = 5(0), the first claim follows immediately from Proposi-
tion 9.3.

The homotopy F satisfies F'(0,0) = 1. Proposition 9.3 now implies that F' has
a unique lift F’: I — R with F’(0,0) = 0. The map s — F’(s,0) is a lift of the
map s — F(s,0) = a(s) and F’(0,0) = 0. Uniqueness of the lift of o (part (1))
implies that F'(s,0) = o/(s) for every s € I.

The map t — F'(0,t) is a lift of the map t — F(0,¢) = 1. Thus it maps I to
p~'(1) = Z, which implies that it is a constant map. Then F”(0,0) = 0 implies
that F7(0,0) = 0, for every t € I. Similarly, F'(s,1) = §(s) for every s € I and
F'(1,t) is constant. Thus F': o/ ~ §'rell. O
Definition 9.5. Let a: I — S' be a closed path with a(0) = a(1) = 1. Let
a/: I — R be the unique lift of @ with o/(0) = 0. We call o/(1) € Z the degree of
a and denote it by deg a.

Notice that p(a/(1)) = (1) = 1 implies that o/(1) € kerp = Z. If o ~ Srell,

then o/ ~ (' rell. Thus
dega = /(1) = (1) = deg B.
We obtain a function
deg: 7 (S', 1) = Z, [a] — dega.
Proposition 9.6. The function
deg: m1(S', 1) = Z, [a] +— dega,
18 a group isomorphism.

Proof. The proof has three parts:
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(1) deg is an injection,
(2) deg is a surjection,
(3) deg is a group homomorphism.
We begin by proving part (1). Assume deg[a] = deg[f]. Let o and 8’ be the
lifts of @ and f3, respectively. Then o/(1) = (1) and o/(0) = 4'(0) = 0. Let

F:IxI—=R, (s,t)— (1—1t)d(s)+tp(s).

Then F: o/ ~ @'rell, and hence pF: o ~ Brell. Thus [o] = [4], and it follows
that deg is an injection.

Let then n € Z. Let a,,: I — S', s — €™, The lift of o, is o/,: [ — R,
s+ ns. Then o/, (1) = n, which implies that deg|a,] = n. It follows that deg is
a surjection.

It remains to show that deg is a group homomorphism. By parts (1) and (2),
(S, 1) = {[an] | n € Z}. Since deg[a,| = n, we will show that deg|a,, * a,] =
m + n. Now,

ei27rm257 if 0 S S S l’
(Oém * Oén)(s) = { €i27rn(2s—l), if % <s< i
The path «,, * o, has a lift
by 2sm, if 0<s< %,
(am*an)(é‘)—{(zs—l)wrm, if 1<s<
and (a, * o) (1) = m +n. Thus deg[a,, * a,] = (ay, * o)/ (1) = m + n. O

Corollary 9.7. S! is not a retract of D?.

Proof. Counterassumption: Assume there is a retraction r: D? — S*. Leti: St «—
D? be the inclusion. Then both r and ¢ are based maps with respect to the
basepoint 1 € S!. Since 7 o i = 1g1, it follows that

r,0d, = (roi), = (1g1), = 1: 7 (S, 1) = 7 (S4, 1).
But '
Z=m((Sh1) 5 md* 1) 5 mShl) 22z

Since (D% 1) = 0, it follows that r, o4, cannot be an isomorphism, a contra-
diction. O

More generally we may conclude the following: Assume r: X — A is a based
retraction, i.e, a based map that also is a retraction. Then

iv: m1(A, ag) = m(X, ap) is an injection
and
re: m (X, a0) = m (A, ag) is a surjection.
A fized point of a map f: X — X is a point x € X such that f(z) = =.

Corollary 9.8. (Brouwer fived point theorem) Every continuous map f: D? —
D? has a fized point.
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Proof. Counterassumption: There exists a continuous map f: D? — D? such that
f(x) # w, for every z € D?. Define g: D* — S as follows: g(z) is the point where
the half line starting at f(x) and going through x meets S!. Then g is continuous.
Clearly, g: D? — S! is a retraction, a contradiction. O

Corollary 9.9. S! is not simply connected. [

Corollary 9.10. Closed paths f and g in S* at 1 are homotopic rell, if and only
if deg f = degg.

Proof. Since deg: m1(S', 1) — Z is well-defined, it follows that deg f = degg, if
f =~ grell. Since deg is injective, deg f = deg ¢ implies that [f] = [g]. O
Theorem 9.11. (The Fundamental Theorem of Algebra) Every complex polyno-

mial p(2) = 42" + ap_12" 1 + -+ + a1z + ag, where each a; € C, a, # 0 and
n > 0, has a root 2z, € C.

Proof. If a,, # 1, then dividing p by a, yields a polynomial that has the same
roots as P. Therefore, we may assume that a, = 1. Assume that p(z) # 0, for
every z € C. Let

P:S' x [0,00) — S, (z,7) —

Then P is continuous. Let
pr: St = S 2 P2, 7).
We will prove the following claims:
(1) [p,] € m(S', 1) does not depend on 7,
(2) degpo =0,
(3) degp; = n.
This will lead to a contradiction, since if [po] = [p1], then degpy = deg p;.

Proof of Claim (1): Let r1,79 > 0. Let

F:S'xT—SY (2,t) = Pz, (1 —t)r) +try).
Then F': p,, ~ p,, rel{1}.
Proof of Claim (2): For every z € S,

0-z 0
ey 2022 O]
[p(0-2)]  p(0)
Thus [pg] = 0, which implies that deg Py = 0.
Proof of Claim (3): Let t > 0. Then
1
p(%) = t—n(anz” +a, 1t at" aot”).

Thus
p(z/t) a2 + ap_1tz" "+ 4 agt" iz 4 apt”

Ip(z/t)]  |anz" + ap_1tznt 4 -+ a1tz + aptn|




38

As a function of (z,t) this can be extended to be continuous also at points (z,0),
where the right side of the equation obtains the value

anz" an, 1, an n
- = . - z 5 = z =z ,
|an2m| |an| |27 |an|
since a,, = 1. Thus the function
. al 1 Zn, lf t = 0,
F:S X[O,oo)—>S,(z,t)r—>{P(Z’%)7 iFOo<t<1,

is continuous. Let j,: St — S, 2 — 2™ Then:
(1) F(2,0) = 2" = p,(2), forall z € S.

(2) F(z,1) = P(2,1) = p1(2), forall z € S".
(3)

1"=1, if t=0,

F(1,t) = { PO-(1/1) | [P(1/8)] :
P/ = - ol =1, if 0<t < 1.

Thus F': p, =~ pyrel{1}. Hence degp; = deg p,. Let
B: 1 — St e

and let
an: I — St (0 B)(t) = (e2™)" = 2™,
Then «,(0) = a,,(1) = 1, and «, has a lift
a,: I =R, t—nt.
Then o/,(0) = 0 and a/,(1) = n. Thus
deg p; = deg i, = deg v, = o, (1) = n.

10. SEIFERT - VAN KAMPEN THEOREM
Recall the following:

Theorem 10.1. (Lebesque Number Theorem) Let X be a compact metric space
and let U be an open cover of X. Then there exists A > 0 such that every open
ball of radius less that A lies in some element of U.

Proof. See Chapter 3, Lemma 27.5 in [2]. O

Theorem 10.2. (Seifert - van Kampen ) Let X be a topological space. Assume
X = XqUXy, where Xy and X5 are open, simply connected subsets of X. Assume
Xo = X1 N Xy # 0 is path-connected. Then (X, z) = {1}, for every xy € X.

Proof. Since X; and X5 are simply connected, they are path-connected. Since
X1 N Xy is path-connected, it now follows that also X is path-connected. Thus,
up to isomorphism, (X, x¢) does not depend on the choice of xy. Therefore,
we may assume that o € Xy. Let a: I — X be a closed path at xy. Then
{a7(X}), " (X3)} is an open cover of I. Since I is compact, it follows from
Theorem 10.1 that there exists A > 0 such that every subinterval J of I, whose
length is less than ), lies in a~(X}) or in a1 (X5).
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Let n € N, where % < A. Then
1 2 n—1

I<—<—-—<---< < 1,
n o n n
and k—1 k k—1 k
—— DcXx —— 2] C X,
o[ n n]) 1 or off n n]) 2
for every k € {1,...,n}. By deleting some of the points £ if necessary, we obtain
ti S [0, 1]

O=to<ti <...<t,, =1,
such that a([t;_1,t1]) and a([t;, t;41]) lie in different sets X, X5. Then «(t;) €
X1NXy = Xy, for every i. Since X is path-connected there is a path g;: I — X
from xy to «(t;), for every i. Let a;: I — X be the path « [t;_1,t;) Parametrized
so that it is defined on the unit interval /. Then

Q2 Qg )k Qg kv X Oy
~ (g % BT % (B % ag % By L) % -+ - % (Bt * i) rell.

Now, each of the paths ay * 5,7, ..., Bm_1 * iy, in the concatenation above is a
closed path at x(, and each of these paths lies in X; or in Xs. Since X, and X,
are simply connected, each of these paths is nullhomotopic rel /. Thus also « is

nullhomotopic rel I. O
Lemma 10.3. There is a homeomorphism S" \ {e,41} — R", for every n > 1,
where e, 1 = (0,...,0,1) € R*". Also, there is a homeomorphism D" /S"~! —
S™.
Proof. Let
T D" = 8",y (2v1 -yl v, 2lyl* - 1).
Since ||7(y)|| = 1, for all y € D", it follows that 7 is well-defined. Also,
7 '({ent1}) = S"'. The restriction of 7 to D" is a homeomorphism D" —
S™\ {en+1}. The inverse is given by
. z
S"\H{epp1} — D, (2,1) —» ——.
8" e} 5 B ()

The map 7 induces a continuous bijection

7: D" /S S,
so that m = Top, where p: D" — D/S" ! is the quotient map. Since D" is compact
and p is a continuous surjection, it follows that D/S"! is compact. Since S" is
Hausdorff, it follows that 7 is a closed map. Hence 7 is a homeomorphism. The
map

D" 5 R,y L,
1=yl

is a homeomorphism with the inverse

z
T+ lz)°

g':R”—)I@D”, 2>



40

Then the composed map
woo:S"\{e 1} = R"
is a homeomorphism. [

Notice that in the previous lemma the point e,,; could be replaced by any
Xg € S,

Theorem 10.4. The sphere S™ is simply connected for all n > 2.

Proof. Let

U1 =S" \ {€n+1}7 and U2 =S" \ {—€n+1}.
Then S™ = U; U U,. By Lemma 10.3, both U; and U; are homeomorphic to R™.
Now, R™ is path-connected for all n, and Uy NU; # () for n > 1. Thus S" is
path-connected for n > 1. Since R" is simply connected, it follows that also U,
and U, are simply connected. Also,

FrUINUy — S x (<1,1), (2,8) — (Hz—H,t),

is a homeomorphism. The inverse of f is
fTHS X (=1L,1) = Uy nUs, (2,8) = (V1 —22,1).

Thus U; NU, is path-connected for n > 2. It follows from the Seifert-van Kampen
theorem that m1(S",z9) = {1}, for all xy € Uy NUy = S™\ {*e,41}. Since S”
is path-connected, it follows from Theorem 8.3 that also m1(S™, e,41) = {1} =
m1(S™, —eny1), for n > 2. O

Corollary 10.5. The spheres St and S™ do not have the same homotopy type for
n>1.

Proof. By Corollary 8.8, topological spaces that have the same homotopy type,
have isomorphic fundamental groups. O

Corollary 10.6. The euclidean spaces R?* and R™ are not homeomorphic for
n > 3.

Proof. Let’s make a counterassumption, and assume there is a homeomorphism
f:R? —» R™ If f(0) =z, then
fR* % R", x> f(x)— x0,
is a homeomorphism satisfying f/(0) = 0. Let e; = (1,0,...,0) € R". Since f is
a bijection, it follows that f’(e;) # 0. Let A: R™ — R be a linear bijection with
A(f'(e1)) = e1. Then
g=Aof :R* = R"
is a homeomorphism,
9(0) = (Ao f1)(0) = A(f'(0)) = A(0) = 0, and g(e1) = A(f'(e1)) = 1.
The restriction of Ao f/,
h: RP\ {0} = R\ {0}, =+ g(2),
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is a homeomorphism and h(e;) = e;. Let i: S* < R?\ {0} be the inclusion and
let
ri R\ {0} = S, 2 ﬁ
x

Then ¢ and r are homotopy equivalences. Thus the composed map
S' 5 R2\ {0} & R\ {0} 5 s
is a homotopy equivalence. This is a contradiction. O

11. TOPOLOGICAL GROUPS AND H-SPACES

Definition 11.1. A topological group G is a group equipped with a topology such
that sets consisting of one point are closed and

(1) the multiplication map u: Gx G — G, (x,y) — zy, is continuous if G x G
has the product topology,
(2) the inversion map i: G — G, z — 2!, is continuous.

Example 11.2. The groups (R, +) and (Z, +) are topological groups. The circle S!
equipped with complex multiplication is a topological group. Any group equipped
with the discrete topology is a topological group.

Lemma 11.3. Topological groups are Hausdorff spaces.

Proof. Recall that a topological space X is Hausdorff if and only if its diagonal
AX = {(x,x) | x € X} is closed in X x X. Let G be a topological group. The
map f: G X G — G, (g,h) — gh™! is continuous. Let e be the identity element
of G. Since {e} is closed in G, it follows that AG = f~1(e) is closed in G x G.
Thus G is Hausdorff. OJ

Let G be a topological group, and let h € G. Then h can be considered as
a homeomorphism G — G, g — hg. Then h is continuous as a composition of
continuous maps (¢, 1lg): G — G x G, g (h,g), and p: G X G — G. Similarly,
the inverse h™! is continuous.

Let H be a closed normal subgroup of a topological group G. Then G/H is
a group. Let p: G — G/H, g — gH. Then p is a surjection. Equip G/H with
the quotient topology from G: a subset U of G/H is open in G/H if and only if
p }(U) is open in G. Then p is a continuous function.

Lemma 11.4. The quotient map p: G — G/H is an open map.

Proof. Let U be open in G. Let g € G. Then the set U, = {xg | x € U} is open in
U, since g: G — G, x + xg, is a homeomorphism. Now, p~'(p(U)) = U,y Uh
is open in G as a union of open sets. Thus p(U) is open in G/H. O]

Proposition 11.5. Let G be a topological group and let H be a closed, normal
subgroup of G. Then G/H is a topological group.

Proof. Homework. O

Proposition 11.6. Let G be a topological group and let H be an open subgroup
of G. Then H is closed in G.
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Proof. Homework. O
Definition 11.7. Let (X, zo) be a pointed space. Assume there is a pointed map
m: (X x X, (xg,20)) — (X, x0)

such that the pointed maps m(,x¢) and m(zy, ) are homotopic to 1x rel {zy}.
Then (X, xg) is called an H-space (after H. Hopf).

Ezrample 11.8. Every topological group X with identity xq is an H-space.

Let (X, zo) be an H-space. Let k: X — X, © — xy. Then m(zy, ) = mo
(k,1x), where (k,1x): X — XXX, — (20, ). Similarly, m(,zo) = mo(1lx, k).
Thus both m o (k,1x) and m o (1x, k) are homotopic to 1x rel {z}.

Recall the following: Let G and H be groups with identity elements e and ¢’,
respectively. Let x € G and let y € H. Then

(ZL‘, 6,)(6’y) = (‘T’ y) = (67 y)(x, el)'
Theorem 11.9. Let (X, zq) be an H-space. Then m (X, xg) is abelian.
Proof. By Theorem 8.4, the map
0: T (X, 30) x (X, m9) = (X x X, (20, %0)), ([f],[9]) = [(f,9)],

is a group isomorphism. (Here (f,g): I — X x X, t — (f(t),9(t)).) Let [f], [g] €
(X, xp). Then

lg] = (mo(k,1x)), [g] (definitition of H—space)
= m.(k, 1x).[g]
= m.[(k, 1x) o g]
= m.[(kg,9)]
=m.d([kg],[g]) (definition of G)
= m.0(e[g]),
where e = [k] is the identity element of (X, z). Similarly, [f] = m.0([f],€),
since mo (1x, k) ~ 1y rel{zo}. The composition
my0: m (X, x9) X (X, x0) N (X x X, (20,20)) =8 m1(X, 20)
is a homomorphism. Therefore,

m.0([f], [g]) = m.0((e, [g)(([f]. €))

= m.6((e. [9))m.6(([f). )

= [gllf].
By writing

(111, [g]) = (111, €) (e, L),
one sees that
m.0([f], lg]) = [f]lg].

Thus [¢][f] = [f][g] and it follows that 71 (X, z¢) is abelian. O
Corollary 11.10. Let G be a topological group. Then (G, e) is abelian. 0
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12. EILENBERG - STEENROD AXIOMS

Let X be a topological space and let A C X. Then (X, A) is called a topological
pair. A continuous function f: (X, A) — (Y, B) means a continuous function
f: X =Y with f(A) C B. We write X for (X, 0).

