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0. Introduction

These notes cover a one-semester basic course in algebraic topology. The
course begins by introducing some fundamental notions as categories, functors,
homotopy, contractibility, paths, path components and simplexes. After that we
will study the fundamental group; the Fundamental Theorem of Algebra will be
proved as an application. This will take roughly the first half of the semester.
During the second half of the semester we will study singular homology. We
will show that singular homology satisfies the Eilenberg-Steenrod Axioms. As an
application we will, for example, prove the Brouwer Fixed Point Theorem in all
dimensions. We will finish the semester by doing more applications of singular
homology, exactly what topics will be covered depends on how much time will be
left.

These notes are based on Joseph Rotman’s book ”An Introduction to Algebraic
Topology”.

1. Categories and Functors

Definition 1.1. A category C consists of three ingredients:

(1) a class of objects, obj(C),
(2) a class of morphisms, Hom(C),
(3) composition of morphisms.

For every ordered pair (A,B) of objects in C, there is a set of morphisms
Hom(A,B).

For objects A,B,C of C, there is composition of morphisms

Hom(A,B)× Hom(B,C)→ Hom(A,C), (f, g) 7→ g ◦ f.
The following axioms are satisfied:

(1) the sets Hom(A,B) are pairwise disjoint,
(2) composition is associative

(h ◦ (g ◦ f)) = (h ◦ g) ◦ f,
(3) for every object A of C, there exists a morphism 1A : A → A called the

identity morphism for A, such that 1A ◦ f = f , for every f ∈ Hom(B,A)
and for every object B of C, and g ◦ 1A = g, for every g ∈ Hom(A,C) and
for every object C of C.

We often also denote the identity morphism 1A by idA.

Example 1.2. The category of all sets is C = Sets:

(1) obj(C) = all sets,
(2) Hom(A,B) = the family of all functions A→ B,
(3) composition is the usual composition of functions.

Example 1.3. The category of all topological spaces is C = Top:

(1) obj(C) = all topological spaces,
(2) Hom(A,B) = the family of all continuous functions A→ B,
(3) composition is the usual composition of functions.
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Although the objects of a category C do not necessarily form a set, we use the
expression A ∈ obj(C) to mean that A is an object of C. Similarly, if A is another
category, we write obj(C) ⊂ obj(A) to mean that every object in C is also an
object in A.

Definition 1.4. Let A and C be categories. Assume obj(C) ⊂ obj(A). For
A,B ∈ obj(C), we denote the sets of morphisms corresponding to A and C by

HomA(A,B) and HomC(A,B),

respectively. We call C a subcategory of A, if

HomC(A,B) ⊂ HomA(A,B),

for all A,B ∈ obj(C) and if the composition in C is the same as the composition
in A.

Example 1.5. Subcategories of Top: We obtain subcategories by restriction. For
example, the objects could be all Hausdorff spaces, all compact spaces or all
connected spaces. If we choose the objects to be smooth manifolds, it makes
sense to choose the morphisms to be smooth maps.

Example 1.6. The category of all groups is C = Groups:

(1) obj(C) = all groups,
(2) Hom(A,B) = the family of all homomorphisms A→ B,
(3) composition is the usual composition of functions.

Example 1.7. The category of all abelian groups is C = Ab:

(1) obj(C) = all abelian groups,
(2) Hom(A,B) = the family of all homomorphisms A→ B,
(3) composition is the usual composition of functions.

Then Ab is a subcategory of Groups.

Example 1.8. The category of all rings is C = Rings:

(1) obj(C) = all rings,
(2) Hom(A,B) = the family of all ring homomorphisms A→ B, that preserve

identity elements,
(3) composition is the usual composition of functions.

Example 1.9. The category C = Top2:

(1) obj(C) = all ordered pairs (X,A), where X is a topological space and A
is a subspace of X,

(2) Hom
(
(X,A), (Y,B)

)
: A morphism f : (X,A) → (Y,B) is a continuous

map f : X → Y such that f(A) ⊂ B,
(3) composition is the usual composition of functions.

Example 1.10. The category of pointed spaces is Top∗. The objects of this cat-
egory are all ordered pairs (X, x0) where X is a topological space and x0 ∈ X.
A morphism f : (X, x0) → (Y, y0) is a continuous map f : X → Y such that
f(x0) = y0. We call x0 the basepoint of X. Morphisms of this category are called
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pointed maps or basepoint preserving maps. Objects are called pointed spaces.
The category Top∗ is a subcategory of Top2.

Definition 1.11. Let C be a category. Let ∼ be an equivalence relation on⋃
(A,B)

Hom(A,B).

We call ∼ a congruence on C, if it satisfies the following conditions:

(1) if f ∈ Hom(A,B) and f ∼ f ′, then f ′ ∈ Hom(A,B),
(2) if f ∼ f ′, g ∼ g′ and the composite g ◦ f exists, then g ◦ f ∼ g′ ◦ f ′.

The proof of the following theorem follows immediately from the definitions.

Theorem 1.12. Let C be a category and let ∼ be a congruence on C. Let [f ]
denote the equivalence class of a morphism f . Define C ′ by:

(1) obj(C ′) = obj(C),
(2) HomC′(A,B) = {[f ] | f ∈ HomC(A,B),
(3) [g] ◦ [f ] = [g ◦ f ].

Then C ′ is a category.

The category C ′ is called a quotient category of C. For us the most important
quotient category will be the homotopy category defined later.

Definition 1.13. Let A and C be categories. Let T : A → C satisfy the following:

(1) if A ∈ obj(A), then TA ∈ obj(C),
(2) if f : A→ A′ is a morphism in A, then Tf : TA→ TA′ is a morphism in
C,

(3) if f and g are morphisms in A and g◦f is defined, then T (g◦f) = Tg◦Tf ,
(4) T1A = 1TA, for every A ∈ obj(A).

We say that T is a (covariant) functor from A to C.

Example 1.14. Let A and C be categories and let T : A → C be a functor. We
call T a forgetful functor, if it ”forgets” some of the structure or properties of A.
The functor T : Top→ Sets that assigns to each topological space its underlying
set and to each continuous function itself is an example of a forgetful functor.

Example 1.15. Let C be a category. The identity functor J : C → C is defined by
JA = A for every A ∈ obj(C) and Jf = f for every morphism f .

Example 1.16. Let Y be a topological space. Then there is a functor

TY : Top→ Top,

where TY (X) = X ×Y , for a topological space X, and, for a continuous function
f : X → X ′,

TY (f) : X × Y → X ′ × Y,
is defined by (x, y) 7→ (f(x), y).

The functor Hom(A, ) in the following example is called a covariant Hom
functor.
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Example 1.17. Let C be a category. Let A ∈ obj(C). Define a functor

Hom(A, ) : C → Sets

as follows: assign the set Hom(A,B) to each B ∈ obj(C), and assign the induced
map

Hom(A, f) : Hom(A,B)→ Hom(A,B′), g 7→ f ◦ g,
to every morphism f : B → B′.

A functor is called contravariant, if it reverses the direction of arrows:

Definition 1.18. Let A and C be categories. Let S : A → C satisfy the following:

(1) if A ∈ obj(A), then SA ∈ obj(C),
(2) if f : A→ A′ is a morphism in A, then Sf : SA′ → SA is a morphism in
C,

(3) if f and g are morphisms in A and g◦f is defined, then S(g◦f) = Sf ◦Sg,
(4) S1A = 1SA, for every A ∈ obj(A).

We say that S is a contravariant functor from A to C.

Example 1.19. Let C be a category. Let B ∈ obj(C). Define a functor

Hom( , B) : C → Sets

as follows: assign the set Hom(A,B) to each A ∈ obj(C), and assign the induced
map

Hom(g,B) : Hom(A′, B)→ Hom(A,B), h 7→ h ◦ g,
to every morphism g : A→ A′.

The functor Hom( , B) is called a contravariant Hom functor.

Definition 1.20. Let C be a category and let A,B ∈ obj(C). Let f : A→ B be a
morphism. If there is a morphism g : B → A such that f ◦g = 1B and g ◦f = 1A,
we say that f is an equivalence or an isomorphism in C.

Theorem 1.21. Let A and C be categories, and let T : A → C be either a co-
variant or a contravariant functor. Let f be an equivalence in A. Then Tf is an
equivalence in C.

Proof. Assume T is covariant. Let f : A → B be a morphism that is an equiv-
alence in A. Then there is a morphism g : B → A such that f ◦ g = 1B and
g ◦ f = 1A. Since T is covariant, it follows that

Tg ◦ Tf = T (g ◦ f) = T1A = 1TA,

and

Tf ◦ Tg = T (f ◦ g) = T1B = 1TB.

Thus Tf is an equivalence in C. The case where T is contravariant is similar. �
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2. Homotopy

Definition 2.1. Let X and Y be topological spaces and let f0 and f1 be contin-
uous maps from X to Y . We say that f0 is homotopic to f1 (denoted by f0 ' f1),
if there is a continuous map

F : X × I → Y

such that

F (x, 0) = f0(x) and F (x, 1) = f1(x) for all x ∈ X.
The map F is called a homotopy.

If F is a homotopy from f0 to f1, we often write F : f0 ' f1.
Let t ∈ I. Define ft : X → Y by ft(x) = F (x, t). Then the homotopy F gives

a one-parameter family of continuous maps deforming f0 into f1.
Recall the following gluing lemmas:

Lemma 2.2. (Gluing lemma 1) Let X be a topological space and let Xi, 1 ≤
i ≤ n, be finitely many closed subsets of X such that X =

⋃n
i=1Xi. Let Y be a

topological space. Assume there are continuous maps fi : Xi → Y , 1 ≤ i ≤ n,
such that

fi|Xi ∩Xj = fj|Xi ∩Xj, for all i, j.