A homology theory H defined for all topological pairs (X, A) and for all contin-
uous functions f: (X, A) — (Y, B) consists of the following: For every topological
pair (X, A) and for every n € NU{0}, there is an abelian group H, (X, A). Every
continuous function f: (X, A) — (Y, B) induces a group homomorphism

fe: Hy(X,A) = H,(Y,B), for alln e NU{0}.
For every (X, A) and for every n € NU {0}, there is a group homomorphism
A: H,(X,A) = H, 1(A),
such that the following axioms (called Eilenberg - Steenrod axioms) hold:
A1. The identity map id: (X, A) — (X, A) induces
id, = id: Hy(X, A) — H, (X, A),
for all n > 0.
A2. If f: (X, A) — (Y,B) and g: (Y, B) — (Z,C) are continuous, then
(g0 f)x=guo fir Ho(X, A) = H,(Z,0),
for all n > 0.
A3. If f: (X, A) — (Y, B) is continuous, then the diagram

H,(X,A) é H, 1(A)

A 1.

commutes for all n > 1.

A4. (Ezactness aziom) If (X, A) is a topological space, and if i: A — X and
Jj: (X,0) — (X, A) are inclusions, then the sequence
e Hoa (X, A) =S5 Hy(A) =5 Hy(X) =5 Hy(X,A) 5 Hyo (A) =5
is exact.

(A sequence of abelian groups and homomorphisms

"'—>Sn+1MSni>Sn—l"'

is called exact if imf, 1 = ker f,, for all n.)

A5. (Homotopy aziom) If f,g: (X, A) — (Y, B) are homotopic (i.e., there is a
homotopy F: (X x I,A x I) — (Y,B) with Fy = f and F; = g), then f, =
g« Hy (X, A) — H,(Y, B) for all n > 0.
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AG6. (Ezxcision axiom) For every topological pair (X, A) and for every open subset
U of X with U C A, the inclusion i: (X \ U, A\ U) — (X, A) induces group
isomorphisms

i H (X \U,A\U) —» H,(X, A),
for all n > 0.

AT7. (Dimension axiom) If X is a one-point space, then H, (X) = 0 for all n > 0.
(The group Hy(X,0) is called the coefficient group.)

Notice that it varies how the Eilenberg-Steenrod axioms are presented in liter-
ature. Sometimes axioms 1 and 2, although assumed to hold, are not considered
as axioms. Sometimes an extra axiom like the additivity axiom or the azxiom of
compact supports is added. Of all these axioms the dimension axiom may seem
the least interesting. However, almost the opposite is true. There are mathemat-
ical theories that resemble homology theory, for example cobordism theory and
K-theory. These theories satisfy all the Eilenberg-Steenrod axioms except the
dimension axiom. Such theories are called extraordinary or generalized homology
theories.

13. SINGULAR HOMOLOGY THEORY

Theorem 13.1. There exists a homology theory H defined for all topological
pairs (X, A) and for all continuous maps f: (X, A) — (Y, B) satisfying all 7
Filenberg-Steenrod axioms.

We will prove Theorem 13.1 by constructing the singular homology theory (by
S. Eilenberg, around 1947).
Recall the the standard n-simplex, n > 0, is

A" ={(to,t1, ..., tn) €R™ Y 1, =1,1; > 0, for all i}.
1=0

Then, for example,
A" ={tyeR |ty =1} = {1}
and
Al = {(tg,t1) € R? | tg+ 1 = 1,4, > 0}

Thus, if p; = (0,...,0,1,0...,0), then A™ is the convex hull of py,...,p,. Re-
member, that here the indexing goes from 0 to n, the coordinate 1 of p; corre-
sponds to the index ¢. For every n > 1 and 0 < j < n, define

€ZL =el: AV An, (to, . 7tn—1) — (to, . ,tj_l,O,tj, .. ,tn_1>.

Thus €/, adds an extra coordinate 0 between ¢;_; and t;. For n = 1, there are the
maps

e A" 5 Al 1+ (0,1), and e': A° = Al 1+ (1,0).



For n = 2, there are three maps
e Al — A% (to, t1) = (0,10, 1),
et Al — A2 (to, t1) — (to,0,t1),
e’ A %, (to, t1) — (to, t1,0).
Lemma 13.2. If2<n and 0 <k < j <n, then
edoek =efoel i A2 5 AM
Proof. Assume first kK = j — 1. Then
e oek (to,... th_a) =€ (to, ... o1, 0.tk ... tns)
= (to, .-, tk—1,0,0,tk, ..., tp o)

and
kg1 _ k
€, ©° €n_1(t0, . 7tn72) = en(t(), c. ,tj,Q, O, tjfl, . ,tnfz)
= (t(), ce ,tj_g, 0, O, tj—la NN ,tn_g).
Since j —2 = k — 1, it follows that e oef_ | (to, ..., tn_s) = € 0el "\ (to, ...
for every (to,...,th_2) € A"2. Therefore, el o 6712_1 =ckoel .

The case k < 7 — 1 is left as an exercise.

The map € is called the 5™ face map of the simplex A",

45

7tn—2)7

Definition 13.3. Let X be a topological space. A continuous map 7: A" — X

is called a singular n-simplex of X.

Define
Map(A™; X)

to be the set of all continuous functions A" — X, i.e., the set of all singular
n-simplices of X. Let T" € Map(A™; X). Let Zy = 7Z be the infinite cyclic group
generated by T. Thus the elements of Zr are of the form mT, where m € Z.

Define
SuX)= > @Zr, n>0,

TeMap(A™;X)

to be the free abelian group with basis all singular n-simplices in X. Therefore,

the elements of S,,(X) are of the form

Z TLTT,

TeMap(A™;X)

where ny € Z, and ny = 0 except for finitely many 7" (i.e., of the form Zle n; Ty =
n1Ty + -+ - +ngTy). The elements of S, (X) are called (singular) n-chains in X.

Let
TiAn—>X7 (to,,tn)HT(t(]?,tn)
The j-face of T, 0 < j < mn,is

T() Toel: A" 1—>X (to,...,tn_l)r—>T(t0,...,tj_1,O,tj,...

7tn—1)-



46

Define S_1(X) to be {0} (sometimes it is convenient to define S, (X) = {0}, for
all negative integers n). Define the boundary homomorphism

On: Sp(X) = Sp-1(X)
as follows: If '€ Map(A™; X), we define

0,T = Z 1)'7®,

and 0,,: S, (X) — S,_1(X) is obtalned by requiring 0, to be linear, for n > 0.
This means that

On(miTy + -+ -+ Ty) = 110,11 + - -+ + ng 0y T
If n =0, then dy: Sp(X) — {0} is the constant map 0.
We have constructed a sequence of free abelian groups and homomorphisms
L2 G (X)) 2 5, (X)) P 5 (X)) 2 50(X) -2 0,
called the singular chain complex of X and denoted by
(5.(X),0) or by S.(X).

Proposition 13.4. The composed homomorphism

Su(X) 25 S, 1 (X) 253 S, (X)

s a zero homomorphism, i.e., O,_1 0 0, = 0.

Proof. Let T: A™ — X be a singular n-simplex of X. Then

n n

Op10,(T) = an—l(Z(_]-)jT(j)) — Z(_l)j T

j=0 7=0

_ Z (- 1)]+k(T(]))()+ Z (_1)j+k(T(j))(k). (%)

0<k<j<n 0<j<k<n—1
By Lemma 13.2, (TW)®) = (T® )01 when 0 < k < j < n. Thus the first sum
in (x) equals
DR ) A o S S (VAN
0<k<j<n 0<k<j—1<n—1
= —(the second sum in (x)).
(Switch here: j <> k, k <» j — 1.) Thus 0,-10,(T) = 0. Since 0,-10,(T) = 0 for
all ' € map(A”™, X), it follows that
On—10n, = 0: S, (X) = Sp—2(X).

Definition 13.5. Let ¢ € S,,(X).
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(1) If O0,c =0, we call ¢ a (singular) n-cycle.
(2) If there is such d € S,1(X) that 0,4.1d = ¢, we call ¢ a (singular) n-
boundary.

Denote
Zn(X) =kerd, and B,(X) =imd,,;.
Then Z,(X) and B,,(X) are subgroups of S, (X). By Proposition 13.4, B, (X) C
Zn(X), for every n.
Definition 13.6. For each n > 0, the n'® (singular) homology group of a space
X is
H,(X) = Z,(X)/B,(X) = kerd, /im0, .

Let X and Y be topological spaces and let f: X — Y be continuous. Let
T: A" — X be a singular n-simplex of X. Then foT: A" — Y is a singular
n-simplex of Y. Define a homomorphism

fu: Sp(X) = S,(Y)

be setting fx(T) = foT € S,(Y), for all T' € Map(A™; X) and extending by
linearity,

k k
f#(z leTz> = an(f o Ti)7

where n; € Z, for every i € {1,...,k}.

Lemma 13.7. If f: X — Y is continuous, then O,fy = [40,, i.e., for every
n >0, the diagram

Sn(X) i Sn—1(X)

) |

n

commautes.

Proof. Let T € Map(A™; X). Then

n

(On 0 fy)(T) = On(f4(T)) = Ou(f o T) = Z(—l)j(f oToé)

n

= f4(D_(—1)(Toe?)) = f4(0uT) = (f4 0 0,)(T).

7=0
Since the singular n-simplices 7" generate S, (X) and since fx and 0, are homo-
morphisms, it follows that 0,, o fu = fx o O,. O]
Lemma 13.8. Let f: X — Y be continuous. Then for every n > 0,

(1) fu(Z,(X)) C Z,(Y), and

(2) f4(Bn(X)) C Ba(Y).
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Proof. (1):

¢ € Zu(X) = 0u(c) = 0= 9, (fy(c)) = (0n 0 fa)(©) E (f08u)(c)
= f4(0u(c)) = f4(0) = 0= fy(c) € Zu(Y).
(2):
c€ B, (X)=3de S,11(X): C=0py1(d)
= f2(0) = f(Ons1(d) = (f1 0 Fns1)(d) = (i1 0 fi)(d)
= 01 (fa(d)) = fulc) € Bu(Y).
L]

It follows from Lemma 13.8, that fu: S,(X) — S,(Y) induces a homomor-
phism
for Zn(X)/Bu(X) = Zn(Y)/Bu(Y), ¢Bu(X) = fy(c)Ba(Y),
i.e., a homomorphism
fo: Ho(X) — H,(Y).
If c € Z,(X), we write
[c] = ¢B,(X) € Hn(X),
and call [c] the homology class of ¢. Since Z,(X) is an abelian group, we may
sometimes write ¢ + B, (X) instead of ¢B,(X). If ¢,d € Z,(X), then
[ =[] € H,(X) <= ¢B,(X)=¢B.(X)
< c¢=d +0b, for some b€ B,(X).
Theorem 13.9. For everyn >0, H,: Top — Ab is a functor.

Proof. For every continuous f: X — Y, define
Hy(f) = for Ho(X) = Ho(Y), ¢Bn(X) = fy(c)Bu(Y).

If f: X — X is the identity function idx, then fx = id: S,(X) — S,(X), for
all n > 0. Thus H,(f): H,(X) — H,(Y) is the identity homomorphism, for all
n > 0.

Let then f: X — Y and g: Y — W be continuous. Then go f: X — W is
continuous, and

(g0 f)s = g4 0 fy: Su(X) = Su(W),
for all n > 0: For any continuous function 7': A™ — X,
Gu o fu: Sp(X) = S (Y) = S,(W), T foT —go(foT),
and
(g0 fu: Sn(X) = Su(W), T = (go f)(T),
where go (foT) = (go f)(T). Thus
g«o fe=1(go [ Ho(X) = Hy(W),

ie.,

H,(g) o Hy(f) = Hu(go f): Hy(X) — Hy (W),
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for all n > 0. O]

Proposition 13.10. If topological spaces X and Y are homeomorphic, then
H,(X) and H,(Y) are isomorphic, for all n > 0.

Proof. Let f: X — Y be a homeomorphism. Then there is a continuous function
g:Y — X with go f =idy and f o g =idy. Let n > 0. The functions f and g
induce homomorphisms

feo: Hy(X) = H,(Y) and g,: H,(Y) — H,(X),
respectively. By Theorem 13.9,
g0 fi=(go f)e = (idx), =id: H,(X) — H,(X),

and
feoge=(fog) = (idy), =id: H,(Y) — H,(Y).

Thus f, is an isomorphism with the inverse f; ! = g,. O

14. DIMENSION AXIOM AND EXAMPLES

Ezample 14.1. Let X = {p} be a one-point space. For every n > 0, there is
exactly one function 7,: A™ — {p}. Thus S,(X) = Zz,. The singular chain
complex of X is

e S (P 25 Su(p)) 2 S ({p)) 253 - 25 Se({p)) — 0,

which then equals

On On, On— 0
—)ZTn+l —+1>ZTn —>ZTn_1 —1>"'—1>ZTO — 0.

Now, for every j € {0,...,n},
e/ A" 1 A" and T,: A" — {p}
so that TY) = T}, o €/ is the unique function T}, ;: A"~! — {p}. Therefore,

Ou(T) =Y (VT =Y (1T = (D (1)) Tun
j=0 J=0 Jj=0
| T, if nis even,
- 0, if nis odd.

Thus 0, is an isomorphism, if n is even, and 0, = 0, if n is odd. The singular
chain complex becomes

e Su({p}) = Ss({p}) = Se({p}) — Si({p}) —= So({p}) — 0.

Therefore, if n is even, then 0,: S,({p}) — Sn—1({p}) is an isomorphism, and if
n is odd, then 9, = 0: S,({p}) = Sn-1({p}). Thus:

(1)
Ho({p}) = Zo({p})/Bo({p}) = So({p})/imo,
= So({P})/O = So({P}) = 7.



50
(2) n > 1, n odd:

H,({p}) = Zn({p})/Ba({p}) = ker 9, /im0y 11
= Su({p})/Sn({p}) = 0.
(3) n > 1, n even:
H,({p}) = Zn({p})/Ba({p}) = ker 9, /im0y 11
~0/0=0.

Thus
| 7z, if n=0,
mien={ & E 20

In particular we proved the following:

Theorem 14.2. (Dimension aziom) If X is a one-point space, then H,(X) =0,
for all n > 0. OJ

Proposition 14.3. Let X be path-connected, X # (). Then Ho(X) = Z.
Proof. Consider
o S1(X) -2 Sp(X) — 0.
Here
Zo(X) = So(X) and Ho(X) = Zo(X)/Bo(X) = So(X)/Bo(X).

Let T: A = {1} — X be a singular O-simplex. We identify 7" with the point
T(A%) € X. Then an arbitrary element ¢y of Sy(X) is of the form

Cco = E Ny,

where n, € Z, v € X, and n, # 0, for only finitely many x € X. Let then
T: A' — X be a singular 1-simplex. Then

oT = 7 _ 7@)
= TOA%) — TW(A% (by identification)
= T(pl) - T(Po),
where p; = (0,1) and pg = (1,0).

Define a homomorphism

n: So(X) — Z, anxr—) an € 7.

reX reX
Since X # (), it follows that 7 is a surjection. Let T: A! — X. Then

ndT = n(T(p1) —T(po)) =1 —-1=0.
Thus By(X) C kern. We show that kern C By(X): Let

k
o = anmz € kern.
i=1



51

Then Zle n; = 0. Let o € X. For every i, let T;: A' — X, Tj(py) = xo and
T;(pi) = ;. (Such T; exist since X is path connected.) Then

k k k
8(2 nT;) = Zm@Ti = an’(Tz‘(Pz') — Ti(po))

— an(z:l —xg) = anxz - (Z ni) o

i=1

1

k
= E n,r; = Cy.
i=1

Thus ¢y € By(X). It follows that kern C By(X), and hence that kern = By(X).
Since n: So(X) — Z is a surjective homomorphism, there is an isomorphism

n: So(X)/ kern = Z.
Therefore, 17 induces an isomorphism
1: Ho(X) = Zo(X)/Bo(X) = So(X)/ kern = Z.
O

Definition 14.4. Let {G; | i € I} be a family of abelian groups. The direct sum
> G, of the groups G; is the group of all (g;);e; such that g; # 0, for only finitely
many ¢ € [.

Theorem 14.5. Let X be a topological space, X # (. Let {X\ | A\ € A} be the
set of path components of X. Then, for everyn > 0,

H,(X) =) H,(Xy).

Proof. Let v = > n;T; € S,(X). For every i, the image T;(A") is contained in
a unique path component of X. Therefore, we may write v = > v, where 7, is
the sum of the terms in v involving the T; for which T;(A™) C X,.

For every n > 0, the map

Su(X) = 3 Su(X0), 7 (),

A

is an isomorphism. Then v € Z,,(X), if and only if vy € Z,(X,), for every A € A,
and v € B,(X), if and only if v € B, (X)), for every A € A. Therefore,

O : Hn(X) — ZHn(X)\); 'VBn(X) = (’YABn(XA))a

is well-defined. The inverse of 6,, is

Gt Y Ho(Xy) = Ho(X), (0Ba(X2)) = O n)Ba(X).
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15. CHAIN COMPLEXES

Definition 15.1. A chain compler K is a sequence

Bn 67—L 8'”7
RN . G TN . S

where, for every n € Z, K, is an abelian group, 0, is a group homomorphism,
and 0, 0 0,11 = 0.