Then there exists a unique continuous map f : X → Y with f |Xi = fi for all i.

Lemma 2.3. (Gluing lemma 2) Let X be a topological space and let Xi be (possi-
bly infinitely many) open subsets of X such that X =

⋃
iXi. Let Y be a topological

space. Assume there are continuous maps fi : Xi → Y such that

fi|Xi ∩Xj = fj|Xi ∩Xj, for all i, j.

Then there exists a unique continuous map f : X → Y with f |Xi = fi for all i.

The proofs of Lemmas 2.2 and 2.3 are easy and can be found in many general
topology text books.

Theorem 2.4. Homotopy is an equivalence relation on the set of all continuous
maps X → Y .

Proof. Let f : X → Y be a continuous map. Then

F : X × I → Y, (x, t) 7→ f(x),

for all x ∈ X and for all t ∈ I, is a homotopy, F : f ' f . Thus ' is reflexive.
Let next f, g : X → Y and assume f ' g. Then there is a continuous map

F : X × I → Y, such that F (x, 0) = f(x) and F (x, 1) = g(x), for all x ∈ X. Let

G : X × I → Y, (x, t) 7→ F (x, 1− t).

Then G : g ' f . It follows that ' is symmetric.
Finally, let f, g, h : X → Y and assume F : f ' g and G : g ' h. Let

H : X × I → Y, (x, t) 7→
{

F (x, 2t), if 0 ≤ t ≤ 1
2
,

G(x, 2t− 1), if 1
2
≤ t ≤ 1.
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Now, for t = 1
2
,

F (x, 2 · 1

2
) = F (x, 1) = g(x), for every x ∈ X,

and

G(x, 2 · 1

2
− 1) = G(x, 0) = g(x), for every x ∈ X.

Thus it follows from the first gluing lemma that H is continuous. Therefore,
H : f ' h. Consequently, the relation ' is transitive. �

Definition 2.5. The homotopy class of a continuous map f : X → Y is the
equivalence class

[f ] = {continuous g : X → Y | g ' f}.
The family of all such homotopy classes is denoted by [X, Y ].

Theorem 2.6. Let f0, f1 : X → Y and g0, g1 : Y → Z be continuous. Assume
f0 ' f1 and g0 ' g1. Then g0 ◦ f0 ' g1 ◦ f1, i.e., [g0 ◦ f0] = [g1 ◦ f1].

Proof. Let F : f0 ' f1 and G : g0 ' g1 be homotopies. Let

H : X × I → Z, (x, t) 7→ G(f0(x), t).

Then H is continuous,

H(x, 0) = G(f0(x), 0) = g0(f0(x)),

and

H(x, 1) = G(f0(x), 1) = g1(f0(x)),

for all x ∈ X. Thus H : g0 ◦ f0 ' g1 ◦ f0. Let then

K : X × I → Z, (x, t) 7→ (g1 ◦ F )(x, t).

Thus K : g1 ◦ f0 ' g1 ◦ f1. Since homotopy is a transitive relation, it follows that
g0 ◦ f0 ' g1 ◦ f1. �

The following corollary follows immediately from the definition of congruence and
from Theorems 2.4 and 2.6:

Corollary 2.7. Homotopy is a congruence on the category Top.

According to Theorem 1.12, there is a quotient category whose objects are topo-
logical spaces and whose morphism sets are Hom(X, Y ) = [X, Y ]. The composi-
tion is given by [g] ◦ [f ] = [g ◦ f ]. This category is called the homotopy category
and it is denoted by hTop.

Definition 2.8. A continuous map f : X → Y is called a homotopy equivalence,
if there exists a continuous map g : Y → X with g ◦ f ' 1X and f ◦ g ' 1Y .
Topological spaces X and Y have the same homotopy type, if there is a homotopy
equivalence f : X → Y .

Clearly, f : X → Y is a homotopy equivalence, if and only if [f ] ∈ [X, Y ] is an
equivalence in hTop.
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Definition 2.9. Let X and Y be topological spaces and let y0 ∈ Y . The map
c : X → Y , x 7→ y0, is called the constant map at y0. A continuous map f : X → Y
is called nullhomotopic, if there exists a constant map c : X → Y with f ' c.

Theorem 2.10. Let Y be a topological space and let f : Sn → Y be a continuous
map. The following conditions are equivalent:

(1) the map f is nullhomotopic,
(2) the map f can be extended to a continuous map Dn+1 → Y ,
(3) if x0 ∈ Sn and k : Sn → Y is the constant map at f(x0), then there is a

homotopy F : f ' k with F (x0, t) = f(x0) for all t ∈ I.

Proof. We first show that (1) implies (2): Let c : Sn → Y be the constant map at
y0 ∈ Y . Assume F : f ' c. Let

g : Dn+1 → Y, x 7→
{

y0, if 0 ≤ ‖x‖ ≤ 1
2
,

F ( x
‖x‖ , 2− 2‖x‖), if 1

2
≤ ‖x‖ ≤ 1.

The map g is well defined, since for ‖x‖ = 1
2
,

F (
x

‖x‖
, 2− 2‖x‖) = F (2x, 1) = y0.

By the first gluing lemma, g is continuous. If x ∈ Sn, then ‖x‖ = 1 and

g(x) = F (x, 2− 2 · 1) = F (x, 0) = f(x).

Thus g is an extension of f .
We next show that (2) implies (3): Assume that g : Dn+1 → Y extends f . Let

F : Sn × I → Y, (x, t) 7→ g
(
(1− t)x+ tx0

)
.

Clearly, F is continuous. For all x ∈ Sn,

F (x, 0) = g(x) = f(x) and F (x, 1) = g(x0) = f(x0).

Thus F : f ' k, where k : Sn → Y , x 7→ f(x0). For all t ∈ I,

F (x0, t) = g
(
(1− t)x0 + tx0

)
= g(x0) = f(x0).

Obviously, (3) implies (1). �

3. Convexity, contractibility and cones

Definition 3.1. A subset X of Rm is called convex, if tx+ (1− t)y ∈ X, for all
x, y ∈ X and for all t ∈ I.

Definition 3.2. A topological space X is called contractible, if the identity map
1X : X → X is nullhomotopic.

Theorem 3.3. Every convex set is contractible.

Proof. Let X be a convex set and let x0 ∈ X. Define c : X → X by c(x) = x0 for
all x ∈ X. Define F : X×I → X by F (x, t) = tx0+(1−t)x. Then F : 1X ' c. �

Definition 3.4. Let X be a topological space and let X ′ = {Xj | j ∈ J} be a
collection of subsets of X. We call X ′ a partition of X, if the following conditions
hold:
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(1) Xj 6= ∅, for every j ∈ J ,
(2) X =

⋃
j∈J Xj,

(3) Xi ∩Xj = ∅, for all i, j ∈ J , where i 6= j.

Definition 3.5. Let X be a topological space and let X ′ = {Xj | j ∈ J} be a
partition of X. The map

ν : X → X ′, x 7→ Xj, if x ∈ Xj,

is called the natural map (or natural projection or quotient map). The quotient
topology on X ′ is the collection of all subsets U ′ of X ′ such that ν−1(U ′) is open
in X.

Notice that the natural map ν is always a continuous surjection.

Example 3.6. Let X and Y be topological spaces, and let f : X → Y be a function.
Define x ∼ x′ if f(x) = f(x′). Then ∼ is an equivalence relation. Let ν : X →
X/kerf be the natural map, where X/kerf denotes the quotient space. Let [x]
denote the equivalence class of x ∈ X. The map

ϕ : X/kerf → Y, [x] 7→ f(x),

is an injection making the diagram

X

X/kerf

ν
∨

ϕ
> Y

f

>

commute.

Definition 3.7. A continuous surjection f : X → Y is called an identification if
it satisfies the following: A subset U of Y is open if and only if f−1(U) is open
in X.

Example 3.8. Let ∼ be an equivalence relation on a topological space X and let
X/∼ be equipped with the quotient topology. Then the natural map ν : X →
X/ ∼ is an identification.

Example 3.9. Let f : X → Y be a continuous map that is a surjection. If f is
either open or closed, then it is an identification.

Let f : X → Y be a continuous map. Assume there is a continuous map s : Y →
X with f ◦ s = 1Y . We call s a section of f . Notice that f must be surjective in
order to have a section.

Example 3.10. A continuous map f : X → Y having a section is an identification.

Theorem 3.11. Let f : X → Y be a continuous surjection. Then f is an iden-
tification if an only if the following holds: For all spaces Z and for all functions
g : Y → Z, the function g is continuous if and only if g ◦ f is continuous.
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Proof. Let g : Y → Z be a function. Then the diagram

X

Y

f
∨

g
> Z

g ◦ f
>

commutes. Assume first that f is an identification. Then g ◦ f is continuous, if
g is continuous. Assume g ◦ f is continuous. Let V be an open set in Z. Then

(g ◦ f)−1(V ) = f−1(g−1(V ))

is open in X. Since f is an identification, it follows that g−1(V ) is open in Y .
Since V was chosen arbitrarily, it follows that g is continuous.

Assume then that the condition holds. Let Z = X/kerf and let ν : X →
X/kerf be the natural map. Let ϕ : X/kerf → Y be the injection [x] 7→ f(x).
Since f is a surjection, also ϕ is a surjection. The diagram

X

X/kerf

ν
∨

ϕ
> Y

f

>

commutes. Now, ν = ϕ−1 ◦ f is continuous. Since the condition holds, it follows
that the inverse function ϕ−1 : Y → X/kerf of ϕ is continuous. Since ν is an
identification, it follows that ϕ is continuous. Thus ϕ is a homeomorphism and,
consequently, f is an identification. �

Definition 3.12. Let f : X → Y be a function and let y ∈ Y . Then f−1(y) is
called the fiber over y.