Often K,, = 0, for every n < 0. Denote
Zn(K) =ker 0, and B,(K) =1imd,1.
Since 0, 0 0,41 = 0, it follows that B, (K) C Z,(K).
Definition 15.2. The n'* homology group of K is
H,(K)=Z,(K)/B,(K).

Definition 15.3. Let K and L be chain complexes. A chain map f: K — L is
a sequence of homomorphisms {f,,: K, — L,}, such that the diagram

On Oy On—
Kn+1 i n Kn—l %1 T

K
ifm Lifn ifnl

Ly L, 1—> -
/ n 7 n—1 "5,
an—l—l an an—l

commutes, i.e., &, o f,, = f,_1 00y, for all n € Z.
Let f: K — L be a chain map. Then
fn(Zn(K)) C Zu(L), and fo(Bn(K)) C Bo(L),
for every n € Z. Thus, for every n € Z we obtain a homomorphism
H,(f) = fo: Ho(K) = Hu(L), [2] = [fu(2)];

where [z] = 2B, (X) (sometimes also denoted by z+ B,,(K)) denotes the homology
class of z € Z,(K).

Definition 15.4. Chain complexes (objects) and chain maps (morphisms) form
a category Comp. Composition of chain maps is defined coordinatewise: {g,} o

{fu} =1{gno fu}.

Let K, L and M be chain complexes, and let f: K — L and g: L — M be
chain maps. Then go f: K — M is a chain map and

(go f)e=geo fur Hy(K) — Hny(M),

for all n € Z. Clearly, the identity map id = (idgk, ): K — K is a chain map and
it induces H,(idx) = id, =id: H,(K) — H,(K), for every n € Z.
Therefore, we obtain:

Proposition 15.5. For every n € Z, there is a functor H,: Comp — Ab. O
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Definition 15.6. Let K be a chain complex. A subcomplex K’ of K consists of
subgroups K, C K, such that 0,(K]) C K],_,, for every n € Z.

!
K —  Ku

/
01 = Opgi1] On+1

Definition 15.7. Let K be a chain complex and let K’ be a subcomplex of K.
The quotient complexr K/K' is the complex

5n+1 gn—l

o Ky /KL 28 KK 2 K KL

where 0, is the homomorphism induced by 0,:

On(cK)) = 0n(0)K,, .
Definition 15.8. A sequence

a’n 677, anf
---—>Gn+1—“>Gn—>Gn_1—1>--- ()

9

where (G, is an abelian group and 0, is a group homomorphism, for every n € 7Z,
is called ezxact, if im0, .1 = ker 0,, for every n.

In other words, the sequence (x) is exact, if and only if it is a chain complex
G such that H,(G) = 0, for every n.

Definition 15.9. Let A, B, C' be abelian groups, and let «: A — B and f: B —
C' be group homomorphisms. The sequence

0—A-%B-0—0 (%)

is exact, if and only if,

(1) « is an injection (monomorphism), and
(2) [ is a surjection (epimorphism), and
(3) ima = ker 5.

If () is exact, it is called a short ezact sequence of abelian groups.
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Definition 15.10. Let K, L, M be chain complexes, and let a: K — L and
B: L — M be chain maps. The sequence

0— K -1 M—0

(%)
is called a short exact sequence of chain complexes, if
0 — K, 2% L, 2% M, —0
is a short exact sequence of abelian groups, for every n € Z.
The chain map a: K — L induces a homomorphism
a,: Hy(K) — H,(L),
and the chain map : L — M induces a homomorphism
Bi: Hy(L) = Hp(M),
for every n € Z. We will show that (**) induces also homomorphisms
A, Hy (M) — H,_1(K),

for every n. The homomorphisms A, are called connecting homomorphisms.

«

0—>K,,_1 —>

a/

0

i

0Ky 2L L, —>0
o B %
o} B
K, L, M, —=>0
o B %
Lyt > M, | —>0

81/

First, we construct a homomorphism
An: Z (M) = H,_(K)

as follows: Let m € Z,,(M), i.e., m € M,, and 9"(m) = 0. Since f is a surjection,
there is [ € L,, with S(I) = m. Then

po(l) = 0"B(1) = 9"(m) = 0.
Thus 9(I) € ker 5. Since the sequence

00— Kn—l i) Ln—l i) Mn—l — 0
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is exact, it follows that O(l) € ima. Thus there exists k € K,,_y with a(k) = 0l.
Then

ad (k) = da(k) = 90(l) = 0.
Since « is an injection, it follows that d'(k) = 0, i.e., that k € Z,_1(K).
Let [y € L, be another element such that 3(l;) = m. Then there is a unique
]{31 € Kn—l with Oé(kl) = (9([1) Now

Bl —1h)=p() = B(L)=m—-m=0.
Since ker 8 = ima, there is k € K,, with Oé(];’) = [ — ;. Since

a(0'(k)) = 0a(k) = 0l — ) = O(1) — O(lh)
=a(k) — a(k) = alk — k)

and « is an injection, it follows that &'(k) = k — ky. Thus k —k; € B,_1(K), and
therefore, [k] = [k1] € H,—1(K). We obtain a well-defined function
An: Zy(M) = H,_1(K), m— [k].

Here a(k) = 0l, where (l) = m.
Let’s check that A, is a homomorphism: Let m, m’ € Z,(M). Then

~

A, (m) = [k], where a(k)=0l, B(I) =m,

and
An(m') = [K], where a(k') =0l', B(I') =m'.
Thus
alk+E)=alk)+ak)=0l+0I' =0(l+1)
and
Bl+1)=p01)+pI")=m+m
Since

alk+E)=0(1+1) and B(l+1)=m+m',
it follows that
An(m+m') = [k+ K] = [k] + [F] = A (m) + A, (m).
Hence A, is a homomorphism.

Next, let’s check that An(Bn(M)) =0: Let m € B,(M) C M,,. Then there is
m € M, such that 0"(m) = m. Since f is a surjection, there is | € L,;; with

B(I) = 7. Then
Bl = 9"l = 8" = m.

Also, 991 = 0 € L,_; Since a is an injection, the only element in K,_; that a

takes to 0 is 0. Thus a(0) = 0(9l) and F(0l) = m. It now follows from the
definition of A,, that A, (m) = 0. Therefore, A, (B,(M)) = 0. It follows that A,

induces a homomorphism
where a(k) = [ and 9l = m.
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Lemma 15.11. Let
0—K-L-5M—0 (+%)
be a short exact sequence of chain complexes. Then there is a long exact sequence
coo = Hyp (M) 25 Ho(K) 5 Ho(L) 25 Hy(M) 25 Hy oy (K) — -
Proof. a) Fzactness at H,(K):

(1) imA C ker a,:
Let [m] € Hyy1 (M), m € Z,1(M). Let [ € L, 41 be such that §(I) = m, and
let k € Z,(K) be such that a(k) = 0l. Then

A([m]) = Ansa([m]) = [F] € Ha(K)
and
(0 A)([m]) = au[k] = [a(k)] = [0] = 0 € Hu(L).
Therefore, A([m]) C ker a. It follows that imA C ker a,.

(2) ker a, C imA:
Assume [k] € H,(K) is such that a.([k]) = 0. Then

[(k)] = au([K]) = 0 € Ha(L),

and hence «(k) € B,(L). Thus there exists [ € L, with 0l = a(k). Let
m = 5(l) € M,41. Then

&"(m) = 0" B(1) = (1) = fa(k) =0,
since foa =0. Thus m € Z,.1(M). Now,
B(l)=m € Z, 1 (M) and 0l = a(k).

Thus R
A(m) = [k], ie., A([m]) = [k].

Hence [k] € imA, and it follows that ker ao, C imA.
By (1) and (2), imA = ker «.

b) Ezactness at H,(L):
(1) ima, C ker S,:

foa=0=0=0,=(foa),=[.0a
= ima, C ker f,.

(2) ker B, C ima,:
Let I € Z,(L), B«([l]) = 0. Then

0= 6.(l) = [B()] = B(I) € Bu(M)
= Jm € M, 1: 0"(m) = B(I).
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Since 3 is surjective, there exists | € Ly, with 8(I) = m. Now,

Bol = 9"Bl = d"m = B(1)
—> Bl —al) = B(l) — B(dI) = 0
— | — 9l € ker 8 = ima
— ke K,: alk)=1-20l.

Then

ad'k = dak = (1 — 1)
=0l — 90l = 9l = 0,
~—

0

since | € Z,,(L). Since « is an injection, it follows that &’k = 0. Thus k € Z,,(K)
and [k] € H,(K). Then

a.([k]) = [a(k)] = [l - 01] = [I].

Thus [I] € ima,, and it follows that ker 5, C ima,.
By (1) and (2), ima, = ker ..

c¢) Ezactness at H,(M):

(1) imfB, C ker A:

Assume [l] € H,(L), where | € Z,(L). Let m = p(I). Then B(I) = m and
a(0) = 0 = 0l imply that A([m]) =0 € H,_1(K). Since 5.([l]) = [B(D)] = [m], it
follows that AB.([l]) = A([m]) = 0. Thus imp, C ker A.

(2) ker A C imp,:
Assume [m] € ker A C H,(M). Then A([m]) = [k], where k € Z,,_;(K) is such
that a(k) = 0l for some [ € L,, and B(I) = m. Now,

A[m)) = [ = 0= k € B,1(K)
= 3keK,: k) =k
Then

da(k) = ad (k) = a(k) = .

Thus 0(l — a(k)) =0, ie., | —a(k) € Z,(L), and

Bl —a(k)) = (1) (k) = B(1) = m.

0

Hence
B. ([ = a(k)]) = [B( — a(k)] = [m].

It follows that [m] € imf,, and hence that ker A C imf,.
By (1) and (2), ker A = imp,. O



58

Proposition 15.12. Let

0 K L M 0

Lo ]

0 K’ L M’ 0
Oé/ /8/

be a commutative diagram, where the horizontal sequences are short exact se-
quences of chain complexes and f, g and h are chain maps. Then the diagram

H, (M) g H, 1(K)

b I

Ho(M') < Hr(K).

commutes.

Proof. Let [m] € H,(M). Then m € Z,(M). Let | € L, be such that 5(l) = m,
and let k € Z,,_1(K) be such that a(k) = 0l. Then

A([m]) = [K],
and
f(Alm]) = fu[k] = [f (k)] € Hpo1(K7).
NOC‘{% hi([m]) = [h(m)] € Hn,(M"). Also, B'g(l) = hB(l) = h(m), f(k) € Z,—1(K')

o' (f(k)) = gla(k)) = g(0l) = dg(l).
= Jd(g(l)) imply that
)

| = fu([k]) = fA(Im]).
Therefore, A’ o h, = f, o A.

Corollary 15.13. The diagram

e (M) 2 () 2 i) D ) B (K —

o —> H, 1 (M") ? H,(K') — H, (L") ? H,(M') —=> H, (K') —> ---
commutes and the horizontal lines are exact.

Proof. The horizontal lines are exact by Lemma 15.11. The first square on the
left commutes by Proposition 15.12. Since go o = o’ o f, it follows that

a,ofi=(aof).=(g0a).=g.oa.
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Thus the second square from the left commutes. Since 5’ o g = h o 3, it follows
that

Bioge=(80g)=(hop).=h.op.

Thus also the third square form the left commutes. O

16. CHAIN HOMOTOPY

Definition 16.1. Let K and K’ be chain complexes, and let f: K — K’ and
g: K — K’ be chain maps. A chain homotopy from f to g is a family of homo-
morphisms

D,: K, — K,

satisfying 0, ., o D, + Dy,_1 00, = f — g, for every n.

If there is a chain homotopy from a chain map f to a chain map ¢ (or equiv-
alently from ¢ to f, since chain homotopy defines an equivalence relation on the
set of chain maps), we say that f and g are chain homotopic. If F' is a chain
homotopy from f to g, we write F': f ~ g.

Definition 16.2. Let K and K’ be chain complexes. A chain map f: K — K’
is called a chain homotopy equivalence, if there is a chain map ¢g: K’ — K such
that go f ~idx and f o g ~ idg/. In this case we say that K and K’ are chain
homotopy equivalent.

Proposition 16.3. If chain maps f,g: K — K’ are chain homotopic, then
fo= g0 Ho(K) — Ho(K'),
for every n.

Proof. Let [k] € H,(K), where k € Z,(K). Let {D,: K, — K| _,} be a chain
homotopy from f to g. Then

f:g+a;+1oDn+Dn—loan
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and
(1) = (k) + 0,1 (Du(1)) + Do (Du(1).
Thus ’
fo[k]) = [f(R)] = [9(k) + 01 (Dn(k))]
= [9(k)] + [0, 11 (Dn(k))] = [9(k)] = g.([K]).
0
Therefore, f, = g.. O

Let K be a chain complex. Let id: K — K and 0: K — K, where id: K,, —
K, is the identity map for all n, and 0: K,, — K, is the zero map for all n. Then
id and 0 are chain maps.

Definition 16.4. Let K be a chain complex. If there is a chain homotopy from
the identity map id of K to the zero chain map 0: K — K, we call this chain
homotopy a chain contraction. If there is a chain contraction of K, then K is
said to be chain contractible. If H,(K) = 0, for all n, we say that K is acyclic.

Lemma 16.5. A contractible chain complex is acyclic.

Proof. Let K be a contractible chain complex. Then id,0: K — K are chain
homotopic. By Proposition 16.3, (id). = 0.: H,(K) — H,(K), for every n.
However, (id), = id: H,(K) — H,(K) and 0, = 0: H,(K) — H,(K). Thus
0 =id: H,(K) — H,(K), for every n, which is possible only when H,(K) = 0,
for every n. O

A chain complex K is called free, if K is a free abelian group for every n.

Proposition 16.6. Let K be a free chain complex. Then K is acyclic if and only
if it is contractible.

Proof. By Lemma 16.5, a contractible chain complex is acyclic. Assume then
that K is acyclic. Consider the following diagram:

> Ky Oni1 K, On K, Oy
% e H
i an—l—l an +1 an 1

The boundary homomorphism 0,, takes K, onto B,_1(K), where B, 1(K) =
Zn-1(K), since K is acyclic. Since K,,_; is free, also Z,,_1(K) is free (subgroups
of free abelian groups are free abelian). Thus there is a homomorphism

Sp—1: Zn—l(K) — K,

such that
8n O Sp—1 = id: Zn—l(K) — Zn—l(K)
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Then
idg, — Sp-10n: K, = K,
maps K, to Z,(K). Define
D,: K, — K1, D, =s,0(dk, — $-10,).
Then

an«Hl)n + anlan = anJrlSn(idKn - Snflan) + Snfl(idKn_l — Sp—2 anfl)an
id 0
== ldKn — Sn_lan + sn_lidKWl@n
—————
Sn—10n

= id,,.
Thus {D,} is a chain contraction. 0J

Fzample 16.7. Let C be the chain complex with C, = 0, if ¢ # 0,1,2, Cy = Zy
and Cy = C; = Z. The boundary maps are defined as follows: 0y(n) = 2n,
01(n) =0, if n is even, and 0y(n) = 1, if n is odd. It is left as an exercise to show
that C' is acyclic.

Assume there is a chain contraction D: idg ~ 0, and consider the following
diagram:

o)) ) A

0 7 7 Zo 0
D_

idi Dy idl Dy idl Do idi p idl
0 Z Z 7 0

s o

Then
D,160 +81D0 =id: ZQ — ZQ.
0
Thus

7,874 7,
equals the identity homomorphism Z, — Z,. This is impossible since the only
homomorphism Zy — Z is trivial. It follows that C' is not contractible.

17. RELATIVE HOMOLOGY GROUPS

Let X be a topological space and let S,(X) be the singular chain complex of X.
Let A C X and let i: A — X be the inclusion. Then 7 induces a chain map
iy Si(A) = S.(X). For every n, the map

i Su(A) = Su(X), Y neT Y nglioT),
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is injective. Now, S.(A) is a subcomplex of S,(X), and
k
Su(A) = {D_nT, € Su(X) | T,(A") C AVr}.
r=1

The corresponding quotient complex is S,(X)/S.(A), where

The complex S,(X)/S,(A) is called the singular chain complex of the pair (X, A).
We obtain a short exact sequence of chain complexes:

0= S.(A) B 8.(X) 55 S.(X)/S.(A) — 0.

Thus, for every n, the sequence

J

0= Sn(A) B S,(X) 25 8, (X)/Sn(A) = 0

is exact.
Notice that,

Su(X)= >, Zr= ), Zr® Y In

T€ Map(A™,X) T€ Map, T€ Map,
where
Map, = {T € Map(A™, X) | T(A") C A}
and
Map, = {T € Map(A", X) | T(A™) N (X \ A) # 0}.
Thus

i.e., S,(X)/Sn(A) is a free abelian group for every n.

Definition 17.1. The n'" relative homology group H, (X, A) of the pair (X, A) is
the n'® homology group H,,(S.(X)/S.(A)) of the quotient complex S,(X)/S.(A).

According to Lemma 15.11, the short exact sequence
0= S.(A) % 5,(X) % 5.(X)/S.(A) = 0
induces a long exact sequence in homology:
o Ho (X, A) = Hoy(A) =25 Hoy(X) 25 Ho (X, A) 25 Hy 1 (A) — -
This sequence is called the exact homology sequence of the pair (X, A), see the
Eilenberg-Steenrod Axioms.

Let (X,A) and (Y, B) be topological pairs and let f: (X, A) — (Y,B) be a
continuous map, Thus f: X — Y is continuous and f(A) C B. Let f|: A — B
denote the restriction. Then f induces the map

fa: S(X) = 5.(Y),
and fuz(S,(A)) C S,(B), for every n. Therefore, we obtain
f#: Sn(X)/Sn(A) - Sn(Y)/Sn(B)7
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and the diagram

Sn(A) i Sn(X) ji Sn(X)/Sn(A)

f#i f#i f#i
5.(B) == S,(Y) == S,(V)/S,(B)
L T

commutes, for every n. The chain map

fa: Sn(X)/Sn(A) = Su(Y)/Sn(B)
induces

fo: Ho(X, A) = H,(Y, B),
for every n. Let g: (Y, B) — (Z,C) be a continuous function. Then
(g0 ) = g 0 fr Hy(X, A) = H,(Z,C).

The identity map id: (X, A) — (X, A) induces

id, =id: H,(X,A) — H,(X, A),
for every n.

Remark 17.2. Consider the case where A = (): We define S,,(0)) = {0}, for every
n. Then, for every n,

Sn(X)/5n(0) = 5(X)/{0} = Su(X),

and

H,.(X,0) = H,(S,(X)/S,(0)) = H,(X).

A continuous function f: (X, A) — (Y, B) induces the commutative diagram

0—= S.(A) £ 5,(x) 22 5.(X)/8.(A) —> 0

A )

0 —= S.(B) 7> S.(Y) — S.(Y)/S.(B) =0,
b T
where the horizontal lines are exact sequences. By Corollary 15.13, the diagram

(©)

A 3 A A
s Ha (X, A) S Hy(A) 25 Hy(X) 25 Hy (X, A) S Hy o (A) —> -

R T T

oo —> H,1(Y,B) ? H,(B) ? H,(Y) ? H,(Y,B) ? H, (B)—---
commutes and the horizontal lines are long exact sequences. Since the squares
having A and A’ are commutative, it follows that singular homology theory sat-
isfies Eilenberg - Steenrod axiom A3.
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Proposition 17.3. Let f: (X, A) — (Y, B) be a continuous function. Assume
(flA)s: Hy(A) — H,(B) and f.: H,(X) — H,(Y)
are isomorphisms, for every n. Then also
for Ho(X,A) — H,(Y, B)
s an isomorphism, for every n.

Proof. The proof follows immediately from the fact that the diagram (9©) com-

mutes and from the following 5-lemma. 0
Lemma 17.4. (5-lemma) Let

O~ Cy —2 O3 % 0y 5

s o A

Dy D, Ds Dy Dy

A S Ps B

be a commutative diagram of (not necessarily abelian) groups and homomor-
phisms. Assume the horizontal lines are exact. (This means that the top line
is exact at Cy, Cy and Cy, and the bottom line is exact at Dy, D3 and Dy.) Then
the following hold:

(1) If fo and fy are surjective and fs is injective, then f3 is surjective.
(2) If fo and fy are injective and fy is surjective, then fs is injective.
(3) If f1, fo, fa and f5 are isomorphisms, then also f3 is an isomorphism.

Proof. Assume first that f, and f; are surjective and f5 is injective. We show
that f3 is surjective. Let d3 € Ds. Then f3(d3) € D,4. Since fy is surjective, there
is ¢y € Cy with f4(C4) = ﬂg(dg) Then

fs(au(es)) = Ba(fa(ca)) = Ba(Bs(d3)) =0,

since ;4 0 f3 = 0. Since f5 is an injection, it follows that a4(cy) = 0. Thus
c4 € keray = imag, and it follows that there is ¢3 € C5 such that as(c3) = ¢q.
Then

Bs(fs(cs) — ds) = Bs(f3(cs)) — Bs(ds)

= f4(043(03)) - 53((13)

= f4(04) - 53(653) = 0.
Thus f3(c3) — ds € kerf3 = imfy. Hence there is dy € Do such that Sy(dy) =
fa(es) — ds. Since fy is surjective, there is ¢o € Cy such that fy(c2) = dy. Then

/3 (042(02)) = P (fQ(CQ)) = /32(d2) = fg(Cz) — ds.
Therefore,
ds = f3(cs) — f3(aa(c2)) = f3(cs — aa(ca)).

Thus d3 € imf3, and it follows that f3 is surjective.

Assume then that fy and f; are injective and f; is surjective.We show that f3
is injective. Let ¢ € C3. Assume f3(c3) = 0. Then fyas(c3) — PBsfs(cs) = 0. Since
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fa is an injection, it follows that as(c3) = 0. Thus ¢3 € kerag = imas. But then
there is ¢y € Cy such that as(cy) = c3. It follows that

Bafa(ca) = faaa(cz) = fs(ez) = 0.
Thus fo(c2) € kerfy = imf;, and there exists d; € Dy such that 8;(dy) = fa(ca).
Since f; is surjective, there exists ¢; € C} such that fi(c;) = dy. Then
f2041(01) = 51f1(01) = 51(611) = f2(02)-

Since fo is an injection, it follows that ai(¢;) = co. Since ai(¢;) = c¢o and
as(cg) = c3, it follows that

0= &2@1(01) = OéQ(CQ) = C3.
0

Therefore, f3 is an injection.
Part (3) follows immediately from parts (1) and (2). O

Ezxample 17.5. Let X be a non-empty convex subset of R™, m > 0. Then

HO(X) = Z7
H,(X) =0, if p>0.

Proof. Recall that a subset X C R™ is convez, if and only if
{I=t)x+ty|z,ye X,0<t <1} C X.

If X is convex, then it is path-connected, and by Proposition 14.3, Hy(X) = Z.
Let o € X. For a continuous function 7: A™ — X, define

zo-T: A" 5 X

by setting
. Zo, if to = 1,
(0 - T)(to, - - - tns1) = { tozo + (1 — to)T (12, ..., 281), if 0<to<1.
Notice that . .
€X and T(—1—, ... " ))ex
o a (1—t0 1—t0)
Since X is convex, it follows that
t tn
tol’o + (]_ — to)T( ! 1 ) S X,

11—ty T 1—t
and thus that zg - T is well-defined.

We next check that xq - T is continuous: Clearly, zq - T is continuous at points
(to, ..., tns1), where tg # 1. Let’s check that xy - T is continuous at (1,0...,0).
Notice that (xo-7)(1,0,...,0) = z,. For ty < 1,

131 Int1
[(zo - T)(to, - tus1) — ol = [|(1 —750)T(1 ] —+t0) + (to — 1)ol|
3] Int1
< (=) (I (s ) + ol
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Since A™ is compact and 7T is continuous, it follows that T'(A™) is compact. In
particular, T'(A") is bounded. Therefore, there exists M > 0 satisfying

t b1
T <M
T2 )+ ool < 2,
for every (lﬁlto, - i"_ﬂ;) € A". Thus
3] tnt1
) 1 —t
<M
Thus (-7 is continuous also at (1,0...,0) and it follows that z(-7 is continuous.

Define
(z0,°): Sp(X) = Spa1(X), T 20T,
and extend linearly,

k

=1

Then (z9,-) is a homomorphism.
We then determine the boundary d(zq-T): Since x¢-T € S,41(X) we need to
figure out the

(zo-T)oel: A" — X,
where
((Z‘o . T) o 6j)<t0,t1, ce ,tn> = (I’O . T)(to, ce ,tj_l,O,tj, ce ,tn),

for0 <j<n-+1.
Assume first that n = 0. For j =0,

((wo-T) 0 €”) (1 =to) = (wo - T)(0,t0) = (zo-T)(0,1) =020+ 1-T(1) = T(1).
Thus (zg-T)oe® =T. For j =1,
((z0-T) 0 €')(1) = (20 - T)(1,0) = 0.
Assume then that n > 1. For j =0,
((wo-T) 0 €”)(to, ... tn) = (xo-T)(0,to,...,t,) = T(to, ... ty).

Thus (zg-T)oe?=T. For 1 <j <n+1,

(o - T) 0 €)(to, ... tn) = (w0 T)(to, .- -+ tj—1,0,85, ..., 1)

g, if to =1,

¢ tn .
! ), if 0<ty<1.

}_to,...,l_tg

P
the jt® coord. =0
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Also,
(ZL’O . (T@j_l)) (to, N ,tn)
—_ X, if to =1,
- t0<I0)+(1—to)Tej_l(liltO,...,li—”to), if 0<t,<1,
Zo, if t() = ]_,
= t ti—1 tj tn ;
to(l’o) + (]_ — tO)T(l—tg’ ceey l_tO,O, iy " l—to)’ it 0<ty<l.
Thus (z¢-T) o el = zg - (Te’!). Therefore, for n > 1,
n+1
00 (xo, )(T) =(xo-T) = > (=1)(xg-T)o¢
=0
n+1
= (29 -T)oe’+ Z(—l)j (zo-T)oé
e T
zo-(Ted 1)
=(z0-T)oe’ =) (=1)'my- (Toe) (i=j—1)
~—_—— P ——
T (z0,")(Toe?)
=T = (z0,)(D>_(—1)'T o ¢)
i=0
or
=T — (x0,-)(0T).

Therefore, for n > 1,
do(xg,) =id — (zg,-) 0 0.

We show that Z,(X) = B,(X), for every n > 1. Let ¢ € Z,(X). Then dc = 0.
Thus

0o (zg,-)(c) + (xg,)0c = id(c) = ¢,

and it follows that

Thus ¢ € B, (X). Consequently,
Hn<X) = Zn(X)/Bn(X) =0,

for every n > 1.

18. HOMOTOPY INVARIANCE OF HOMOLOGY

Recall that two functions f,g: (X, A) — (Y, B) are called homotopic if there is
a homotopy F': X x I — Y such that Fy = f, F} = g and F(a,t) € B, for every
(a,t) € A x I. In this section we prove the following result:
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Theorem 18.1. Let f,g: (X, A) — (Y, B) be homotopic functions. Then the
induced homomorphisms fu,gu: S«(X,A) = S.(Y, B) are chain homotopic.

Proposition 16.3 and Theorem 18.1 imply
Theorem 18.2. If f,g: (X, A) — (Y, B) are homotopic, then
fe =g« Hy(X,A) — H,(Y,B),
for every n. O
Theorem 18.3. If f: X — Y 1is a homotopy equivalence, then
fo: Ho(X) — H,(Y)
1s an isomorphism, for every n.

Proof. Let g: Y — X be a continuous map such that go f ~idx and fog ~ idy.
By Theorem 18.2,

gxo fo = (g0 ) = (idy). =1id: H,(X) — H,(X), for every n,
and

feogi=(fog) = (dy), =id: H,(Y) — H,(Y), for every n.
Therefore, f. is an isomorphism with the inverse (f.)™' = g., for every n. O

Remark 18.4. Theorem 18.2 says that Eilenberg - Steenrod axiom 5 (the Homo-
topy axiom) holds for singular homology.

We now return to the proof of Theorem 18.1. There exist different proofs for
the result, we will do a proof based on induction.

Proof of Theorem 18.1. We will first show that if f ~ ¢g: X — Y then
fa, 940 Su(X) — S.(Y) are chain homotopic. The chain homotopy that we
will construct has a certain naturality property that then implies the claim in the
relative case. Define

ig: X = X x I, z+ (,0),
and
i1: X > X xI, oz (z,1).
Then
id: X xI —-Xx1
is a homotopy 7¢ >~ ;.

Claim 1: To show that fu,gx: S«(X) — S.(Y) are chain homotopic, it suffices
to prove that (ip)4, (11)4: S«(X) — S«(X x I) are chain homotopic.

Proof of Claim 1: Let F: X xI =Y, F: f ~g. Assume D: S,(X) — S,(X xI)
is a chain homotopy from (ig)x to (41):
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> Spa(X) — s 5 (X)) — s

R
X

%Sn+2(XX[)/%Sn+1(XXI),%Sn( 7
an+2 an-i-l an

where
On1Dn + Dy10y = (i1) 4 — (o) -
Let
Fu: Sy (X x1I)— S.(Y)
be the chain map induced by F': X x I — Y. The following diagram commutes:

o o o
> S X X 1) RS (X X T) G (X X ) 22 S, (X X T) —> -

iF# iF# iF# iF#

e Spa(Y) s Syt (V) s S (V) —— > Sy (V) ——

Then

Fy(9'D + DI) = Fy((i1)4 — (o))
= Fy(ir)yg — Fylio)s
= (F (¢] i1># - (F (¢] ig)#
= 9% — [#
Since F is a chain map, it follows that
a”F# — F#a,
Therefore,
0"(FyD) + (FyD)0 = Fyd'D + Fy DO
= Fy(0'D + D)
= g# — o

Thus Fig o D: S.(X) — S.(Y) is a chain homotopy from g4 to fx. This proves
Claim 1.

We next prove that (ig)y and (i;)x are chain homotopic. In fact, we prove a
stronger result:

Claim 2: For every topological space X, there is a chain homotopy Dy : S.(X) —
So(X x I) from (i1)g to (ig)4 satisfying the following naturality condition: If



70

h: X — X’ is a continuous function, then the diagram

D
Sn(X) — Sn1(X x 1)

#i i(h x id) 4

(X) Do Sp1(X' x 1)

30)?‘

commutes, for every n.

Proof of Claim 2: The proof is done by induction on n.
First, let n = 0. Let T: A — X be a singular O-simplex of X. Define a
singular 1-simplex DxT of X x I by

DxT: A' = X x I, (to,t1) = (T(A"),1)).
(1)
T

(Here to + t1 = 1, tg,t1 > 0, and A = {1}.) We will determine the boundary of
DxT: Here

(DxT)oe?: A= {1} = X x I,
(DxT)e(1) = (DxT)(0,1) = (T(A%),1) = (i1 0 T)(1)
and
(DxT)e'(1) = (DxT)(1,0) = (T(A%),0) = (ig o T)(1).
Thus
d'(DxT) = (DxT)oe’ — (DxT)oel =ijoT —igoT
= (i) #(T) = (i0)(T) = ((i1)4 — (i0)4)(T).

The homomorphisms can be seen in the following diagram,

Sl(X) e Sl(X X I)

Dx
9 / o
So(X) Lol So(X x I)

(1) 4

0
S—I(X) S_l(X X I)
—— —_——

0 0

where
G'DX —|— DXa - éVDX — (i1># — (Zo)#
0
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The naturality condition is also satisfied: Let h: X — X’ be a continuous
function. On one hand,

((h xid)gDx)(T) = (h x id)x(DxT) = (h x id) o DxT: A" = X' x I.
Thus
((h xid)gDxT)(to, t1) = (h x id)(DxT (to, 1))
= (h x id)(T(A%), 1)
— (hT(A%), 1),

On the other hand,

(D)ph#)(T) = DX/(h e} T)
Therefore,

(D)ph#)(T)(fo, tl) = DX/(h e} T)(to,tl) = (hT(A(]),tl)

Thus

Dxiohy = (h xid)4 o Dy,

and it follows that the naturality condition holds for n = 0. Consequently, Claim
2 holds for n = 0.
Induction assumption: Let n > 1. Assume that (Dx);: 5;(X) — S;11(X x I)
has been constructed for every j < n in such a way that both the chain homotopy
condition and the naturality condition holds.

We next construct (Dx)n: Sp(X) — Spi1(X x I). Since the naturality condi-
tion must hold, the diagram

Sp(X) =5 S (X x 1)

h#i i(h X id).4

Sn(X/ %Sn—i-l(X X ])
Dy,

must commute for every X’ and for every continuous h: X — X'. Choose X =
A" X'=X andt h=T: A" — X. Then the diagram ()

Su(am) 252 g A 1)
T#\L \L(T X ld)#
Sn(X) —5 = Sarr (X x 1)

must commute.
Let idan: A™ — A" be the identity map. Then ida» € S, (A™). Now,

T#(idAn) =Toidan =T € Sn(X)
Since the diagram (#) must commute, it follows that

(T X ld)#DAn (ldAn) = DxT#(idAn),
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ie.,
D)(T = DxT#<ldAn) = (T X ld)#DAn (ldAn)
This means that Dx is completely determined when we first construct Dan(idan):
DAnI Sn(An) — SnJrl(An X I), idAn 7.
Let’s consider certain element ¢ € S, (A™ x [):
c = (il)#<idAn) — (Zo)#(ldAn) — Dm(ﬁ(ldm))

Notice that ida» € S,(A"), so d(idan) € S,-1(A™), and since by the induction
assumption Dan: S,_1(A") — S, (A" x I) has been constructed, it follows that
¢ indeed is an element in S, (A" x I).