Corollary 3.13. Let X, Y and Z be topological spaces and let f : X → Y be
an identification. Let h : X → Z be a continuous function that is constant on
each fiber of f . Then g : Y → Z, y 7→ h(f−1(y)), is continuous. Moreover, the
following are equivalent:

(1) the map g is open (closed),
(2) the set h(U) is open (closed) in Z whenever U is an open (closed) set in

X with U = f−1(f(U)).

Proof. The following diagram commutes:

X

Y

f
∨

g
> Z

h

>

Notice that the function g is well defined, since h is constant on each fiber of
f . The function g ◦ f = h is continuous. Therefore, by Theorem 3.11, also g is
continuous.
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Assume then that g is an open map. Let U be an open subset of X with
U = f−1(f(U)). Since f is an identification, it follows that f(U) is open in Y .
Since g is open, it follows that g(f(U)) is open in Z. But then, h(U) = g(f(U))
is open in Z. Thus the first condition implies the second one.

Finally, assume that the second condition holds. Let V be an open subset of
Y . Since f is a surjection, f(f−1(V )) = V . Thus f−1

(
f(f−1(V ))

)
= f−1(V ).

By the second condition, g(V ) = h(f−1(V )) is open. Thus g is an open map.
Therefore, the second condition implies the first one. �

Corollary 3.14. Let X and Z be topological spaces and let h : X → Z be an
identification. Then the map

ϕ : X/kerh→ Z, [x] 7→ h(x),

is a homeomorphism.

Proof. Consider the commutative diagram

X

X/kerh

ν
∨

ϕ
> Z

h

>

By an earlier example, ϕ is an injection. Since h is a surjection, also ϕ is a
surjection. Since ν is an identification and h is continuous, it follows that ϕ is
continuous. To show that ϕ is a homeomorphism, it suffices to show that it is an
open map. Let U be an open subset of X/kerh. Then

h−1(ϕ(U)) = (ϕ ◦ ν)−1(ϕ(U)) = ν−1
(
ϕ−1(ϕ(U))

)
= ν−1(U)

is open in X, since ν is continuous. Since h is an identification, it follows that
ϕ(U) is open in Z. Thus ϕ is a homeomorphism. �

Remark 3.15. Let f : X → W and g : Y → Z be identifications. Then the
cartesian product

f × g : X × Y → W × Z, (x, y) 7→
(
f(x), g(y)

)
,

does not need to be an identification, see [2], Chapter 2, Example 22.7.

However, the following result holds:

Theorem 3.16. Let X, X ′ and Z be topological spaces. Assume that Z is locally
compact Hausdorff. Let p : X → X ′ be an identification. Then also

p× idz : X × Z → X ′ × Z
is an identification.

Proof. Since p and idZ are continuous, also p × idZ is continuous. Thus (p ×
idZ)−1(U ′) is open in X × Z for every open subset U ′ of X ′ × Z.

Assume then that U ′ ⊂ X ′×Z and that U = (p× idZ)−1(U ′) is open. It suffices
to show that U ′ is open. Let (x′, z′) ∈ U ′, and let x ∈ X be such that p(x) = x′.
Then (p× idZ)(x, z) = (x′, z), which implies that (x, z) ∈ U . Since U is open in
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X × Z, it follows that x has an open neighborhood V in X and z has an open
neighborhood J in Z with (x, z) ∈ V × J ⊂ U . Since Z is locally compact, there
is an open subset W of Z such that z ∈ W ⊂ W ⊂ J and W is compact. Then
{x} ×W ⊂ V × J ⊂ U . Let

A = {α ∈ X | {α} ×W ⊂ U}.

Then x ∈ A. We show that A is open in X. Let α ∈ A. For every ξ ∈ W , there
are open subsets Lξ of X and Nξ of Z with (α, ξ) ∈ Lξ × Nξ ⊂ U . Since W is
compact, the open cover {Nξ | ξ ∈ W} has a finite subcover {N1, . . . , Nm}. Then,
for every i ∈ {1, . . . ,m}, Li × Ni ⊂ U , where we define Li = Lξ, if Ni = Nξ.
Also, α ∈

⋂m
i=1 Li and W ⊂

⋃m
i=1 Ni. Thus

⋂m
i=1 Li = L is open and α ∈ L,

L×Ni ⊂ U , for every i. Hence

L×W ⊂
⋃
i=1

(L×Ni) ⊂ U.

Consequently, α ∈ L ⊂ A. It follows that A is open in X.
For β ∈ X, {β} ×W ⊂ U = (p × idZ)−1(U ′) if and only if {p(β)} ×W ⊂ U ′.

In particular, β ∈ A if and only if {p(β)} ×W ⊂ U ′. Clearly, A ⊂ p−1(p(A)).
Assume β ∈ p−1(p(A)). Then p(β) ∈ p(A). Thus p(β) = p(α), for some α ∈ A.
Hence {p(β)} × W = {p(α)} × W ⊂ U ′. But this now implies that β ∈ A.
Therefore, p−1(p(A)) ⊂ A and, consequently, A = p−1(p(A)). Since p is an
identification and A is open, it follows that p(A) is open. Thus p(A) ×W ⊂ U ′

is an open neighborhood of (x′, z). Hence U ′ is open. �

The proof of the following useful lemma is similar to that of Theorem 3.16:

Lemma 3.17. (Tube lemma) Let X and Y be topological spaces. Assume Y is
compact. Let x0 ∈ X and let U be an open subset of X×Y such that {x0}×Y ⊂ U .
Then x0 has an open neighborhood L in X with {x0} × Y ⊂ L× Y ⊂ U .

Proof. [2], Lemma 3.26.8. �

Corollary 3.18. Let f : X → Y be an identification. Then

f × idI : X × I → Y × I

is an identification.

Definition 3.19. Let X be a topological space. The relation (x, t) ∼ (x′, t′), for
t = t′ = 1, (and (x, t) ∼ (x, t)) is an equivalence relation on X × I. The quotient
space X × I/ ∼ is called the cone over X and denoted by CX.

Example 3.20. Let X and Y be topological spaces and let y0 ∈ Y . Let f : X×I →
Y satisfy f(x, 1) = y0 for all x ∈ X. Then f induces a continuous map

f̄ : CX → Y, [x, t] 7→ f(x, t).

Choose X = Sn, Y = Dn+1 and

f : Sn × I → Dn+1, (u, t) 7→ (1− t)u.
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Then f(u, 1) = 0 for all u ∈ Sn and there is a continuous map

f̄ : CSn → Dn+1, [u, t] 7→ (1− t)u.
The map f̄ is a homeomorphism. Thus we may consider Dn+1 as the cone over
Sn with vertex 0.

Theorem 3.21. The cone CX is contractible for every topological space X.

Proof. Let ν : X × I → CX be the quotient map, and let

f : X × I × I → X × I, (x, t, s) 7→
(
x, (1− s)t+ s

)
,

and

F : CX × I → CX,
(
[x, t], s

)
7→ [x, (1− s)t+ s].

Then ν ◦ f = F ◦ (ν × 1I). By Corollary 3.18, ν × 1I is an identification. Since ν
and f are continuous, it now follows that F is continuous. Since F is continuous,
F0 = 1CX and F1 equals the constant map taking every point of CX to the vertex
point, it follows that CX is contractible. �

Theorem 3.22. A topological space X is contractible if and only if it has the
same homotopy type as a point.

Proof. Let {a} be a one-point space. Assume first that X and {a} have the
same homotopy type. Then there are maps f : X → {a} and g : {a} → X with
g ◦ f ' 1X and f ◦ g ' 1{a} (in fact, f ◦ g = 1{a}). Now, g is the map {a} → X,
a 7→ x0, for some x0 ∈ X. Thus (g ◦ f)(x) = g(f(x)) = g(a) = x0, for all x ∈ X.
Hence g ◦ f is a constant map and 1X ' g ◦ f is nullhomotopic.

Assume then that X is contractible. Then 1X ' k, where k : X → X, x 7→ x0,
for some x0 ∈ X. Let f : X → {x0} be the constant map and let g : {x0} → X,
x0 7→ x0. Then f ◦ g = 1{x0} and g ◦ f = k ' 1X . Thus X and {x0} have the
same homotopy type. �

4. Paths and path components

Definition 4.1. A path in a topological space X is a continuous map f : I → X.
If f(0) = a and f(1) = b, we say that f is a path from a to b.

Notice that if f is a path in X from a to b, then g : I → X, t 7→ f(1− t), is a
path in X from b to a.

Definition 4.2. A topological space X is path-connected, if, for every a, b ∈ X,
there s a path from a to b.

Theorem 4.3. If X is path-connected, then X is connected.

Proof. Assume X is path-connected. Assume X = A ∪ B is a separation of X.
Let f : I → X be a path in X. Then f(I) is connected as a continuous image
of a connected set. Therefore, f(I) lies entirely either in A or in B. Therefore,
there is no path in X joining a point in A to a point in B. This contradicts the
assumption that X is path-connected. �
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Example 4.4. The subset

{(x, sin 1

x
) | 0 < x ≤ 1

2π
} ∪ {(0, y) | −1 ≤ y ≤ 1}

of R2 is connected but not path-connected. This subset is called the topologist’s
sine curve.

Theorem 4.5. Let X be a topological space. Define a relation ∼ on X by setting
a ∼ b if there is a path in X from a to b. Then ∼ is an equivalence relation.

Proof. Exercise. �

Definition 4.6. The equivalence classes of X under the relation ∼ in Theorem
4.5 are called the path components of X.

Definition 4.7. Let π0(X) denote the set of path components of X. If f : X → Y
is continuous, define

π0(f) : π0(X)→ π0(Y )

to be the function taking a path component C of X to the unique path component
of Y containing f(C).