We next check that ¢ is a cycle:

Odc = 0(i1) #(idan) — 0(ip) 4 (idan) — ODan(9(idan))
= (i1)%0(idan) — (i0)40(idan)
0, since 09=0

— ((11)40(idar) = (i) 40(idar) — Dand(D(idan)))

g

=0.

Thus ¢ € S, (A" x I) is such that 9c = 0 € S,,_1(A™ x I). The space A" x I C
R"™! x [ € R™*?2 is convex. By Example 17.5, H,,,(A™ x I) = 0, for every m > 1.
In particular, H,, (A" xI) = 0. Thus ¢ € Z,(A" x I) = B, (A™ x I) and it follows
that there is b € S,,41(A™ x I) such that b = ¢. But then

Ob + Dan (8(idan)) = (i1)g(idan) — (io)x(idan).
By the naturality condition, the diagram

_D n
Sp(A™) 225 S (A" x )

T#\L \L(T X 1d>#
Sp(X) ——= S (X x 1)
Dx
must commute. Now, idan € S,(A"), and Ty (idan) = T € S,(X). By the
commutativity,
D)((T) = (DX o T#)(ldAn) = (T X ld)#DAn(ldAn)
Define
DATL (ldAn) - b
Then
Dx(T) = (T x id)(b).

Thus we obtain a homomorphism

Dx: Su(X) = Spaa(X), Y nTim > niDx(T)).
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> Sn+2(X) Sn+1(X)

"%Sn_kQ(XX[)BT—%Sn_;_l( XI)%STX
n+2
By the induction assumption,
9j+1(Dx); + (Dx);j-10; = (1) — (io)#,
for j+1 <n,ie., for j <n. Let now j =n. Then
ODx(T)+ Dx(9T) = (T x id)#(b) + DXG(T#(idM))

= (T x id)g(c ) (T x id) g Dan (0idan)

= (T x id) 4 ((i1) ¢ (idan) — (i0)(idar) — Dan(didan))
+ (T x id)zDa (aldAn) (the diagram & commutes)
= (T x id) 4 ((i1) g (idan)) — (T x id)4 ((i0) g (idan))
(1T <1dm> (10T (i )
(i1)#(T) = (i0)(T) = ((ir) — (o)) (1)

Thus
ODx + Dx0 = (i1)4 — (io)#-

73

iD/i el i(iw#,(il)#m
X ...

Thus Dx: Sp(X) = Sp41(X x I) is a chain homotopy between (i1)x and (ip)x

up to dimension n. We still have to check that the naturality condition holds:
Let h: X — X’. Then

— (AT x id) 4(b)

= Dx/(hT)

= Dxhy(T),
- (h X ld)#DX = Dxlh#,

which means that the diagram

~

(X % Sn+1(X X ])

#i i(h x id)y

Sn(X/ ? Sn+1(X/ X I)

>=

commutes. Thus we are done with the induction step.
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We have constructed a chain homotopy Dx : S.(X) — S.(X x 1) between (i)
and (ig) 4, satisfying the naturality condition.

The relative case: Let A C X and let i: A — X be the inclusion. We now have
chain homotopies D4 and Dy such that the diagram

D
Sn(A) —4 Snr1(A X T)

i#$ $(i x id)

Sn(X) —= Sp1 (X x 1)
Dy
commutes. Thus Dx|S,,(A) = Dy, for every n. Therefore, Dx induces a chain
homotopy
D(X,A): Su(X)/Sn(A) = Spi1(X X I)/Sp1(A X I)

/
~~ ~~

:Sn(XrA) :Sn+1(XX17A><I)

from (i1)4 to (i1)4, where
(20) 4, (11)z: Su(X,A) = S(X x I,Ax )
are chain maps. Assume f,g: (X, A) — (Y, B) are homotopic, F': f ~ g. Then
FuD(X,A): S,(X,A) — S.(Y, B)
is a chain homotopy from g4 to fx, where
Fu: Su(X x I, Ax I) = S.(Y, B)
is the chain map induced by F': (X x I, A x I) — (Y, B). O

19. REDUCED HOMOLOGY

Let X be a topological space. The singular chain complex of X is
e Su(X) 2 S (X)) 2 S (X)) — - SH(X) 2 Sp(X) 25 0,

To define the reduced homology H,(X) we change S_;(X) and 9, as follows:

s S(X) 2 S (X) Dz ()

where
8{)(2 NLx) = an (finite sums).
Let T: A' — X. Then
T =Toe’ —Toe' € Sy(X),

and
H(OT)=1+(-1)=0= 900, =0.
Thus (%) is a chain complex. The reduced homology groups H,(X) of X are

H,(X) = H,(X), forn >0, and Hy(X) = kerd), /im0, .
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Remark 19.1. Notice that we already had the homomorphism d): So(X) — Z in
Proposition 14.3, where we proved that Hy(X) = Z for a path-connected space X .
There we used the notation 7 for 9 and proved that kern = im(0;(S1)) = Bo(X).
Thus Hy(X) = kerd} /im0, = 0, for path-connected X .

We will show that H,(X) = H,(X, {zo}), where =, € X, for any topological
space X. Notation H,(X,zq) will be used for H, (X, {z¢}). First we will have to
do some preliminary work.

Let X be a topological space and let A be a subspace of X. We have the singular
chain complexes S,(X) and S,(A), and the quotient complex S,(X)/S.(A4). We
defined the relative homology groups:

H, (X, A) = Hn(5.(X)/5.(A4)).
There is another way to consider these groups: Let
Op: Sn(X) = S,-1(X)

be the boundary map, for all n. The 8, induce boundary homomorphisms 9, for

S«(X)/S(A),
On: Sp(X)/Su(A) = S 1(X)/Sn_1(A), v+ Su(A) = 0y + S,_1(A).
Then
kerd, = {7+ S,(A) | Ony € Sn_1(A)}
and
im0, 1 = {7+ Su(4) | v € imd,1 = B(X)}.
Definition 19.2. The group of relative n-cycles mod A is
Zn(X, A) = {y € Sp(X) | Oy € Sn-1(A)},
and the group of relative n-boundaries mod A is
B,(X,A)={y€ S, (X)|v—7" € B,(X) for some 7' € S,,(A)}
= B,(X) + S.(A).
Then
Sn(A) C Bu(X,A) C Z,(X,A) C Sp(X).
Theorem 19.3. For alln > 0,
H,(X,A)= Z,(X,A)/B,(X, A).
Proof. By definition,
H,(X,A) = kerd, /im0, 1,
where
kerd,, = Z,(X,A)/S.(A)

and
imd, ;1 = Bn(X,A)/S,(A).
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Thus

I

H, (X, A) = (Z(X, A)/S,(A)) /(Bu(X. 4)/5,(4))
Zn(X,A)/B, (X, A).

O

Theorem 19.4. Let X be a path-connected topological space, and let A C X,
A #0. Then Ho(X,A) =0.

Proof. Since A # (), there is some g € A. Let

v = anl’z & ZO(Xa A) = SO(X>7

where we identify T;: A° — X with z; = T;(1). Since X is path-connected, there
are continuous maps

o A > X,
where
oi(eg) = xo, and oy(e1) = x;

for every i. (Recall that eg = (1,0) and e; = (0,1).) Then ). n;0; € S1(X), and

81(2 niO’i) = Zm@lai = an<xz — 1‘0)
= Zmﬂh - (Z ni)a:o =y — (Z ni)iUo-

———
,Yl

Here

v = (Z ni)xo € So(A).

Thus

and hence v € By(X, A). It follows that
By(X, A) = Zy(X, A).

Hence
Hy(X,A)=0.
O

Theorem 19.5. Let X be a topological space, and let {X | A € A} be the family
of path components of X. Then, for everyn > 0,

H, (X, A) =) Ho (X5, AN X)).
A
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Proof. First show that for a direct sum of chain complexes, S, = >, S},
(Y8 = 3 (),
A A

Then write

So(X) =) S.(X)) and S.(A) =D S.(ANX,).
A A
Thus

Si(X,A) = S.(X)/S.(A)
:Z&(XA /> S.(ANXy)
NZ X2)/8.(AN X)),

which implies that for every n > 0
Hy (X, A) = Ho(5.(X, A))

~H, (Z( (X0)/S.(AN X))
NZH L(X))/S(AN X))
:ZHn (X5, AN X,).

O

The rank of a free abelian group means the cardinality of the basis of the group.
Any two bases of a free abelian group have the same cardinality.

Corollary 19.6. For every topological space X and for every subspace A of X,
the group Ho(X, A) is free abelian and

rankHy (X, A) = card{\ e A | AN X, =0},
where { X | A € A} is the family of the path components of X.
Proof. By Theorem 19.5,
Hy(X,A) =) Ho(X),ANX,).

If AN X, =0, then

Ho(X\, AN X)) = Ho(X»,0) = Ho(X)) = Z,
since X, is path-connected. If AN X, # (), then Theorem 19.4 implies that
Hy(X,, AN X)) =0. O

Corollary 19.7. Let X be a topological space, and let xy € X. Then Ho(X,xg)
1s a free abelian group of rank r, where X has exactly v + 1 path components.
(Here r may equal oo, in which case oo + 1 = 00.)
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Proof. Let X, be the unique path component of X containing xy. Then {zo} N
X\ = 0, for every A # A\g. Thus Ho(X), {xo} N X)) = Z for every A # A\ and
H()(X)\O,ZEQ) :O |:|

Theorem 19.8. Let X be a topological space with basepoint xy. Then
Hp (X, 20) = Ho(X),
for alln > 1.
Proof. The inclusion {z} < X induces the exact sequence in homology
o — Hy({z0}) — Ho(X) -5 Hy (X, 30) = Hyo({z0}) — -+

Let n > 2. Then n — 1 > 1. The Dimension axiom for homology implies
that H,({zo}) = 0 = H,_1({z0}). It follows that ¢ is an isomorphism. Thus
H,(X)= H,(X,z), for n > 2.

Let then n = 1. Consider the tail of the exact homology sequence:

Hi({zo}) — Hi(X) -5 Hy(X, 20) — Ho({xo}) —= Ho(X) = Ho(X, 29) — 0.
0

Then H;({zo}) = 0 implies that kerg = 0, and it follows that g is an injection.

Assume h is an injection. Then imf = kerh = 0, and it follows that img =
kerf = Hy (X, zp). Therefore, to show that g is surjective, it suffices to show that
h is injective. Since Hy({zo}) = Z and Hy(X) is free abelian, it follows that h is
injective if it is not the zero homomorphism, i.e., if imh # 0. Thus it suffices to
check that imh = kerk # 0.

The homomorphism k: Hy(X) — Hy(X, xg) is induced by the inclusion X <
(X, z0). Now, Zy(X) = Sp(X), so that Hy(X) = So(X)/Bo(X). By Theorem
19.3,

H()(X, mo) = Zo(X, l’o)/Bo(X, .770),

where
Zo(X,z9) = So(X) and By(X, ) = Bo(X) + So(zo).
Thus
k: So(X)/Bo(X) = So(X)/(Bo(X) + So(z0)),
Y+ Bo(X) = v + Bo(X) + So(wo)-
Therefore,

kerk = (Bo(X) + So(w0))/Bo(X).
But, by the proof of Proposition 14.3,
Bo(X) ={)_muz € So(X)| > my =0}
Thus kerk # 0. O
Theorem 19.9. Let X be a topological space and let xqg € X. For alln > 0,
H,(X) = H,(X, ).
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Proof. Forn > 1, .
H,(X)=H,(X)= H,(X, ),
by Theorem 19.8.
Let then n = 0. The tail of the reduced singular chain complex of X is

/

s 51X 2 S (X)) 2 5 (X)) = 2,

where 0y(>_, n.x) = >, n,. This induces the short exact sequence

0 — kerd, —s So(X) 2 Z — 0,
since 0] is a surjection. Let av € Sp(X) be such that dy(a) = 1.
Claim: Let < a > denote the infinite cyclic group generated by «. Then
So(X) = kerdyd < a > .

Proof of the claim: Let v € So(X), and let 9)(y) = k. Then
v=(y—ka)+ ka € kerdy+ < o > .

Assume z € kerd)N < a >. Then x = ma, for some m € Z and 9j(z) = 0 and
0 (x) = Jy(ma) = mdy(a) = m. Thus m = 0, and consequently x = 0. This
proves the claim.

Since 9y0; = 0, it follows that By(X) = im0, C kerd),. Since So(X) = Zy(X),
it follows that

Ho(X) = So(X)/Bo(X)
= (kerdy® < a >)/By(X)
> (kerd)/Bo(X)) & Z
— Hy(X) ® Z.
It now follows from Corollary 19.6, that Hy(X) = Ho(X, zo).

20. EXCISION AND MAYER-VIETORIS SEQUENCES

In this section we discuss the Excision axiom for singular homology. Later we
will prove that singular homology satisfies the Excision axiom. Recall that if X
is a topological space and A C X, then the interior of A is denoted by A. There
are two equivalent ways to formulate the Excision axiom:

Theorem 20.1. ( Ezcision 1.) Let X be a topological space and let U C A C X
be subspaces with U C A. Then the inclusion

i: (X\UA\U) = (X,A)
induces isomorphisms
i Hy (X \U,A\U) —» H,(X, A),

for every n.
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Theorem 20.2. (Ezcision 2.) Let X be a topological space and let X; and X,
be subspaces of X with X = X1 U X5. Then the inclusion

(X1, X1 NXs) — (X7 UXs, Xo) = (X, X))
mnduces 1somorphisms
Je: Hy (X1, X1 N Xo) = Hy (X, Xo),
for every n.
Theorem 20.3. Fxcision 1 is equivalent with Ezcision 2.

Proof.oAssuome first that Excision 1 holds. Let X; and X5 be subspaces of X with
X:X1UX2. Let A:X2 and U:X\Xl
Now,

X, C X, — X\ X C X\)O(l + closed set
— U =X\X, CX\X,
and
X\)%l == ()%1U)2P2)\)2’1 :)"(2\)2-1
CXy=A.

Thus U C A. Also,

X\U =X\ (X\ X)) = X,
and
Thus

(X\U,A\U) = (Xl,Xl OXQ) and (X,A) == (X,XQ)
By Excision 1, the inclusion
(Xl,Xl OXQ) = (X\U,A\U) — (X,A) = (X,XQ)
induces isomorphisms
Hn<X1,X1 N X2> — Hn<X, X2>,

for every n.
Assume then that Excision 2 holds. Let U and A be subspaces of X such that
U C A. Define
X1:X\U and XQZA

Since U c U C fol, it follows that
X\AcX\UcX\U.
Since X \ U is open, ]
X\ACX\U=(X\U).
Thus
X=(X\AUAcC(X\U)PUA
C(X\UPUA=X,UX,.
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Then

(X1, X1NXy)=(X\UA\U) and (X, X3) = (X, A)
and the inclusion

(X\U,A\U) = (X1, XiNXy) = (X, Xs) = (X, A)
induces isomorphisms

H,(X\U,A\U) = H,(X,A),

for every n. OJ

Lemma 20.4. (Barratt-Whitehead) Consider the following commutative diagram
of abelian groups and homomorphisms

dn
Cn An—l — ...

e b b e

Ay —> B —> O > Ay —> -
Jn n A,

where the rows are exact sequences and the homomorphisms h,, are isomorphisms.
Then there is an exact sequence

7"77.7 n n_'n n ;1 n
s Ay ety B, Al ke gl q
where
(ins fn)(@n) = (inlan), fu(a,)) and (gn _'jn)(bnaa%) = gn(bn) _'jn(a;)~
Proof. Exercise. O

Theorem 20.5. (Mayer - Vietoris) Let X be a topological space and let X1, Xs
be subspaces of X with X = X1 U Xy. Then there is an exact sequence

(21,%,32,%)

e H (X0NX,) 8 1 (X)) H, (X)) 28 Ho(X) -2 Hy o (XNXs) — -

(X, 0) = (X, X3), and
(6) h: (Xl,Xl ﬁXg) — (X, XQ)

are inclusions, d: H,(X1, X1 N X3) = H,_1(X1 N X3) is a connecting homomor-
phism, and D = dh;q,.
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Proof. The following diagram commutes, all maps are inclusions:

(X1 N X5, 0) Z%I (X1,0) L (X1, X1 NXy)

bop

(X2, 0) 7 (X, 0) ? (X, Xy)

This diagram induces a commutative diagram of chain complexes:

0= 8. N X W g x) P (X, XN X)) s 0

i(ifz)# ig# ih#

0> 5,(X3) — = Su(X) —= Su(X, X) ——> 0,
J# q#

where all the horizontal lines are exact. By Corollary 15.13, the diagram

e —= Hn(Xl N XQ) % Hn(Xl) p% Hn<X1,X1 N Xg) — Hn—l(Xl N XQ) —_— -

|2 |- - |2

> Hn(Xg) _— Hn(X) —> H,(X, X2) T Hn,l(XQ) —_— .
i -

commutes and the horizontal lines are exact. Here d and A are connecting homo-
morphisms. The homomorphisms h, are isomorphisms by Excision 2. By Lemma
20.4, there is an exact sequence

s Ha(XanXo) B g (X))@ H (X)) T Ha(X) D Hy  (XNX) — -

OJ

There is a corresponding result for reduced homology:

Theorem 20.6. (Mayer - Vietoris theorem for reduced homology) Let X be a
topological space and let X1, Xs be subspaces of X with X = X; U X5, and
X1 N Xy # (. Then there is an exact sequence

s Ho (XN X) B B (X)) B LX) S (X)) 2 1 (XiNX) — - -

that ends

The induced maps are as in Theorem 20.5.
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Proof. Let o € X; N X5. We have the following commutative diagram of inclu-
sions of pairs

1
(Xl N XQ,I()) %1 (Xl,l’o) g (Xl,Xl ﬂXQ)

bbb

(XQ,(L'0> 7 (X, ZL'()) ? (X7 XQ)

Then the following diagram with exact rows commutes:

e —=> Hn(Xl N XQ,QT()) —_— Hn(Xl,[L'()) — Hn(Xl,Xl N XQ) — Hn—l(Xl N X2,$0) —_— -

| o) |- | -

— Hn(XQ,.CEo) —> H,(X, a:o) —_— Hn(X, X5) T H, (X3, x9) —> -~
J ¢

By excision, h, is an isomorphism. By the Barratt - Whitehead lemma (Lemma
20.4), there is an exact sequence

S H (X0 0 X, a0) ) HL(X, 20) ® Ho(Xa, 20) 5 Ha (X, @) -2

Hn—l(Xl M Xg,.’Eo) e JRICI
Then, by Theorem 19.9, there is an exact sequence
o Hy (XN Xy) — Ho(X)@H, (X)) — Hy(X) — Hyy(XiNXy) — - -
O

21. APPLICATIONS OF EXCISION AND MAYER - VIETORIS SEQUENCES

Before proving that singular homology satisfies excision we introduce some ap-
plications.