Theorem 4.8. π0 : Top→ Sets is a functor. If f ' g, then π0(f) = π0(g).

Proof. Clearly, π0 preserves the identity and the composition. Therefore, π0 is a
functor.

Let f, g : X → Y and assume F : f ' g. Let C be a path component of X.
Then C × I is path-connected. Since F is continuous, also F (C × I) is path-
connected. Now

f(C) = F (C × {0}) ⊂ F (C × I)

and

g(C) = F (C × {1}) ⊂ F (C × I).

Thus the unique path component of Y containing F (C × I) contains both f(C)
and g(C). Hence π0(f) = π0(g). �

Corollary 4.9. If X and Y have the same homotopy type, then they have the
same number of path components.

Proof. Let f : X → Y and g : Y → X and assume that g ◦f ' 1X and f ◦g ' 1Y .
Then

π0(g) ◦ π0(f) = π0(g ◦ f) = π0(1X) = 1π0(X),

and

π0(f) ◦ π0(g) = π0(f ◦ g) = π0(1Y ) = 1π0(Y ).

Thus π0(f) is a bijection. �

Definition 4.10. A topological space X is called locally path-connected, if the
following holds: For every x ∈ X and for every open neighborhood U of x there
is an open subset V of X with x ∈ V ⊂ U such that any two points in V can be
joined by a path in U .
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Example 4.11. Let X be the set

{(x, sin 1

x
) | 0 < x ≤ 1

2π
} ∪ {(0, y) | −1 ≤ y ≤ 1} ∪ A,

where A is the line segment joining the points (0, 1) and ( 1
2π
, 0). Then X is

path-connected but not locally path-connected.

Theorem 4.12. A topological space X is locally path-connected if and only if
the path components of open subsets are open. In particular, if X is locally path-
connected, then its path components are open.

Proof. Assume first that X is locally path-connected. Let U be an open subset
of X and let C be a path component of U . Let x ∈ C. Then there is an open
subset V of X such that x ∈ V ⊂ U and every point in V can be joined to x by
a path in U . Thus every point in V is in the same path component as x. Hence
V ⊂ C. Therefore, C is open.

Assume then that the path components of open subsets of X are open. Let
U be an open subset of X, let x ∈ U . Let V be the path component of x in U .
Then V is open and it follows that X is locally path-connected. �

Corollary 4.13. A topological space X is locally path-connected if and only if,
for every x ∈ X and for every open neighborhood U of x, there is an open path-
connected V with x ∈ V ⊂ U .

Proof. If X is locally path-connected, then one can choose V to be the path
component of U containing x. The converse is clear. �

Corollary 4.14. Let X be a locally path-connected topological space. Then the
components of every open set coincide with its path components. In particular,
the components of X coincide with the path components of X.

Proof. Let U be an open subset of X and let C be a component of U . Let
{Aj | j ∈ J} be the path components of C. Then C is a disjoint union of the Aj.
By Theorem 4.12, the Aj are open in X. Therefore, they are open in C. Since
the complement of any Aj in C is the union of the Ai, i 6= j, it follows that the
Aj are closed in C. Since C is connected, it follows that it must have exactly one
path component. �

Corollary 4.15. If X is connected and locally path-connected, then X is path-
connected.

5. Simplexes and affine spaces

Definition 5.1. Let A ⊂ Rn. If for all x, x′ ∈ A, x 6= x′, the line determined by
x and x′ is contained in A, we call A an affine set.

Remark 5.2. Notice that:

(1) The empty set and one-point subsets are affine.
(2) All affine sets are convex.
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Theorem 5.3. Let Xj, j ∈ J , be affine (or convex) subsets of Rn. Then also
∩j∈JXj is affine (or convex). �

Let X ⊂ Rn. The affine (or convex) hull of X is the intersection of all affine
(or convex) subsets of Rn containing X. We also say that the affine (or convex)
hull of X is the affine (or convex) set spanned by X.

We use the notation [X] for the convex hull of X.

Definition 5.4. Let p0, . . . , pm ∈ Rn. An affine combination of p0, . . . , pm is a
point x with

x = t0p0 + . . .+ tmpm,

where
∑m

i=0 ti = 1. A convex combination is an affine combination such that
t1 ≥ 0, for every i.

Theorem 5.5. Let p0, . . . , pm ∈ Rn. The convex hull [p0, . . . , pm] of the set
{p0, . . . , pm} is the set of all convex combinations of p0, . . . , pm.

Proof. Let S be the set of all convex combinations of p0, . . . , pm.
We first show that [p0, . . . , pm] ⊂ S. It suffices to show that S is convex

and p0, . . . pm ∈ S. Let j ∈ {0, . . . ,m}. Set tj = 1, ti = 0, for i 6= j. Then
pj =

∑m
i=0 tipi ∈ S. Thus p0, . . . , pm ∈ S.

Let then α =
∑
aipi and β =

∑
bipi, where ai, bi ≥ 0,

∑
ai = 1 and

∑
bi = 1.

Let t ∈ I. Then

tα + (1− t)β = t
m∑
i=0

aipi + (1− t)
m∑
i=0

bipi

=
m∑
i=0

(
tai + (1− t)bi

)
pi ∈ S,

since tai + (1− t)bi ≥ 0, for every i and
m∑
i=0

(
tai + (1− t)bi

)
= t

m∑
i=0

ai + (1− t)
m∑
i=0

bi

= t+ (1− t) = 1.

It follows that S is convex.
We then show that S ⊂ [p0, . . . , pm]. In order to do that we show that S ⊂ X

for any convex subset X of Rn containing {p0, . . . , pm}. The proof is done by
induction on m:

First, let m = 0. Then S = {p0} and we are done.
Let then m ≥ 0. Let ti ≥ 0 for every i and assume

∑
ti = 1. We may assume

that t0 6= 1. ( If t0 = 1, then
∑
tipi = p0 ∈ X.) Let p =

∑m
i=0 tipi. Then the

convex combination

q =
t1

1− t0
p1 + · · ·+ tm

1− t0
pm ∈ X

by induction. Thus p = t0p0 + (1− t0)q ∈ X, since X is convex. �

The proof of the following corollary is similar to the proof of Theorem 5.5.
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Corollary 5.6. The affine set spanned by {p0, . . . , pm} is the set of all affine
combinations of p0, . . . , pm. �

Definition 5.7. An ordered set {p0, . . . , pm} ⊂ Rn is called affine independent,
if {p1 − p0, . . . , pm − p0} is a linearly independent subset of Rn.

Remark 5.8. Notice the following:

(1) The set {p0} is affine independent for p0 6= 0.
(2) The empty set is affine independent.
(3) The set {p0, p1} is affine independent if p0 − p1 6= 0, i.e., if p1 6= p0.
(4) A linearly independent set is affine independent.
(5) Let {p1, . . . , pm} be linearly independent. Then {0, p1, . . . , pm} is affine

independent but not linearly independent.

Theorem 5.9. Let {p0, p1, . . . , pm} be an ordered set of points in Rn. The fol-
lowing conditions are equivalent:

(1) The set {p0, . . . , pm} is affine independent.
(2) If {s0, . . . , sm} ⊂ R satisfies

∑m
i=0 sipi = 0 and

∑m
i=0 si = 0, then s0 =

· · · sm = 0.
(3) Every element x of the affine set spanned by {p0, . . . , pm} has a unique

expression as an affine combination

x =
m∑
i=0

tipi, where
m∑
i=0

ti = 1.

Proof. We show that (1)⇒ (2), (2)⇒ (3) and (3)⇒ (1).
(1)⇒ (2): Assume

∑
si = 0 and

∑
sipi = 0 Then

0 =
m∑
i=0

sipi =
m∑
i=0

sipi −
( m∑
i=0

si
)
p0

=
m∑
i=0

si(pi − p0) =
m∑
i=1

si(pi − p0),

since p0 − p0 = 0. Since the set {p0, . . . , pm} is affine independent, it follows
that the set {p1− p0, . . . , pm− p0} is linearly independent. Thus si = 0 for every
i ∈ {1, . . . ,m}. Since

∑m
i=0 si = 0, must be s0 = 0 as well.

(2) ⇒ (3): Let A denote the affine set spanned by {p0, . . . , pm}. Let x ∈ A.
By Corollary 5.6,

x =
m∑
i=0

tipi, where
m∑
i=0

ti = 1.

Assume that also x =
∑m

i=0 t
′
ipi, where

∑m
i=0 t

′
i = 1. Then

0 =
m∑
i=0

(ti − t′i)pi.

Now,
∑m

i=0(ti− t′i) =
∑m

i=0 ti−
∑m

i=0 t
′
i = 1−1 = 0. By Condition (2), ti− t′i = 0,

for all i, i.e., ti = t′i, for all i.
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(3) ⇒ (1): If m = 0, there is nothing to prove. Therefore, assume m > 0.
Assume that each x ∈ A has a unique expression as an affine combination of
p0, . . . , pm. Let’s make a counter assumption, by assuming that {p0, . . . , pm} is
not affine independent. Thus {p1 − p0, . . . , pm − p0} is linearly dependent. It
follows that there are ri ∈ R, not all of them 0, such that

0 =
m∑
i=1

ri(pi − p0). (∗)

Assume rj 6= 0. By multiplying (∗) by 1
rj

if necessary, we may assume that

rj = 1. There now are two different ways to write pj as an affine combination of
p0, . . . , pm:

pj = 1 · pj
and

pj = −
∑
i 6=j

ri(pi − p0) + p0 = −
∑
i 6=j

ripi +
(
1 +

∑
i 6=j

ri
)
p0.