Theorem 21.1. Let S™ be the n-sphere, n > 0. Then

Z®7, it p=0,
HP(SO>:{ 0. if p>0.

Ifn >0, then

wm ) Z, if p=0orp=n,
Hy(8") = { 0, otherwise.

Using reduced homology these claims can be combined: For every n > 0,

[ ny __ Z? if p=n,
H,(8") = { 0, otherwise.

Proof. The proof is by induction on n:
Let n =0. Then S° = {—1,1}. By Theorem 19.9 and Corollary 19.7,

Hy(S%) = Hy(S°, 1) = Z.
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For p > 0, Theorems 19.8 and 19.9 imply that
]:IP(SO) = HP(SO7 1) = HP(SO) = 0.
Thus the claim holds for n = 0.

Assume then n > 0. Let a and b be the north and the south poles of S™,
respectively. Let X1 = S"\ {a} and Xy = S™\ {b}. Then X, = X1, X, = X,
and S" = X1 U Xg, X; and X, are contractible (homeomorphic to R™). The
intersection X; N Xy = S\ {a, b} has the same homotopy type as the equator
Sn=1. Mayer - Vietoris sequence for reduced homology yields the long exact
sequence

s Hy(Xy) © Hy(Xa) — Hy(S™) — H, 1(Xy N Xy) —
Hy 1 (X1) @ Hyor(Xp) —
where all the reduced homology groups of X; and X, are trivial. Thus
H »(S") = Hp (X7 N Xo)
~p71(Sn 1)
é{ 7, %f p—1l=n-—1,
0, if p—1#n-1,

Z, if p=mn,
0, otherwise.

Induction is being used at v'. O

Corollary 21.2. Let n > 0. Then S™ is not a retract of D"+,

12

Proof. Assume S" is a retract of D"™!. Then there is a continuous map r: D"+ —
S™ such that 7 oi: S® — S™ is the identity, where i: S® < D"*! is the inclusion.
Thus there are homomorphisms

H,(S") 5 H, (D™ 2 H,(S™)
where the composition is
Te 0l = (roi), =id, =id: H,(S") — H,(S").
This is impossible, since H,(S") = Z and H,(D""!) = 0. O

Corollary 21.3. (Brouwer’s fized point theorem) Let f: D™ — D" be continuous.
Then there is x € D™ with f(x) =

Proof. Assume f(x) # x, for all x € D™. Then the points = and f(x) determine
a line. Let g: D® — S™ ! be the function that assigns to z the point where the
ray from f(z) to z intersects S*"1. Then g is continuous and g(z) = z, for every
x € S"7!. Thus g is a retraction, which contradicts Corollary 21.2. 0J

Corollary 21.4. If m # n, then S™ and S™ do not have the same homotopy type.
In particular, they are not homeomorphic.

~Y

Proof. A homotopy equivalence would induce an isomorphism H,(S™) = H,(S"),
for all p > 0. 0
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Corollary 21.5. If m # n, then R™ and R™ are not homeomorphic.

Proof. Assume f: R™ — R™ is a homeomorphism. Then choose zy € R™. The
restriction

SR\ {zo} = R"\ {f(z0)}
is a homeomorphism. This is a contradiction, since R™ \ {zo} has the same
homotopy type as S™~1 while R™\ {f(x)} has the same homotopy type as S*!,
but S™~! and S"~! do not have the same homotopy type. O

Corollary 21.6. Ifn > 0, then S™ is not contractible.

Proof. If S™ were contractible, it would have the same homology groups as a
point. Il

The following theorem says that the relative homology groups H, (X, A) can
be considered as reduced homology groups of the quotient space X/A if A has a
nice neighborhood in X.

Theorem 21.7. Let X be a topological space and let A be a subspace of X.
Assume A has a neighborhood V' such that A is a strong deformation retract of

V. Let
q: (X, A) = (X/A,A/A)
be the quotient map. Then, for alln > 0, q induces isomorphisms

G Ho(X, A) = H,(X/A, AJA) = H,(X/A).

Proof. We have the following commutative diagram, where the horizontal maps
are induced by inclusions:

H,(X, A) S H,(X,V) H, (X \ A,V \ A

Jn |« Jo

Hu(X/A, AJA) —> Ho(X/A, V/A) <= Ha((X/A) \ (A/A), (V/A)\ (4/A4))

Let’s consider the homomorphisms f. Since A is a strong deformation retract
of V, it follows that the inclusion i: A — V is a homotopy equivalence. Thus
ix: Hy(A) — H,(V) is an isomorphism, for every n. Consider the exact sequence

co s Hy(A) 25 HL (V) 2 Ho(V,A) 25 Hy o (A) 2 Hy (V) — -

Since i, (on the right) is an isomorphism, it follows that im(A) = ker(i,) = 0.
Thus ker(A) = H,(V,A). Since i, (on the left) is an isomorphism, it follows
that ker(p) = im(i,) = H,(V). Thus im(p) = 0. Exactness of the sequence then
implies that
0 = im(p) = ker(A) = H,(V, A).
Consider the inclusions

(V,A) — (X, A) = (X, V).
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They induce a commutative diagram

0—= S.(4) = S.(V) = S.(V)/S.(A) —> 0

00— S.(A) = S.(X) = S.(X)/S«(A) —> 0

0—= S5, (V) = S.(X) = S.(X)/S. (V) —>0
and a short exact sequence
0— S (V)/Si(A) — S(X)/Si(A) — Su(X)/S.(V) — 0.

Hence there is a long exact sequence in homology:
= Ho(V, A) 2 Hy (X, A) D 1 (X V) 25 H oy (V, A) — -

where H,,(V,A) =0 = H,_1(V, A). Then ker(f) = im(i,) = 0, and it follows that
f is an injection. Also, im(f) = ker(A) = H,(X, V), and hence f is a surjection.
Thus f is an isomorphism.

Since A is a strong deformation retract of V, it follows that A/A is a strong
deformation retract of V//A. Thus, just as we proved that f is an isomorphism,
we can show that h is an isomorphism.

It follows from excision that g and [ are isomorphisms.

The quotient map ¢: X — X/A restricts to a homeomorphism on the comple-
ment of A. It follows that the g, on the right is an isomorphism. Thus the ¢, on
the left is

(q*>1eft = hil olo (Q*)right o 971 o fa
which is an isomorphism as a composition of isomorphisms. [

22. THE PROOF OF EXCISION

In this section we prove Theorem 20.2. A main tool used in the proof is the
barycentric subdivision of simplices:

Since A% = {1}, it can not be divided any further.

The one-dimensional standard simplex is [eg, e1], where e = (1,0) and e; =
(0,1). The barycenter b of A' is the the midpoint of the interval [eg, e;]. The
barycentric subdivision of A' consists of the simplices [eg, b] and [b, e;].

The two-dimensional standard simplex is A% = [eq, €1, e5]. Let

(1) by be the barycenter of [eq, e,
(2) by be the barycenter of [eq, e,
(3) by be the barycenter of [eg, e1],
(4) b be the barycenter of [eg, e1, €3].

Notice that e, e; and es are barycenters of 0-faces (themselves), by, by and b3
are barycenters of 1-faces, and b is the barycenter of A%2. Thus each vertex of the

barycentric subdivision of A? can be considered as the barycenter b° of a face o
of A%
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For faces 7 and o of A2, write 7 < o, if 7 is a proper face of . Then {b7,,°}
forms a triangle exactly when 7 < 0 < d or 7 < ¢ < ¢ etc., and it follows that
there are exactly 3 - 2 = 3! triangles in the barycentric subdivision of AZ.

Definition 22.1. Let X" be an affine n-simplex. The barycentric subdivision
Sd>" is a family of affine n-simplices defined inductively for n > 0:

(1) Sdx® = x°.

(2) Let g, 1, - - ., Pns1 be the n-faces of X" and let b be the barycenter of
Y"1 Then SAX"*! consists of all the (n + 1)-simplices spanned by b and
n-simplices Sd,,, 1 = 0,...,n + 1.

Then X" is the union of the n-simplices in SdX".
Exercise 22.2. Show that SAX" consists of exactly (n + 1)! n-simplices.

Definition 22.3. Let E be a convex subset of a euclidean space. The barycentric
subdivision of E is a homomorphism

Sd,: Sp(E) — S,u(E)

defined inductively on generators 7: A" — E as follows:
(1) If n =0, then Sdy(7) = 7.
(2) If n > 0, then
Sd,, (1) = 7(b,) - Sd,,—1(97),

where b, is the barycenter of A™ and
7(bn) - Sdu1 (07) = 7(by) - Sdey (D _(=1)'7 0 &)
§=0
= Z(—l)jT(bn) -Sd,,_1 (T 0 €).

=0

Notice that this type of maps were already used to calculate the homology
groups of convex subsets of R", see Example 17.5.

Recall that for a convex subset X of R", a point x5 € X and a continuous map
T: A" — X we defined

l’o'Ti AnJrl — X

by setting
_ Zo, if t() = 1,
(2o - T)(to, ... tny1) = { to(wo) + (1 — to)T (15, 1), if 0<to<1.

Thus, for 7: A" — E|

T(bn) : Sdn_l(T o 6j)(t0, C ,tn)
T(bn), if t() = ]_,
tor(bn) + (1 — t0)Sdp1(T0e?) (£, ..., 22)  if 0 <ty < 1.

1—to’ ’ 1—to
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Ezample 22.4. Let n = 1, and let 7 = §' = id: A! — A!. Then b,, = (%, %) Also,

06t =6 oe’ —dloel,

where
6t oe?(1) =6(0,1) = (0,1) and &' oe'(1) =6%(1,0) = (1,0).
Here
sloe sloel: AY 5 B,
so that
Sdo (' oe’) =§'oe? and Sdo (61 oe') = 4§ oe’.
Then
(51(bn) : Sdo((sl 9] 60)(t0,t1)

~((3.3) - (5" 0 ) o, 1)

I
~
o
—
NI
DO =
N~—
+
—
—_
|
~
o
~
—~
(@9
—
@)
Q)
o
N—
—

1
{ to(3,2) + (1 —19)6%(0,1) :t0(§,§)+(1—t0)(6, ), if 0<ty<1.
Similarly,
6 (by) - Sdo (0" 0 e')(to, t1)

_{ (3,3), if to =1,

T o D)+ (1 )6 o) (1) = tolh, 1) + (1~ 10)(1,0), if 0<tg<1.

Let next X be any topological space. The n'* barycentric subdivision of X,
n > 0, is the homomorphism

Sd,: Sp(X) = S,

1
2
0

(
defined on the generators o: A" — X of S,(X) by
Sd,(0) = 045d, ("),
where 0": A" — A" is the identity map:
Sp(A™) Sdny Sp(A™) 25 5,(X), 6" — Sd,(6") — 045d,(6").
Example 22.5. By Example 22.4, Sd;(6') = Ty — Ty, where

X),
b

Ty: A5 AL, (t0,12) o fol, 2) + (1~ 10)(0,1),
and
T: A AL, (t0,1) = fo(5, 5) + (1~ 10)(1,0).
Let o: A' — X. Then
Sdy(0) = 04Sdy (") = ou(Ty —Th) =0 0Ty —ooTh.
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Lemma 22.6. Let f: X — Y be continuous. Then the diagram

Sn(X) & Sn(X)

) |

SN<Y) ?% Sn (Y)

commutes, for every n > 0.
Proof. Let o: A" — X be a generator of S,,(X). Then
(f# 0 5dn)(0) = fu(045d,(0"))
= (f# ©04)(5dn(5"))
= (f 0 0)4(Sdn(d"))
= Sd,(fo0)
= (Sd o fx)(0).

Lemma 22.7. The map Sd: S.(X) — S.(X) is a chain map.

Proof. First, let’s assume X is convex. Let 7: A™ — X be a singular n-simplex.
We show that Sd,,_10,,7 = 9,5d,,7. The proof is done by induction on n.
Let n = 0. Then S_1(X) = 0, thus dy = 0 and Sd_; = 0. Hence Sd_; 0 9y =

(90 o Sdo
Let then n > 0.
0,5d,, 7 = 0, (Tn(bn) . Sdn_1(8n7'>) (definition of Sd,,)
= Sd,—10,7 — 7(by) - ((8n_1Sdn_1)8nT) (see p. 63)
= Sdy—10,7 — 7(by) - ((Sdn—20,-1)0,, 7) (induction)
0
= Sdn_lanT.

This proves the claim for convex X.
Let then X be any space, not necessarily convex. Let o: A™ — X be a singular
simplex. Then

0r8dy,(0) = 0,045d, (") (definition of Sd,)
= 040,5d,,(0") (04 is a chain map)
= 045d,,_10,(0") (A" is convex)
= Sd;,—1040,(0") (Lemma 22.6)
= Sd,,—10,04(0") (04 is a chain map)
= 5, 10,(0). (046" = 0)

Lemma 22.8. For each n >0, H,(Sd): H,(X) — H,(X) is the identity.
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Proof. By Proposition 16.3, it suffices to prove that Sd is chain homotopic to
id: Si(X) — S.(X). Therefore, we will construct homomorphisms 7,,: S, (X) —
Sp1(X) satisfying

Oni1 T + 1,10, = id,, — Sd,,.

First, let’s assume that X is convex, and let’s construct the T, by induction on
n. For n =0, let

To =0: So(X) — S1(X).
Then, for a 0-simplex o,
01Tyo =0 and id(0) — Sdo(c) =0 — 0 = 0.
Let then n > 0. Then T,, should satisfy
Oni1Tny + Th10ny = v — Sdn(7),
for any v € S, (X). Equivalently, should be
1Ty =7 —Sdn(7) = Tno10ny. ()
The right side of (&) is
On(y = Sdn(7) = Tn-10,7)

=0,y — 0pSdn () — 00 Th—10n7y

=0py — 0,5d,,(v) — (idy—1 — Sdy,—1 — T5,-20,-1)0,y  (by induction)
=0pY — 0nSdp(7y) — Ony + Sdp—10,y + T2 010,y
——

0
= (Sdy,—10, — 0,,8d,,) () = 0.

0, since Sd is a chain map

Thus v —Sd,,(7) = T,-10,7 € Z,(X). In the end of Example 17.5 we showed that
Ons1(b-7) =7/,
for o' € Z,(X). Thus, let’s define T;, by
Tn(’y) =b- (’7 - Sdn(’Y) - Tn—lanfy)a
where b € X. It follows that
8n+1Tn(7) =7 - Sd(’)/) - Tn—lan7
= the right side of (&).

Thus we have constructed the T;, for convex spaces X.
Let then X be any topological space, not necessarily convex. Let o: A" — X
be an n-simplex. Define
To(0) = oy T,(6") ) € Sny1(X),

——
€Sn41(A™)

and extend T,, by linearity,



for o;: A" — X. Then
anJrlTnU + Tnflano'
s 108T0(5™) + Ty 10,0 (6™)
:a#anHTn(cS") + Tn_1an0'#(5n)
=0y (5” —Sd, (6™) — Tn_lan(én)) + T —10,04(0™)
)

=0 — 045d,(6") —04T,-10,(0") + T),—1040,(6")  (the claim holds for A™)
————

= Sdn (o)
=0 — Sd,(0),

since
O‘#Tn_l = Tn_la#
by the following commutative diagram

S (A" TS . (X)
)
Sn+1<An) — Sn+1(X)a
O

where o: A" = X, ¢: A" — A",
Thou(c) = Ta(o o ¢) = (0 0 ¢)4Tn(5")

and also
04T,(c) = 04 0cyT,(0") = (0 0¢)xT,(0").

Corollary 22.9. Let ¢ >0 and let z € Z,(X). Then [z] = [Sd?z].

(04 is a chain map)
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Proof. Since H,(Sd): H,(X) — H,(X) is the identity, it follows that [Sdz] = [z].

Thus [Sd*z] = [Sdz] = [2] and, inductively [Sd?z] = [2].
Recall that the diameter of an n-simplex S = [py, ..., pn] is

diam sup{||u — v|| | u,v € S}

5.21
= sup{|lpi — p;ll}-
Z?J

For 6" =id: A™ — A", define
diam(d") = diam (5" (A")) = diam(A").
If Sd(6™) = > m,o;, define
diam(e;) = diam(c;(A")).
Lemma 22.10. Let 0" =id: A™ — A". Let Sd(0") = >_m;o;. Then
diam(0"™),

n
diam(o;) <
iam(o;) < e

for every i.

O
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Proof. The image 0;(A") is an n-simplex for every i, the vertices of o;(A™) are
barycenters of the faces of the original simplex, for example it can be that the
vertices are

1 1
€o, bo1 = 5(60 +e1),bo12 = s(eo+ €1+ €2), ..., bpron = n (eo+ - +en).

3 +1
Notice that not any arbitrary choice of barycenters gives a simplex in the barycen-
tric subdivision, they must be compatible. For example: [eg] is a proper face of
leo, bot1], [0, bo1] is a proper face of [eq, bo1, bo1a] etc. (Thus the barycentric subdi-
vision of A™ has (n + 1)! small simplices.)

Notice also that after subdividing the standard n-simplex A™ we get smaller
simplices that will be subdivided again. Therefore, in the following calculation
the vertices do not have to be the vertices of the standard n-simplex. Let’s denote
the vertices of A™ by wy, ..., w,+1. Then each vertex of o;(A™) is of the form

1 F
P
j=1
where 1 < 7 < n + 1. Then, showing that
1< Lgs o n
||E;wy E;wﬂl > n—HiT}EL.X{Hule wjll},

diam(A™)

for all 1 <m <k <n+1, will imply that diam(o;) < -“5diam(6"). Therefore,
let’s make an estimation:

k

k— < 1
ITmHEij T > wl,

7=1 j=m+1
where each sum in the bottom term is in the convex hull of the w;, and therefore
in A™. Thus it follows that

m k
1 1 E—m . n
I > wj—EjE_l wj|| < ———diam(d").

J=1

The function f: [0,00) — [0,00), x — -, is increasing. Thus

z+17
k—m k-
T = - 1) < () =

n+1’
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which implies that

m k

1 1 noo.. n
IIEij—EijII < n+1d1am(5 )

j=1 j=1

and furthermore that

diam(o;) < " Z 1diam(5”).
0
Corollary 22.11. Let 0" =id: A" — A", and let SA*(6™) = > a,0;. Then
diam(o;) < (n n )4diam(0™),
for all 1.
Proof. Apply the proof of Lemma 22.10 repeatedly. OJ

Lemma 22.12. Let X be a topological space and let X, and Xy be subspaces of
X with X = )0(1 U)O(Q. Let v: A" — X be a continuous map. Then there isp > 1,
with

SdP(y) € Sn(X1) + Sn(X2).

Proof. Since v: A" — X is continuous, it follows that the sets 7_1()2'1) and
7*1()0(2) form an open cover for A™. Now, A" is a compact metric space. By the
Lebesque number theorem (Theorem 10.1), there exists A > 0 such that when
ever z,y € A", ||z — y|| < A, then

{z,y} Cy7(X1) or {z,y} €y (Xa).

Let p > 1 be such that
n

( )PdiamA”"™ < .
n+1
Write Sd”(6") = > mjo;. By Corollary 22.11,
)P diam (") < A,
17 ——_——

=diam(A")

diam(o;) < ( n
n

for any singular simplex ¢; in the linear combination of Sd”(§"). Then diam(o;(A")) <
A, for every j. Thus, for every j,
O'j(An) C ’771()0(1> or O'j(An) C ’771()0(1»
Now,
SdPy = v SdP (") = 7#(2 m;o;) = Z m;yo;.
Thus
vo,;(A") C X7 C X or vo(A") C X5 C X,

for every j. Thus, by collecting terms, we can write Sd’y = 7 + 72, where
S Sn(Xl) and Yo € Sn(XQ)
OJ
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Lemma 22.13. Let X be a topological space and let X, and Xy be subspaces of
X. Assume the inclusion

induces isomorphisms in homology. Then excision holds for the subspaces X1 and
X5 of X, i.e., the inclusion

g (X, XiNXe) = (X1 U Xy, Xy) = (X, X))
induces 1somorphisms
Jet Ho(X1, X1 N Xo) = Hy(X, Xo),
for alln > 0.
Proof. There is a short exact sequence of chain complexes:

0 — Su(X1) + Su(X2) — Su(X) — Su(X)/(Su(X1) + S (X2)) — 0,
- ~ Z N -~ .

K L M

which induces a long exact sequence in homology:

e Hoy(K) I Hy (L) — Ho (M) — Hy o (K) 228 H (D) — -

By assumption the sequence has isomorphisms f,, for all n. It follows that
HL(S.(X)/(S.(X1) + S.(X2))) = H.(M) =0,

for all n. There also is a short exact sequence of chain complexes:

0— 5.(%,) — 5.(X)) o :9*(X)/(S*()i1) + S*(Xg))l — 0,
I‘(,, - T/ M

which induces a long exact sequence in homology:

o Hy(K) ™ m (L) — Hy (M) — Hy (K'Y — Hy (L) — -+
0

Since H,,(M) = 0, for every n, it follows that
ki Ho(K') — H.(L)

is an isomorphism for all *. Consider the diagram

S(X71)/S(X1 N X5)

| T

(5:(X0) + 5.:(X2)) /5.(Xz) > 5.(X)/5.(Xz)
where j is induced by the inclusion

(Xl,Xl N XQ) — (X, XQ)
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The diagram commutes and [ is an isomorphism of chain complexes. Since j = kl,
it follows that
G = kil ﬁ*(s*(Xl)/S*(Xl NXy)) — H*(S*(X)/S*(Xg)l.

J/

-

H*(le)r(lﬂXz) H.(X,X2)
Since k, and [, are isomorphisms, it follows that j, is an isomorphism. Therefore,
excision holds for X; and X5 in X. O

We are ready to prove that singular homology satisfies excision. Since the two
versions for excision are equivalent, it suffices to prove one of them. Recall the
second version (Theorem 20.2):

Theorem 20.2 (Ezcision 2.) Let X be a topological space and let X1 and Xs be

subspaces of X with X = X1 U X5. Then the inclusion
7 (X1, X1 NXs) = (X7U Xy, Xo) = (X, X))
duces 1somorphisms
Je: Hy (X1, X1 N Xo) = Hy (X, Xo),
for every n.
Proof. By lemma 22.13, it suffices to show that the inclusion
S.(X1) + Su(Xs) = S.(X)
induces isomorphisms
On: Hy(S:(X1) + Su(X2)) = Ho(S.(X)) = Ho(X),

for all n. Let v € S,(X1), 72 € Sp(X3), and assume 71 + 72 is a cycle in S, (X).
Then 1 + 72 is also a cycle in S, (X;) + S,(X2). Denote the homology class of
Y+ Y2 in S, (X7) + Sp(X2) by [ + Y2)sun and in S, (X) by [y1 + 72], as usual.
Then
en: [’71 + 72]sub = [’Yl + 72]

We first show that 6, is surjective: Let z = m;z; € Z,(X) C S, (X), where
zi: A" — X are continuous for all (finitely many) 7. Then, by Lemma 22.12,
there is ¢ > 1 such that

Sd*(z) =7 +17
where 7} € S,,(X;) and 72 € S,,(X5), for every 7. Since z is an n-cycle and since
Sd? is a chain map, it follows that

Sdiz = qu(z m;z;) = Z mi(; + ;)
is an n-cycle, both in S,(X) and in S.(X;) + S.(X3). Therefore,
D mitr + )k € Ha(Su(X1) + 5.(X)

and

0 (1D mi(3! + D)) = D ma(af +42)]
= [Sd(2)] = [2].

It follows that 0, is surjective.
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It remains to show that 6, is injective: Assume

9n[71 + 72]sub =0= [’71 + 72]

Then there exists f € S,.1(X) with 96 = 71 + 72. It follows from Lemma
22.12 that there is ¢ > 1 satisfying Sd?8 = [ + [, where 51 € S,11(X;) and
52 S Sn+1(X2). Then

I(B1 + f2) = 05d1B = Sd?06 = Sd? (1 + 72),

where the second equality holds since Sd? is a chain map. Thus [SA?(y1 +72)]sub =
0. Let j;: X; — X, 1=1,2, be the inclusions. By Lemma 22.6, the diagram

Sd,

o o

Sp(X) —= 5, (X

() 53 Sa(X)
commutes for ¢ = 1,2. Thus Sd: S,(X) — S.(X) takes S.(X;) into S,(X;) and
S.(X2) into S.(X3). Therefore, Sd takes the subcomplex S,(X;) + Si(X3) into
S.(X1) + Si«(X2). Similarly, the diagram

commutes for i = 1,2. Thus the chain homotopy {7,,: S,,(X) — S,+1(X)} from
id to Sd restricts to chain homotopies {7} : S,,(X;) — S,+1(X)} and {T7?: S, (X5) —
Sn+1(X2)}. Hence

Y1 — qu’71 = (Tla + 3T1)71

and
Yo — Sd%y, = (T20 4 0T?)s.
Thus
1+ 92 = SAU(n +72) = T 00 + T°0v, +0(TH 1 + T?,).
To(n+72)
Now,

O(T'y, +T%y,) € B, (S*(Xl) + S*(XQ)).
Since [y1 + 2] = 0, it follows that T9(y; + 72) = 0. Thus
1+ velsus =[S (1 + 72) + AT 9+ T292)sub

=[Sd¥ (1 + 72)]sub
=0.

It follows that 6, is injective, which completes the proof. O
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23. HOMOLOGY OF A WEDGE SUM

Let X, a € I, be topological spaces. Let z, € X, be a basepoint of X, for all
a. The wedge sum (or just the wedge) of the X, is

VXa =[] Xa/ ~

where | | denotes a disjoint union, and ~ is the equivalence relation on | |, X
obtained by identifying all the basepoints z, with each others. Write

X =| |Xo and A=| [{z.}.

Then
X/A=\/X..

Proposition 23.1. Let X,, a € I, be path-connected topological spaces with
basepoints x,,, respectively. Assume each x, 1s a strong deformation retract of an
open subset of X,. Then, for all n,

a,(\/ X.) = P Ha(Xa).

Proof. For every a € I, let F,,: U, x I — U, be a strong deformation retraction
to x,. Thus

(1) Fp(z,0) =, for all x € U,.
(2) Fo(x,1) =z, for all x € U,.
(3) Fol(Ta,t) = x4, for all t € I.
Let
Fi | |UaxT—| |Us (2,8) = Falz,t) V(z,t) € Uy x 1.

Then
(1) F(z,0) =z, for all z € | |, U,
(2) F(z.1) € A= | {za}, for all z € | |, U,,
(3) F(xq4,t) = x4, for all z, and for all ¢.

Thus F strongly deformation retracts | |, U, to A. It follows that, for all n > 0,
H,(\/ Xo) = Ha(| | Xa/A)
~H, (|_| Xoy A) (Theorem 21.7)
o @ };n(Xa, ANX,) (Theorem 19.5)
= é H,(Xa, z4)

>~ P H.(X.). (Theorem 19.9)
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24. JORDAN SEPARATION THEOREM AND INVARIANCE OF DOMAIN

Definition 24.1. Let X be a topological space. Assume one-point sets are closed
in X. The space X is said to be normal, if for each pair A, B of disjoint closed
subsets of X, there exist disjoint open subsets of X containing A and B, respec-
tively.

It follows immediately from Definition 24.1, that every normal space is Haus-
dorff.

Theorem 24.2. (Tietze extension theorem) Let X be a normal space, and let A
be a closed subspace of X. Then:

(1) Any continuous map A — [a,b] (a,b € R, a < b) may be extended to a
continuous map X — [a,b].
(2) Any continuous map A — R may be extended to a continuous map X —

R.

Proof. For example, [2], Theorem 35.1, or see almost any text book in general
topology. 0

Tietze extension theorem has the following consequence that will be applied to
prove the Jordan separation theorem:

Proposition 24.3. Let A C R™ and B C R" be closed subsets and let f: A — B
be a homeomorphism. Then there exists a homeomorphism of pairs

F: (R™"xR" Ax{0}) - (R" xR™, B x {0}),
such that F(a,0) = (f(a),0), for every a € A.

Proof. Apply Tietze extension theorem to the coordinate functions of f: A —
B C R™. This gives a continuous extension ¢: R™ — R" for f. Define the maps
o R xR" = R™ xR", (z,y) = (x,y + ¢(x)),

p_: R™" xR" 5> R™ xR", (z,y) = (,y — ¢(2)).

Clearly, ¢, and ¢_ are continuous, and it is easy to check that ¢, is a homeo-

morphism with the inverse function ¢_ (¢_ 0 ¢, = idgmyrs = @4 0 p_). Let

Gr(f) ={(a, f(a)) | a € A}
be the graph of f. Then

o]t Ax {0} = R™ xR", (a,0)— (a,0+ p(a)) = (a, f(a)) € Gr(f).

The image ¢4 (A x {0}) = Gr(f) and it follows that ¢ takes A x {0} homeo-
morphically to Gr(f).

Let g: B — A be the inverse function of f, and let ¢): R — R™ be a continuous
extension of g (such an extension exists by the Tietze extension theorem). As
above, there are homeomorphisms

Yot RYXR™ 5 R X R™, (y,2) = (g2 + d(y)),



¢—: R" x R™ — R™ x Rm7 (y,x) = (y,x - ¢(y))
Then
F=¢_o1t0op,: R"xR" = R"xR™
is a homeomorphism, where
7: R X R" - R" x R™, (z,y) — (y,x).

The homeomorphism F' has the desired properties:
1.

F(a,0) = (¥ o7 09i)(a,0) = (Y- o7)(a, f(a))
= ¢-(fla),a) = (f(a),a —¥(f(a)))
= (f(a),a = a) = (f(a),0).

2.
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Ax {0} £ Gr(f) = {(f(a),a) | a € A} 5 {(f(a),0) | a € A} = B x {0}.

So, F takes A x {0} homeomorphically to B x {0}.

0J

To prove the Jordan separation theorem we will also apply the following result

from singular homology:

Theorem 24.4. Let X be a topological space. Let A C X and let A C A. Then

there is an exact sequence

c— Hy (A, A) — Hy (X, A) — Hy(X, A) = H, (A A) —

Moreover, if there is a commutative diagram (®) of pairs of spaces, where the

horizontal maps are inclusions,
(A A) — (X, 4) — (X, A)

(B,B") — (Y,B') — (Y, B),

then there is a commutative diagram of exact rows:

- —> H,(AA) — H,(X,A') - H,(X, ) H, 1(AA) —

I

--—> H,(B,B") —> H,(Y,B') — H,(Y,B) — H, (B,B") —
where A and A’ are connecting homomorphisms.
Proof. There are short exact sequences of chain complexes:
0 — Su(A)/S.(A") — S, (X)/S,(A") — S.(X)/S.(A)

and

0 — S.(B)/S.(B') — S.(Y)/S.(B") — S.(Y)/S.(B)

— 0

— 0.
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The vertical maps in (®) induce chain maps that make the following diagram
commute:

0 ——= S.(A)/S.(A") — S.(X)/S(A) — S.(X)/S.(A) —= 0

i i |

0 —=> S.(B)/Su(B') —> S.(Y)/S.(B') —> Su(Y)/S.(B) —= 0

It now follows from Corollary 15.13, that there is the following commutative
diagram with exact rows:

—> H,(A A" — H,(X,A) - H,(X, ) — H, 1(AA) —>

| $A,

--—> H,(B,B')— H,(Y,B") — H,(Y,B) — H, (B,B") —
UJ

We will also need a couple of results concerning singular homology of subsets
of euclidean spaces:

Proposition 24.5. Let A C R" be a closed subset. Then the homology groups
Hy(R",R"\ A) and Hp1(R" xR (R" x R) \ (A x {0}))
are isomorphic, for every k > 0.