This is a contradiction. Thus {p0, . . . , pm} is affine independent. �

We obtain the following corollaries:

Corollary 5.10. Affine independence is a property of the set {p0, . . . , pm} that
is independent of the ordering. �

Corollary 5.11. Let A be the affine set in Rn spanned by an affine independent
set {p0, . . . , pm}. Then A is of the form

A = x0 + V,

where x0 ∈ Rn and V is an m-dimensional vector subspace of Rn.

Proof. Let V be the vector subspace of Rn whose basis is {p1 − p0, . . . , pm − p0}.
Choose x0 = p0. �

Definition 5.12. A set {a1, . . . , ak} of points in Rn is in general position, if every
subset of it consisting of n+ 1 points is affine independent.

Remark 5.13. Assume {a1, . . . , ak} is in general position.

(1) Assume n = 1. Then every pair {ai, aj} is affine independent, i.e., ai 6= aj
for i 6= j.

(2) Assume n = 2. A three-point set {ai, aj, ak} is affine independent, if and
only if {aj−ai, ak−ai} is linearly independent. This means that no three
points ai, aj, ak can lie in a single straight line.

(3) Assume n = 3. No four points of {a0, . . . , am} can lie in a single plane.

Definition 5.14. Let {p0, . . . , pm} be an affine independent subset of Rn. Let A
be the affine set spanned by {p0, . . . , pm}. Let x ∈ A and let (t0, . . . , tm) be the
unique (m+ 1)-tuple with

∑m
i=0 ti = 1 and x =

∑m
i=0 tipi (such a tuple exists by

Theorem 5.9). The numbers t0, . . . , tm are called the barycentric coordinates of x
(relative to the ordered set {p0, . . . , pm}).
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Definition 5.15. Let {p0, . . . , pm} be an affine independent subset of Rn. The
convex set [p0, . . . , pm] spanned by {p0, . . . , pm} is called the (affine) m-simplex
with vertices p0, . . . , pm.

Theorem 5.16. Let {p0, . . . , pm} be an affine independent set. Then every x ∈
[p0, . . . , pm] has a unique expression of the form

x =
m∑
i=0

tipi,

where
∑m

i=0 ti = 1 and ti ≥ 0, for every i.

Proof. By Theorem 5.5, every x ∈ [p0, . . . , pm] has an expression of such form.
By Theorem 5.9, the expression is unique. �

Definition 5.17. Let {p0, . . . , pm} be an affine independent set. The barycenter
of [p0, . . . , pm] is

1

m+ 1
(p0 + · · ·+ pm).

Example 5.18. The set [p0] is a 0-simplex consisting of one point, which is its own
barycenter.

The 1-simplex

[p0, p1] = {tp0 + (1− t)p1 | t ∈ I}
is a line segment. The barycenter of [p0, p1] is 1

2
(p0 + p1), i.e., the midpoint of

[p0, p1].
The 2-simplex [p0, p1, p2] is a triangle (with interior) with vertices p0, p1 and

p2. The barycenter of [p0, p1, p2] is 1
3
(p0 + p1 + p2), i.e., the center of gravity

of [p0, p1, p2]. The edges of [p0, p1, p2] are [p0, p1], [p0, p2] and [p1, p2]. Consider
the edge [p0, p1]. The barycentric coordinates of x ∈ [p0, p1] are of the form
(t, 1 − t, 0). Generally, x ∈ [p0, p1, p2] lies on an edge if and only if one of its
barycentric coordinates is 0.

The 3-simplex [p0, p1, p2, p3] is a solid tetrahedron with vertices p0, p1, p2 and
p3. The triangular face opposite of pi consists of those points of [p0, p1, p2, p3]
whose ith barycentric coordinate equals 0.

Example 5.19. (Standard n-simplex) Let the standard basis vector for Rn+1 be
e0, . . . , en. Then ei is the vector in Rn+1 whose (i+1)st cartesian coordinate equals
1, and all other coordinates are 0. The set {e0, . . . , en} is linearly independent,
hence also affine independent. The n-simplex [e0, . . . , en] is called the standard
n-simplex and denoted by ∆n. It consists of all convex combinations x =

∑
tiei.

In this case, barycentric and cartesian coordinates coincide.

Definition 5.20. Let [p0, . . . , pm] be an m-simplex. The face opposite pi is the
(m− 1)-simplex

[p0, . . . , p̂i, . . . , pm] =
{∑

tjpj | tj ≥ 0, ti = 0
}
.

The boundary of [p0, . . . , pm] is the union of its faces.
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In the previous definition, the notation [p0, . . . , p̂i, . . . , pm] means that the ver-
tex p̂i is deleted.

An m-simplex has m+ 1 faces.
Let 0 ≤ k ≤ m − 1. A k-simplex spanned by k + 1 of the vertices p0, . . . , pm

is called a k-face of [p0, . . . , pm]. Thus the faces defined as in Definition 5.20 can
be called (m− 1)-faces.

The diameter of a subset S of a euclidean space is defined to be

diam(S) = sup{‖u− v‖ | u, v ∈ S}.
The following theorem will be needed later:

Theorem 5.21. Let S be the n-simplex [p0, . . . , pn]. Then:

(1) If u, v ∈ S, then ‖u− v‖ ≤ supi ‖u− pi‖.
(2) The diameter of S equals supi,j ‖pi − pj‖.
(3) If b is the barycenter of S, then

‖b− pi‖ ≤
n

n+ 1
diam(S).

Proof. Write v =
∑
tipi, where ti ≥ 0 and

∑
ti = 1. Then

‖u− v‖ = ‖u−
∑

tipi‖ = ‖(
∑

ti)u−
∑

tipi‖

= ‖
∑

ti(u− pi)‖ ≤
∑

ti‖u− pi‖

≤
∑

ti sup
j
‖u− pj‖ = sup

i
‖u− pi‖.

This proves the first claim.
The second claim follows since,

‖u− v‖ ≤ sup
i
‖u− pi‖ ≤ sup

i
(sup

j
‖pj − pi‖)

= sup
i,j
‖pj − pi‖,

for every u, v ∈ S.
By definition, b = 1

n+1

∑
pi. Thus

‖b− pi‖ = ‖
n∑
j=0

1

n+ 1
pj − pi‖ = ‖

n∑
j=0

1

n+ 1
pj −

( n∑
j=0

1

n+ 1

)
pi‖

= ‖
n∑
j=0

1

n+ 1
(pj − pi)‖ ≤

n∑
j=0

1

n+ 1
‖pj − pi‖

=
1

n+ 1

n∑
j=0

‖pj − pi‖

≤ n

n+ 1
sup
i,j
‖pj − pi‖ (since |pj − pi‖ = 0 if i = j)

=
n

n+ 1
diam(S).
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This proves the last claim. �

Definition 5.22. LetA be the set spanned by the affine independent set {p0, . . . , pm}.
Let k ≥ 1. An affine map T : A→ Rk is a function satisfying

T (
∑

tjpj) =
∑

tjT (pj)

whenever
∑
tj = 1.

Affine maps preserve affine combinations, hence also convex combinations. Also
the restriction of T to the convex hull [p0, . . . , pm] is called an affine map. An
affine map is determined by its values on an affine independent subset. Thus its
restriction to a simplex is determined by its values on the vertices.

Theorem 5.23. Let [p0, . . . , pm] be an m-simplex and let [q0, . . . , qn] be an n-
simplex. Let f : {p0, . . . , pm} → [q0, . . . , qn] be any function. Then there is a
unique affine map T : [p0, . . . , pm] → [q0, . . . , qn] satisfying T (pi) = f(pi), for
every i ∈ {0, . . . ,m}.

Proof. Define T (
∑
tipi) =

∑
tif(pi) for convex combinations

∑
tipi. Uniqueness

is clear. �

The proof of the following theorem is left as an exercise:

Theorem 5.24. Every affine map is continuous. �

Theorem 5.25. (Radon’s theorem, 1905) Let x1 . . . , xn+2 be distinct points in Rn.
Then the set {x1, . . . , xn+2} can be partitioned in two subsets S and T such that
[S]∩ [T ] 6= ∅, where [S] and [T ] denote the convex hulls of S and T , respectively.

Proof. Consider the following equations for solving the unknown real numbers
α1, . . . , αn+2: {

α1x1 + · · ·+ αn+2xn+2 = 0
α1 + · · ·+ αn+2 = 0

Since there is one equation for each coordinate and one more equation, there are
altogether n+ 1 equations. Since there are n+ 1 equations and n+ 2 unknowns,
it follows that the system has a nontrivial solution (α1, . . . , αn+2). Without loss
of generality, we may assume that

0 > α1 ≤ · · · ≤ αk ≤ 0 ≤ αk+1 ≤ · · · ≤ αn+2 > 0,

for some k ∈ {1, . . . , n+ 1}. Then

−α1 − · · · − αk = αk+1 + · · ·+ αn+2 > 0.

Thus

p =
−α1

−(α1 + · · ·+ αk)
x1 + · · ·+ −αk

−(α1 + · · ·+ αk)
xk

=
αk+1

(αk+1 + · · ·+ αn+2)
xk+1 + · · ·+ αn+2

(αk+1 + · · ·+ αn+2)
xn+2 = q.

Let S = {x1, . . . , xk} and T = {xk+1, . . . , xn+2}. Then p ∈ [S] and q ∈ [T ]. Since
p = q, it follows that [S] ∩ [T ] 6= ∅. �
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Radon’s theorem can be reformulated by using simplexes: For every affine
map f : ∆n+1 → Rn, there exist two faces S and T of ∆n+1, S ∩T = ∅, such that
f(S) ∩ f(T ) 6= ∅.

6. On retracts, deformation retracts and strong deformation
retracts

Let

X = {( 1

n
, y) ∈ R2 | 0 ≤ y ≤ 1, n ∈ N} ∪

(
{0} × [0, 1]

)
∪
(
[0, 1]× {0}

)
.

be equipped with the relative topology from R2. The space X is called the comb
space. The comb space is a good space for examples and counterexamples. For
example, it is connected but not locally connected, and path-connected but not
locally path-connected.

The comb space X

Lemma 6.1. The comb space is contractible.

Proof. Define

H : X × I → X,
(
(x, y), t

)
7→
{ (

x, (1− 2t)y
)
, if 0 ≤ t ≤ 1

2
,(

(2− 2t)x, 0
)
, if 1

2
≤ t ≤ 1.

For t = 1
2
, (

x, (1− 2 · 1

2
)y
)

= (x, 0) =
(
(2− 2 · 1

2
)x, 0

)
.

It now follows from the first gluing lemma that H is continuous. For t = 0,
H
(
(x, y), 0

)
= (x, y), and for t = 1, H

(
(x, y), 1

)
= (0, 0). It follows that the

identity map of X is null-homotopic, and hence that X is contractible. �

Definition 6.2. Let X be a topological space, let A ⊂ X and let i : A ↪→ X be
the inclusion. If there is a continuous map r : X → A such that r ◦ i = 1A, then
A is called a retract of X. In this case the map r is called a retraction of X to A.

Example 6.3. Let Y = [0, 1]× [0, 1] and let X be the comb space. Then X ⊂ Y
and both X and Y are contactible, i.e., they have the same homotopy type. We
show that X is not a retract of Y : Let r : Y → X be a continuous map. Let
(0, y) ∈ X, y 6= 0. Assume r(0, y) = (0, y). Let U be a neighborhood of (0, y) in
X, we may assume that U is small enough so that it does not intersect the X-
axis. Since r is continuous at (0, y), it follows that r(V ) ⊂ U , for arbitrarily small
neighborhoods V of (0, y) in Y . Since Y is locally connected, we may assume
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that V is connected. Thus also r(V ) is connected. Therefore, r(V ) must lie on
the y-axis. Thus the restriction r|X 6= i : X ↪→ Y , and it follows that r can not
be a retraction.

Definition 6.4. Let X be a topological space and let A ⊂ X. Assume there is
a continous map F : X × I → X with the following properties:

(1) F (x, 0) = x, for all x ∈ X,
(2) F (x, 1) ∈ A, for all x ∈ X,
(3) F (a, 1) = a, for all a ∈ A.

Then A is called a deformation retract of X. If, in addition, F (a, t) = a for all
a ∈ A and for all t ∈ I, then A is called a strong deformation retract of X.

Equivalently, A is a deformation retract of X, if there is a continuous r : X → A
with r ◦ i = 1A and i ◦ r ' 1X , where i : A ↪→ X is the inclusion.

The following follows immediately from the definition:

Theorem 6.5. If A is a deformation retract of X, then A and X have the same
homotopy type. �

Corollary 6.6. The circle S1 is a deformation retract of C \ {0}. The spaces S1

and C \ {0} have the same homotopy type.

Proof. Let

F : (C \ {0})× I → C \ {0}, (z, t) 7→ (1− t)z +
t

‖z‖
z.

Then F satisfies conditions (1) - (3) above. Thus S1 is a deformation retract of
C \ {0}. �

Remark 6.7. Some authors, like A. Hatcher [1], call a deformation retract what
we call a strong deformation retract.

Example 6.8. Let X = S1 and A = {(x, y) ∈ X | x ≥ 0}. Let r : X → A,
(x, y) 7→ (|x|, y). Then r is a retraction. However, X and A do not have the
same homotopy type, since A is contractible but X is not, as will be proved later.
Thus A is not a deformation retract of X.

Example 6.9. Let

X = {( 1

n
, y) ∈ R2 | 0 ≤ y ≤ 1, n ∈ N} ∪

(
{0} × [0, 1]

)
∪
(
[0, 1]× {0}

)
.

be the comb space. We show that the one-point space {(0, 1)} is a deformation
retract of X but not a strong deformation retract of X. Notice that it does not
matter on which finite interval a homotopy is defined. Thus the homotopy

H : X × [0, 2]→ X,
(
(x, y), t

)
7→


(
x, (1− 2t)y

)
, if 0 ≤ t ≤ 1

2
,(

(2− 2t)x, 0
)
, if 1

2
≤ t ≤ 1,

(0, t− 1), if 1 ≤ t ≤ 2,

deformation retracts X to {(0, 1)}.
Assume F : X × I → X is a homotopy that strongly deformation retracts X

to the point (0, 1). Then
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(1) F
(
{(0, 1)} × I

)
= {(0, 1)},

(2) F
(
( 1
n
, 1), 1

)
= (0, 1), for every n ∈ N,

(3) F
(
( 1
n
, 1), 0

)
= ( 1

n
, 1), for every n ∈ N.

Let U be a neighborhood of (0, 1). Since F is continuous, the set {(0, 1)}× I has
a neighborhood N such that F (N) ⊂ U . By the Tube Lemma (Lemma 3.17),
we may assume that N is of the form N = V × I, where V is a neighborhood
of (0, 1). Now, there exist m ∈ N such that for every n ≥ m, ( 1

n
, 1) ∈ V .

Thus F
(
{( 1

n
, 1)} × I

)
⊂ U . Since F

(
( 1
n
, 1), 0

)
= ( 1

n
, 1), F

(
( 1
n
, 1), 1

)
= (0, 1)

and F
(
{( 1

n
, 1)} × I

)
is connected, this is impossible if U is an arbitrarily small

neighborhood of (0, 1): a path from ( 1
n
, 1) to (0, 1) must go through the x-axis

and can not stay in an arbitrarily small neighborhood U . It follows that {(0, 1)}
cannot be a strong deformation retract of X.

7. The fundamental groupoid

Definition 7.1. Let X be a topological space and let f, g : I → X be paths with
f(1) = g(0). Define a path f ∗ g : I → X by

(f ∗ g)(t) =

{
f(2t), if 0 ≤ t ≤ 1

2
,

g(2t− 1), if 1
2
≤ t ≤ 1.

The path f ∗ g is called the concatenation of f and g.

Notice that f ∗ g is continuous by the first gluing lemma.
Let [f ] denote the homotopy class of the path f . Define an operation among

the homotopy classes by setting

[f ][g] = [f ∗ g].

Lemma 7.2. Let X and Y be topological spaces. Assume X is contractible and
Y is path-connected. Then any two continuous maps f, g : X → Y are homotopic
(and each is nullhomotopic).

Proof. Since X is contractible, there exist x0 ∈ X and a homotopy F : 1X ' cx0 ,
where cx0 denotes the constant map at x0. Then f ◦F : f ' cf(x0) and g ◦F : g '
cg(x0). Since Y is path-connected, there is a path h : I → Y , with h(0) = f(x0)
and h(1) = g(x0). Let pr : X × I → I be the projection. Then

H = h ◦ pr : X × I → Y, (x, t) 7→ h(t),

is a homotopy from cf(x0) to cg(x0). Thus

f ' cf(x0) ' cg(x0) ' g.

�

Assume X is path-connected. Since I is contractible, Lemma 7.2 implies that
all paths I → X are homotopic. Therefore, there is only one homotopy class of
maps I → X.



26

Definition 7.3. Let A ⊂ X and let f0, f1 : X → Y be continuous maps. Assume
f0|A = f1|A. If there is a continuous map

F : X × I → Y, with F : f0 ' f1,

and
F (a, t) = f0(a) = f1(a), for every a ∈ A, t ∈ I,

we write
F : f0 ' f1 relA.

The homotopy F is called a homotopy rel A or a relative homotopy.

For A = ∅ we get our earlier definition of a homotopy, which is also called a
free homotopy.

Exercise 7.4. Let A ⊂ X. Show that homotopy rel A is an equivalence relation
on the set of continuous maps X → Y .

Definition 7.5. Let İ = {0, 1}. The equivalence class of a path f : I → X relİ
is called the path class of f and denoted by [f ].

Theorem 7.6. Let f0, f1, g0, g1 be paths in X. Assume

f0 ' f1 relİ and g0 ' g1 relİ .

If f0(1) = f1(1) = g0(0) = g1(0), then

f0 ∗ g0 ' f1 ∗ g1 relİ .

Proof. Let F : f0 ' f1 relİ and G : g0 ' g1 relİ. Let

H : I × I → X, (t, s) 7→
{

F (2t, s), if 0 ≤ t ≤ 1
2
,

G(2t− 1, s), if 1
2
≤ t ≤ 1.

Since F (1, s) = G(0, s) for every s ∈ I, it follows that H is well-defined. By the
first gluing lemma H is continuous. Thus H : f0 ∗ g0 ' f1 ∗ g1 relİ. �

Definition 7.7. Let x0, x1 ∈ X and let f : I → X be a path, f(0) = x0, f(1) =
x1. Then x0 is called the origin of f (x0 = α(f)) and x1 is called the end of f
(x1 = ω(f)). A path f is closed at x0, if α(f) = x0 = ω(f).

Let f, g : I → X be paths, f ' g relİ. Then α(f) = α(g) and ω(f) = ω(g).
Thus it makes sense to speak about the origin and end of a path class, those are
denoted by α[f ] and ω[f ], respectively.

Definition 7.8. Let p ∈ X. The constant function ip : I → X, t 7→ p, is called the
constant path at p. The inverse path of a path f : I → X is the path f−1 : I → X,
t 7→ f(1− t).
Theorem 7.9. Let X be a topological space. The set of all path classes in X
forms an algebraic system called a groupoid under the operation [f ][g] = [f ∗ g]
(not always defined) satisfying the following properties:

(1) Each path class [f ] has an origin α[f ] = p ∈ X and an end ω[f ] = q ∈ X
and

[ip][f ] = [f ] = [f ][iq].
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(2) Associativity holds whenever possible.
(3) If p = α[f ] and q = ω[f ], then

[f ][f−1] = [ip] and [f−1][f ] = [iq].