Proof. Consider the following open subsets of R™"*!:

(1) Hy = ((R"\ A)x - Loclu (Ax}o <,

(2) H- = ((R™\ A)x] — 00, 1) U (Ax] — 00,0]),

(3) H+UH = ((R”\A XR) (Ax ]R\{O} ) R\ (A x {0}),
(4) Hy 0 H- = ((R"\ A)x] — 1,1[) U (A x 0) = (R"\ A)x] — 1, 1]

We obtain the following diagram:

H UH_
Hy(R", R\ A) Hiyy (R™ R (;1 x {0})
| [
Hy(R™ Ho O H) 2 Hy(H, H A H) s Hy(H, UH_ H.)

where A is the connecting homomorphism of the triple (R*™!, H, UH_, H_) while
a, [/ and ~ are induced by the inclusions

(H+>H+ N H*) — (H+ U H*>H*)7

(Hy,H NH_) — (]R”“, H.NH.)
and
(R",R™\ A) = (R" x {0}, (R"\ A) x {0}) = (R™', H, N H_),

respectively. We show that A, «, # and v are isomorphisms.
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1. A is an isomorphism: Notice that H_ is contractible. Moreover, xo = (b, —1),

where b € R™ \ A, is a deformation retract of H_. Therefore,

H(R™ H_) =2 H(R™, 20) =2 H,(R™) =0,
for every k. The long exact sequence of the triple (R™", H, UH_,H_) is
oo —Hy o (Hy UH_ H ) — H (R™ H ) — Hy (R™M HL U H)
v
S H(Hy UH_ H.) — Hy(R™  H_) — Hy(R™ H, UH_) —> -

0

Therefore, A is an isomorphism.
2. « is an isomorphism: The inclusion

(Hy,HHLNH )— (HLUH_ H)
induces isomorphisms

a: Hy(Hy,Hy NH_) — Hy(Hy UH_ H_)

by Excision 2.
3. [ is an isomorphism: The inclusion

(Hy, H.NH.)— (R H, N H_)
induces the following commutative diagram, where the rows are exact and the

vertical homomorphisms are induced by inclusions:

S S D

ctt % Hk+1<H+ ﬂ Hf) 9 Hk+1(Rn+1) 9 Hk+1(Rn+1, H+ ﬂ H7> 9 Hk(H+ ﬂ Hf) 9 Hk-(Rn+1> % °

Here the homomorphism H,(H,NH_) — H,(H.NH_) is induced by the identity
map of H, N H_, hence it is an isomorphism.

For k > 0, Hi(H,) = 0 = Hp(R™™), and thus the corresponding vertical
homomorphism is an isomorphism.

For k =0, Hy(H,) =& Z = Hy(R™™), and the inclusion H, < R""! induces a
surjective homomorphism Z — 7Z, hence an isomorphism.

Each row in the above ladder remains exact if we extend the row by adding
trivial groups:

cwo—> Hy(H, NH_ ) — Hy(H,) —> Ho(H,,H, N H_) 0 0

N

oo —> Ho(Hy NH_) —> Hy(R") — Hy(R"™ H, N H_) 0 0
It now follows form the 5-lemma, that
B:Hy(H  H,NH_) — H,(R"™ H, NH_)

is an isomorphism for every k£ > 0.

12

D
12

D
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4. 7 is an isomorphism: The inclusion
(R",R"\ A) — (R™™ H . N H_),
where Hy N H_ = (R™\ A)x]| — 1, 1], induces isomorphisms
Hi(R™) — H(R")
and
Hy(R"\ A) —» H,(H. NH_),
for every k > 0. An argument similar to the one in case 3 shows that
v Hy(R",R™\ A) — Hp(R"™ (R™\ A)x] —1,1])

is an isomorphism for every k > 0.
Since «, 3, v and A are isomorphisms, we obtain an isomorphism

A oao oy Hy(R",R"\ A) = Hy(R"™ H, UH_),
for every k > 0. 0J

Theorem 24.6. (Duality theorem) Let A and B be closed homeomorphic subsets
of R™. Then the groups

Hp(R",R"\ A) and Hi(R",R"\ B)
are 1somorphic fo all k > 0.

Proof. Let f: A — B be a homeomorphism. By Proposition 24.3, there is a
homeomorphism of pairs

F: (R"xR", Ax{0}) = (R" xR",B x{0})

such that F(a,0) = (f(a),0), for every a € A. Then F' induces isomorphisms in
homology, in particular isomorphisms

Hyp (R" xR, (R x R") \ (A x {0})) = Hpsn (R* x R, (R" x R™) \ (B x {0})).

(Notice here that F' maps (R" x R™)\ (A x {0}) homeomorphically to (R" x R"™)\
(B x {0}).) Applying Proposition 24.5 n times yields isomorphisms

H,(R",R"\ A) = Hi.;; (R" x R, (R" x R) \ (4 x {0}))
>~ Hy2(R" x R?, (R" x R?) \ (4 x {0}))
= Hyp (R" x R, (R™ x R™) \ (A x {0})).

Similarly

Hi(R",R"\ B) = Hy, (R* x R", (R* x R") \ (B x {0})).
Therefore, there are isomorphisms

Hy(R",R"\ A) = H,(R",R"\ B),

for all £ > 0. O

Theorem 24.7. (Component theorem) Let A and B be closed homeomorphic
subsets of R™. Then mo(R™\ A) and mo(R™ \ B) have the same cardinality.
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Proof. Assume first that A # R™ and that B # R". The long exact homotopy
sequence of the pair (R",R™\ A) ends as follows
oo — Hi(R") — H;(R",R"\ A) — Ho(R"\ A)
0
L Ho(R") — Hy(R™,R™\ A).
—— N ~~ o
=7, 0
Then f is a surjection. Let x € Hy(R™\ A) be such that f(z) = 1 equals a
generator of Hy(R"). Define g: Hy(R") — Ho(R™\ A) by ¢g(1) = = and g(n) =
nr =x+---+x. Then g is a homomorphism and fog =1id: Z — Z. Therefore,
the sequence above splits, i.e.,
Ho(R"\ A) = H(R",R"\ A) & Z.
Now, Hy(R™\ A) is a free abelian group whose rank (= the cardinality of a basis)
equals the cardinality of my(R™ \ A). Similarly,

Hy(R"\ B) =~ H,(R",R"\ B) & Z.

By Theorem 24.6,
Hi(R",R"\ A) =~ H,(R*,R"\ B).
Thus
Hy(R™\ A)  Hy(R"\ B),
and it follows that mo(R™ \ A) and 7o(R"™ \ B) have the same cardinality.
If A = R" then by the invariance of domain (to be proved soon!) also B is
open. Since B is also closed and R" is connected, it follows that also B = R". [

Remark 24.8. We will use Theorem 24.7 to prove results that are used to prove
the invariance of domain. However, we will only use the case where A, B # R".
Thus we are not using the invariance of domain to prove the invariance of domain!

Let f: S! < R? be an injective continuous mapping. Since S! is compact and
R? is Hausdorff, it follows that f is a closed map. Therefore, f is an embedding,
i.e., f is a homeomorphism onto the image f(S!).

Theorem 24.9. (Jordan separation theorem) Let S C R™ be homeomorphic to
the sphere S"~1, where n > 2. Then R™\ S has two path components: a bounded
path component J ("interior”) and an unbounded path component A (”exterior”).
Moreover, S is the set of boundary points of J and A. (Thus J and A do not
contain their boundary points, which means that they are open in R™.)

Proof. The claim is true if S = S""!. It now follows from Theorem 24.7 that
the complement R™ \ S has two path components. Clearly, at least one of the
path components is unbounded, denote that path component by A. If both path
components were unbounded, then also S would have to be so. Therefore, the
other path component J is bounded.

Let’s next consider the boundary points of J and A. Let x € S, and let V'
be an open neighborhood of z in R™. Then C' = S\ (SN V) is closed in S and
homeomorphic to a closed subset of S*~1. Denote this subset by D, notice that
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D # S"1. Then R" \ D is path-connected (there is z € S"~' N (R"\ D), if
y € intD"™ and z € R™\ D, then there is a path y — z in R” \ D going through
x.) Theorem 24.7 implies that R" \ C is path-connected.

Let p € J, ¢ € A, and w: [0,1] — R™\ C be a path from p to ¢. Then
w™(S) # 0. Since w™(S) is compact, it has a minimum element ¢; and a
maximum element t5. Then w(ty), w(tz) € SNV. Then w([0,t;)) C R™\ S. Since
w([0,t1)) is path-connected and p = w(0) € J, it follows that w([0,t1)) C J.
Similarly, w((ts,1]) C A. Now, w(¢;) is a limit point (= an accumulation point)
of w((t2,1]). Hence there is t3 € [0,¢;) with w(t3) € J NV and t4 € (t2, 1] with
w(ty) € ANV. It follows that x is contained in the boundary of J and in the
boundary of A. O

Remark 24.10. The separation theorem can be improved for n = 2. The Schoen-
flies theorem says the following: Let S C R? be a Jordan curve. Then there is a
homeomorphism f: R* — R? such that f(S) =S

Theorem 24.11. Let A C R™, n > 1, be homeomorphic to the closed k-dimensional
unit disk D¥, k <n. Then R™\ A is path-connected.

Proof. Since D* is compact, it follows that A is compact, which implies that A is
closed in R™. Since R™\ D* is path-connectd, Theorem 24.7 implies that R™ \ A
is path-connected. |

Theorem 24.12. (Invariance of domain) Let U C R™ be open, and let f: U —
R™ be an injective continuous map. Then f(U) is open in R™, and f maps U
homeomorphically onto f(U). Let V' C R™ be homeomorphic to an open subset U
of R™. Then V is open in R™.

Proof. 1. The case n =1 is left as an exercise.

2. Assume then n > 2. We show that f is an open map. It then follows that
f(U) is open and that f takes U homeomorphically onto f(U). Let a € U and
let 6 > 0 be so small that

D={zeR"||z—a| <0} CU.
Let S be the boundary of D. It suffices to show that f (D) is open, where
D={zeR"||z—a|] <6}

is the interior of D. Both S and T' = f(S) are homeomorphic to S"~'. Theorem
24.7 implies that R™\ T" has two path components, U; and U,. By Theorem 24.9,
one of the path components is bounded and the other is unbounded. Let U, be the
unbounded one. It follows from Theorem 24.11 that R™\ f(D) is path-connected.
Since R™\ f(D) Cc R™\ T, it follows that R™\ f(D) is contained in U or in Us.
Since f(D) is compact, R™\ f(D) is unbounded, and thus R™\ f(D) C U,. Thus
TUU, =R"\U, C f(D) and U; C f(D)\T = f(D). Since D is path-connected,
also f(D) is path-connected. Since f(D) C R"\T = U; UU,, must be f(D) C Uy.
Thus f(D) = U; is open in R™. It follows that f is an open map.
The second statement follows immediately from the first one.
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Theorem 24.13. (Invariance of dimension) Let U C R™ and V' C R™ be open
subsets, U,V #£ (). Assume U and V' are homeomorphic. Then m = n.

Proof. Assume m < n. Let h: U — V be a homeomorphism, and let :: R™ — R",
x> (2,0,...,0). Then

f2V =R y=h(y) = (h7'(y),0...,0),
is a continuous injection. Invariance of domain implies that f(V') is open in R",

which is a contradiction. O

25. APPENDIX: FREE ABELIAN GROUPS

Theorem 25.1. Let F' be a free abelian group, and let B and C' be abelian groups.
Let g: B — C' be a surjective homomorphism. Let h: F — C' be a homomor-
phism. Then there exists a homomorphism f: F — B with go f = h.

P
ﬁ//ih
L

B C 0

Proof. Let X be a basis for F'. Since ¢ is surjective, it follows that for every z € X
there is an element b, € B with g(b,) = h(z). The function x — b, defines a
homomorphism f: F' — B (extend x + b, by linearity). For every x € X

9(f(x)) = g(bz) = h(z).
Since (go f)(x) = h(x) for the basis elements x € X, it follows that go f = h. O

Corollary 25.2. Let F be a free abelian group, and let B be an abelian group. Let
g: B — F be a surjective homomorphism. Then B = kerg & F’, where F' = F.

Proof. Consider the diagram

r
! &d
b/

B r 0

By Theorem 25.1, there is a homomorphism f: F — B with g o f =id. Thus f
is injective. Check that B = kerg @ imf: Let b € B. Then

b="0b—f(g(b)) + f(g(b)),
where g(b) € F, f(g(b)) € imf, and
g(b— f(g(0)) = g(b) = (g° £)(9(b)) = 0.
id
Thus b — f(g(b)) € kerg.
Assume b € kerg Nimf. Then b = f(x), for some x € F, and

0=9(0) =g(f(z)) = (go f)(z) ==
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Thus b = f(z) = f(0) = 0. It follows that kerg Nimf = {0}. Thus

B = kerg @ imf,
where [/ =imf = F. O
Definition 25.3. Let A, B, C be abelian groups. An exact sequence

0—A-SBLy0—0

is called split (or a split exact sequence), if there is a homomorphism s: C' — B
with ps = id¢.

Lemma 25.4. The following statements are equivalent:

(1) The ezact sequence

0—A-BL20—0

18 split.

(2) There is a homomorphism q: B — A with qi = id 4.

(3) The group A is a direct summand of B (that is, there ezists a subgroup
C" of B such that the restriction p|: C' — C is an isomorphism and
B=im(i)® C').

Proof. Exercise. O

Theorem 25.5. Let F' be a free abelian group. Let H be a subgroup of F'. Then
H is free abelian and rank(H) < rank(F'). In particular, H is finitely generated
if F'is finitely generated.

Proof. We give two proofs. The first one only works for F' having finite rank.

1. Assume F has finite rank n. We prove the claim by induction on n.

Let n = 1. Then F = Z. Any subgroup of Z is either 0 or isomorphic to Z.
Thus H is free abelian and rank(H) < 1 = rank(F").

Assume then F' has basis {x1,...,2z,}. Let F, =< z1,...,2,_1 >, and let
H, = HN F,. By induction, H, is a free abelian group, and rank(H,) < n — 1.
Now,

H/H,=H/(HNF,) 2 (H+F,)/F,CF/F,=Z.
Thus H/H, is isomorphic to a subgroup of Z. If H/H, = 0, then H = H,,.
If H/H, = Z, then it follows from Corollary 25.2 that H = H,® < y, >,
where < y, >= Z. Thus H is a free abelian group of rank less than equal to
(n — 1) + 1 = n. This completes the proof where rank(F') is finite.

2. Assume then that the rank of F' is not necessarily finite. Let {z) | k € K} be
a basis of F. We assume {x} | k € K} is well-ordered. (That every non-empty
set can be well-ordered is equivalent to the axiom of choice.) For k € K, let

Fe=) <azp> Fo=Y <mz>,
j<k i<k

H,=HNF, H,=HnNE,.
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Now,
F=JF, H=JH,
k k
and
H,=HNF,=HNFE,NE,=H,NE,.
Thus

Hy/Hy, = Hy/(Hy N Fy) = (Hy + Fy)/ F
CF./F, 27
As in the first proof, either Hj, = Hy, or H, = H,® < hj, >, where < h;, > Z.
We show that H is a free abelian group with basis {h;}. It will then follow
that
rank(H) = card{h;} < card(K) = rank(F).
Let H° be the subgroup of H generated by the h,. Now, each h € H lies

in some F},, since F is the union of the F,. Let u(h) be the least index k with
h € F),. Assume H # H°. Consider the set

A={u(h) | h e H, h¢HY.

Since K is well-ordered, it follows that A has a least index j. Let b’ € H be such
that u(h') = j and b’ ¢ H°. Then u(h') = j implies that »’ € H N F;. Thus
h' = a + mh;, where a € H; and m € Z. Thus a = h' — mh; € H, a ¢ H° and
a € H;. It follows that p(a) < j, which is a contradiction. Therefore, H = H°.

It remains to show that the linear combinations of the A, are unique. It suffices
to show that if

mlhk1+---+mnhkn:0, k’1<"'<k’n,
then my = --- =m, = 0. Assume m,, # 0. Then
mnhkn = —mlhkl — e — 77’Ln_1h1€7k1 e< hkn > ﬂHkn = O,

which is a contradiction. Thus the linear combinations of the hj are unique, and
it follows that H is a free abelian group with basis {hy}.
O
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26. ENGLISH-FINNISH DICTIONARY

Here comes a list of some words that are frequently used in topology. Feel free
to suggest better Finnish words!



boundary
boundary homomorphism
category

chain

chain complex
class
coboundary
cochain

cocycle

cochain complex
cohomology
connected

connecting homomorphism

contractible

cup product

cycle

deformation retract
direct product
direct sum

exact sequence
excision

diagram

face

free abelian group
functor
fundamental group
graded ring
groupoid
homology
homotopy

loop

morphism

natural transformation
nullhomotopy
object

path

path component
path-connected
pullback

pushout

retract

retraction

simplex

smash

split exact sequence
suspension

reuna
reunahomomorfismi
kategoria

ketju
ketjukompleksi
luokka

koreuna

koketju

kosykli
koketjukompleksi
kohomologia
yhtenainen
yhdistava homomorfismi
kutistuva

kuppitulo

sykli
deformaatioretrakti
suora tulo

suora summa
eksakti jono
typistys

kaavio

tahko

vapaa Abelin ryhma
funktori
perusryhma
porrasteinen rengas
grupoidi

homologia
homotopia
silmukka

morfismi

luonnollinen transformaatio

nollahomotopia
objekti

polku
polkukomponentti
polkuyhten&inen
nykaisy

toytaisy

retrakti

retraktio
simpleksi

nitistys

halkeava eksakti jono
suspensio
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