Proof. We show that ip∗f ' f relİ. Similarly it can be shown that f ∗iq ' f relİ.
The following picture explains the construction of a suitable homotopy:

s

t

p

ip f

q

f

For every t ∈ [0, 1), stretch the interval [1−t
2
, 1] to [0, 1] by using an affine map

θt : [
1− t

2
, 1]→ [0, 1], s 7→ s− (1− t)/2

1− (1− t)/2
.

Let

H : I × I → X, (s, t) 7→
{

p, if 2s ≤ 1− t,
f(θt(s)), if 2s ≥ 1− t.

It is left for the reader to check that H : ip ∗ f ' f relİ.
Let then f, g, h : I → X. Assume f(1) = g(0) and g(1) = h(0). Then (f ∗g)∗h

and (f ∗ g) ∗ h are defined,

(f ∗ g) ∗ h(s) =

 f(4s), if 0 ≤ s ≤ 1
4
,

g(4s− 1), if 1
4
≤ s ≤ 1

2
,

h(2s− 1), if 1
2
≤ s ≤ 1,

and

f ∗ (g ∗ h)(s) =

 f(2s), if 0 ≤ s ≤ 1
2
,

g(4s− 2), if 1
2
≤ s ≤ 3

4
,

h(4s− 3), if 3
4
≤ s ≤ 1.

The following picture explains how to construct a homotopy H : (f ∗ g) ∗ h '
f ∗ (g ∗ h) relİ:
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s

t

f g h

h(1)

hgf

f(0)

It is left to show that ip ' f ∗ f−1 relİ. Here

(f ∗ f−1)(s) =

{
f(2s), if 0 ≤ s ≤ 1

2
,

f−1(2s− 1), if 1
2
≤ s ≤ 1,

=

{
f(2s), if 0 ≤ s ≤ 1

2
,

f−1(2− 2s), if 1
2
≤ s ≤ 1.

The following picture will help to construct a homotopy H : ip ' f ∗ f−1 relİ:

s

t

ip

p

f−1f

p

Then

H(s, t) =

 f(2s), if 0 ≤ s ≤ t
2
,

f(t)), if t
2
≤ s ≤ 1− t

2
,

f(2− 2s), if 1− t
2
≤ s ≤ 1.

�

Definition 7.10. Choose x0 ∈ X and call it the basepoint. The fundamental
group of X with basepoint x0 is

π1(X, x0) = {[f ] | [f ] is a path class in X with α[f ] = x0 = ω[f ]}
with the operation [f ][g] = [f ∗ g].

Theorem 7.11. π1(X, x0) is a group for each x0 ∈ X. �
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8. The functor π1

The category of pointed spaces, Top∗, was defined in Example 1.10. The objects
of Top∗ are all ordered pairs (X, x0) where X is a topological space and x0 ∈ X
is a basepoint of X. A morphism f : (X, x0) → (Y, y0) is a continuous map
f : X → Y such that f(x0) = y0. Morphisms of this category are called pointed
maps or basepoint preserving maps. Objects are called pointed spaces.

For the standard unit circle S1 we always choose the basepoint 1 = (1, 0), and
for the unit interval I we choose the basepoint 0.

Theorem 8.1. π1 : Top∗ → Groups is a functor. If h, k : (X, x0) → (Y, y0) and
h ' k rel{x0}, then π1(h) = π1(k).

Proof. Define
π1(h) : π1(X, x0)→ π1(Y, y0), [f ] 7→ [h ◦ f ].

Since h ◦ f : I → Y is continuous and

(h ◦ f)(0) = h(f(0)) = h(x0) = y0 = h(f(1)) = (h ◦ f)(1),

it follows that [h◦f ] ∈ π1(Y, y0). If f ' f ′ relİ, then it follows that h◦f ' h◦f ′ relİ
(check this!). Thus π1(h) is well-defined.

Let f and g be closed paths in X at x0. Then

h ◦ (f ∗ g) = (h ◦ f) ∗ (h ◦ g).

Thus it follows that π1(h) is a homomorphism.
Let 1X : X → X be the identity function. Then π1(1X) : π1(X, x0)→ π1(X, x0)

is the identity. Also, for h : (X, x0)→ (Y, y0) and l : (Y, y0)→ (Z, z0), π1(l ◦ h) =
π1(l) ◦ π1(h). Thus π1 is a functor.

Let f be a closed path in X at x0. Let h ' k rel{x0}. Then h ◦ f ' k ◦ f relİ.
Thus [h ◦ f ] = [k ◦ f ]. It follows that π1(h) = π1(k). �

We will often use the notation h∗ for the homomorphism π1(h) induced by h.
We next define the pointed homotopy category hTop∗. The objects in hTop∗

are the pointed spaces (X, x0). Morphisms (X, x0)→ (Y, y0) are the relative ho-
motopy classes [f ] of pointed maps f : (X, x0)→ (Y, y0). Composition is defined
by setting [h ◦ f ] = [h] ◦ [f ] for such h and f that composing in Top∗ is possible.

Theorem 8.2. Let x0 ∈ X and let X0 be the path component of X containing
x0. Then

π1(X, x0) ∼= π1(X0, x0).

Proof. Let i : (X0, x0) ↪→ (X, x0) be the inclusion. Then i induces the homomor-
phism i∗ : π1(X0, x0)→ π1(X, x0). Assume [f ] ∈ keri∗. Then i ◦ f ' c relİ, where
c : I → X, t 7→ x0, is the constant path at x0. Let F : i ◦ f ' c relİ. Then
F (0, 0) = (i ◦ f)(0) = x0 ∈ X0, and F (I × I) is path-connected, since I × I is
path-connected. Therefore, F (I × I) ⊂ X0. It follows that i ◦ f is nullhomotopic
in X0. Consequently, i∗ is injective.

Let then f : I → X be a closed path at x0. Then f(I) ⊂ X0. Let f ′ : I → X0,
f ′(t) = f(t) for every t ∈ I. Then i◦f ′ = f . Thus i∗[f

′] = [i◦f ′] = [f ]. Therefore,
i∗ is surjective, which proves the claim. �
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Theorem 8.3. Let X be path-connected and let x0, x1 ∈ X. Then

π1(X, x0) ∼= π1(X, x1).

Proof. Since X is path-connected, there is a path γ in X from x0 to x1. Let

ϕ : π1(X, x0)→ π1(X, x1), [f ] 7→ [γ−1][f ][γ].

The homomorphism ϕ is an isomorphism by Theorem 7.9. The inverse of ϕ is
given by [g] 7→ [γ][g][γ−1]. �

Theorem 8.4. Let (X, x0) and (Y, y0) be pointed spaces. Then

π1(X × Y, (x0, y0)) ∼= π1(X, x0)× π1(Y, y0).

Proof. Let p : (X × Y, (x0, y0)) → (X, x0), and q : (X × Y, (x0, y0)) → (Y, y0) be
projections. Then

(p, q) : (X × Y, (x0, y0))→ (X × Y, (x0, y0)),

induces

(p∗, q∗) : π1(X × Y, (x0, y0))→ π1(X, x0)× π1(Y, y0), [f ] 7→ (p∗[f ], q∗[f ]),

where f is a closed path at (x0, y0) and (p∗[f ], q∗[f ]) = ([p ◦ f ], [q ◦ f ]). Then
(p∗, q∗) is a homomorphism. We show that it is an isomorphism by finding its
inverse.

Let g : I → X be a closed path in X at x0 and let h : I → Y be a closed path
in Y at y0. Let

θ : π1(X, x0)× π1(Y, y0)→ π1(X × Y, (x0, y0)), ([g], [h]) 7→ [(g, h)],

where

(g, h) : I → X × Y, t 7→ (g(t), h(t)).

Then θ is the inverse of (p∗, q∗). �

Lemma 8.5. Let ϕ0, ϕ1 : X → Y be continuous. Assume there is a (free) homo-
topy F : ϕ0 ' ϕ1. Let x0 ∈ X and let λ be the path F (x0, ) in Y from ϕ0(x0) to
ϕ1(x0). Then there is a commutative diagram

π1(X, x0)

π1(Y, ϕ1(x0))

ϕ1∗
∨

ψ
> π1(Y, ϕ0(x0))

ϕ0∗

>

where ψ is the isomorphism [g] 7→ [λ ∗ g ∗ λ−1].

Proof. Let f : I → X be a closed path at x0. Let

G : I × I → Y, (s, t) 7→ F (f(s), t).

Then G : ϕ0 ◦ f ' ϕ1 ◦ f . Consider the following triangulations of I × I:
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s

t

a b

pq

r

cd

s

t

α β

γδ

%

Define a continuous map H : I × I → I × I: First, define H on each triangle,
then use the gluing lemma to see that H is continuous. On every triangle (i.e.,
on 2-simplices), H will be an affine map. Thus it suffices to evaluate it on each
vertex, and the maps defined on overlaps will agree automatically. Define

(1) H(a) = H(q) = α,
(2) H(b) = H(p) = β,
(3) H(c) = γ,
(4) H(d) = δ,
(5) H(r) = %,

Then

(1) [a, q] collapses to α,
(2) [b, p] collapses to β,
(3) [q, d] goes to [α, δ],
(4) [d, c] goes to [δ, γ],
(5) [c, p] goes to [γ, β],
(6) [a, b] goes to [α, β].

Define

J = G ◦H : I × I → Y, (s, t) 7→ G(H(s, t)).
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Then

J(s, 0) = G(H(s, 0)) = G(s, 0) = F (f(s), 0) = (ϕ0 ◦ f)(s),

J(s, 1) = G(H(s, 1)) =
(
λ ∗ (ϕ1 ◦ f) ∗ λ−1

)
(s),

J(0, t) = G(H(0, t)) = G(0, 0) = F (f(0), 0) = ϕ0(f(0)) = ϕ0(x0),

J(1, t) = G(H(1, t)) = G(1, 0) = F (f(1), 0) = ϕ0(f(1)) = ϕ0(x0).

Thus

J : ϕ0 ◦ f ' λ ∗ (ϕ1 ◦ f) ∗ λ−1 relİ .

Now,

ϕ0∗[f ] = [ϕ0 ◦ f ] = [λ ∗ (ϕ1 ◦ f) ∗ λ−1],

and also

(ψ ◦ ϕ1∗)[f ] = ψ(ϕ1∗[f ]) = ψ([ϕ1 ◦ f ]) = [λ ∗ (ϕ1 ◦ f) ∗ λ−1].

It follows that ϕ0∗ = ψ ◦ ϕ1∗. �

By Lemma 8.5, freely homotopic maps ϕ0 and ϕ1 may not induce the same
homomorphism between fundamental groups, the induced homomorphisms differ
by the isomorphism ψ.

Corollary 8.6. Assume ϕ0, ϕ1 : (X, x0)→ (Y, y0) are freely homotopic. Then:

(1) There is [λ] ∈ π1(Y, y0) such that ϕ0∗[f ] = [λ ∗ (ϕ1 ◦ f) ∗ λ−1] for all
[f ] ∈ π1(X, x0) (thus ϕ0∗ and ϕ1∗ are conjugate).

(2) If π1(Y, y0) is abelian, then ϕ0∗ = ϕ1∗.

Proof. Part (1) follows immediately from Lemma 8.5: Since ϕ0(x0) = y0 = ϕ1(x0)
and since λ is a closed path at y0, it follows that [λ] ∈ π1(Y, y0) and

[λ ∗ (ϕ1 ◦ f) ∗ λ−1] = [λ][ϕ1 ◦ f ][λ−1] = [λ]ϕ1∗[f ][λ]−1.

If π1(Y, y0) is abelian, then

ϕ0∗[f ] = [λ]ϕ1∗[f ][λ]−1 = ϕ1∗[f ].

�

Theorem 8.7. Let β : X → Y be a homotopy equivalence. Then β∗ : π1(X, x0)→
π1(Y, β(x0)) is an isomorphism for every x0 ∈ X.

Proof. Since β is a homotopy equivalence, there is a continuous map α : Y → X
with α ◦ β ' 1X and β ◦ α ' 1Y . Consider the following diagram:

π1(X, x0)
β∗

> π1(Y, β(x0))

π1(X, x0)

1
∨

<
ψ

(α ◦ β)∗

>
π1(X,αβ(x0))

α∗
∨

.

The left triangle commutes by Lemma 8.5. Since ψ is an isomorphism, also (α◦β)∗
is an isomorphism. Since π1 is a functor, it follows that (α ◦ β)∗ = α∗ ◦ β∗. Thus
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the right triangle commutes. Since (α ◦ β)∗ is a bijection, it now follows that α∗
is a surjection and β∗ is an injection.

Using the fact that β ◦ α ' 1Y , it can be proved in the same way that α∗ is
injective and β∗ is surjective. Therefore, β∗ is an isomorphism. �

Corollary 8.8. Let X and Y be path-connected and assume they have the same
homotopy type. Then, for every x0 ∈ X and for every y0 ∈ Y ,

π1(X, x0) ∼= π1(Y, y0).

Proof. Let β : X → Y be a homotopy equivalence. Theorem 8.7 implies that
π1(X, x0) ∼= π1(Y, β(x0)). By Theorem 8.3, the isomorphism classes of the funda-
mental groups of X and Y do not depend on the choice of basepoints. �

Corollary 8.9. Let X be a contractible space and let x0 ∈ X. Then

π1(X, {x0}) = {0}.

Proof. The claim follows immediately from Corollary 8.8 and the fact that the
fundamental group of a one-point space is trivial. �

Definition 8.10. A topological space X is called simply connected, if it is path-
connected and if π1(X, x0) = {0} for every x0 ∈ X.

Notice that some authors do not require a simply connected space to be path-
connected. They call a space simply connected if every path component of the
space is simply connected in the sense of Definition 8.10.

Corollary 8.11. Assume β : (X, x0) → (Y, y0) is (freely) nullhomotopic. Then
the induced homomorphism β∗ : π1(X, x0)→ π1(Y, y0) is trivial.

Proof. Let k : X → Y , x 7→ y1, be a constant map. Then

k∗ : π1(X, x0)→ π1(Y, y1), [f ] 7→ [k ◦ f ],

is trivial, since k ◦ f is a constant path at y1. Assume β : (X, x0) 7→ (Y, y0) is
nullhomotopic, β ' k. By Lemma 8.5 there is an isomorphism ψ making the
following diagram commute:

π1(X, x0)

π1(Y, y0)

β∗
∨

ψ
> π1(Y, y1)

k∗

>

Then ψβ∗ = k∗, and it follows that β∗ = ψ−1k∗ is trivial. �

9. The fundamental group of a circle

The exponential map p : R→ S1 is defined by

p(t) = (cos 2πt, sin 2πt) = ei2πt.

It is a continuous surjection and a group homomorphism (R,+)→ (S1, ·),
p(t+ s) = ei2π(t+s) = ei2πt · ei2πs = p(t)p(s).
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The kernel of p is kerp = Z. The restriction p| : (−1
2
, 1

2
) → S1 \ {−1} is a

homeomorphism. We denote the inverse function of p| by log : S1 \ {−1} →
(−1

2
, 1

2
). For example, p(0) = 1 and thus log(1) = 0.

Definition 9.1. Let X be a topological space and let f : X → S1 be a function.
A continuous function f ′ : X → R is called a lift of f , if p ◦ f ′ = f .

Definition 9.2. Let A ⊂ Rn and a ∈ A. We say that A is star-like at a, if the
line segment connecting x and a is in A for all x ∈ A.

Proposition 9.3. Let X ⊂ Rn, 0 ∈ X. Assume X is compact and star-like at
0. If f : X → S1 is a continuous map and t0 ∈ R satisfies p(t0) = f(0), then f
has a unique lift f ′ : X → R satisfying f ′(0) = t0.

Proof. Since X is compact and f : X → S1 is continuous, it follows that f is
uniformly continuous. Thus there exists δ > 0 such that ‖x − x′‖ < δ implies
‖f(x) − f(x′)‖ < 2. Hence f(x′) 6= −f(x) if ‖x − x′‖ < δ. Since X is bounded,

there exists n ∈ N with ‖x‖
n
< δ for every x ∈ X. Then

‖(j + 1)x

n
− jx

n
‖ =
‖x‖
n

< δ, for every x ∈ X, and for every j ∈ {0, . . . , n− 1}.

Since X is star-like at 0, it follows that

jx

n
,
(j + 1)x

n
∈ X, for every x ∈ X, and for every j ∈ {0, . . . , n− 1}.

Thus

‖f
((j + 1)x

n

)
− f

(jx
n

)
‖ < 2, for every x ∈ X, and for every j ∈ {0, . . . , n− 1}.

It follows that the function

gj : X → S1 \ {−1}, x 7→
f
( (j+1)x

n

)
f
(
jx
n

) ,

is well-defined and continuous for 0 ≤ j ≤ n − 1. Write f as a product of
functions:

f(x) = f(0)g0(x)g1(x) · · · gn−1(x).

Let
f ′ : X → R, x 7→ t0 + log(g0(x)) + · · ·+ log(gn−1(x)).

Then f ′ is continuous. It is a lift of f , since

p(f ′(x)) = p
(
t0 + log(g0(x)) + · · ·+ log(gn−1(x)

)
= p(t0)p

(
log(g0(x))

)
· · · p

(
log(gn−1(x))

)
= f(0)g0(x) · · · gn−1(x) = f(x).

Moreover,

f ′(0) = t0 + log(g0(0)) + · · ·+ log(gn−1(0))

= t0 + log(1) + · · ·+ log(1)

= t0,
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since log(1) = 0.
It remains to prove the uniqueness: Assume f ′, f ′′ : X → R are lifts of f

satisfying f ′(0) = f ′′(0) = t0. Let h : X → R, x 7→ f ′(x)− f ′′(x). Then

p(h(x)) = p
(
f ′(x)− f ′′(x)

)
=
p(f ′(x))

p(f ′′(x))
(p is a homomorphism)

=
f(x)

f(x)
= 1, for all x.

Thus h(X) ⊂ p−1(1) = Z. Since X is star-like, it is path-connected. Therefore,
h(X) is a path-connected subset of Z, which implies that it is a one-point set.
Now, h(0) = f ′(0) − f ′′(0) = t0 − t0 = 0. Thus h(x) = 0 for all x ∈ X, i.e.,
f ′(x) = f ′′(x) for all x ∈ X. �

Notice that I and I × I are star-like at origin.

Corollary 9.4. (1) (Uniqueness of path lifting) Every path α : I → S1 with
α(0) = 1 has a unique lift α′ : I → R with α′(0) = 0.
(2) (Uniqueness for lifting homotopies) Let α, β : I → S1 be paths with α(0) =
β(0) = 1. Let α′, β′ : I → R be the lifts of α and β, respectively, with α′(0) =
β′(0) = 0. Every homotopy F : α ' β relİ has a unique lift F ′ : α′ ' β′ relİ.

Proof. Since α(0) = 1 = β(0), the first claim follows immediately from Proposi-
tion 9.3.

The homotopy F satisfies F (0, 0) = 1. Proposition 9.3 now implies that F has
a unique lift F ′ : I2 → R with F ′(0, 0) = 0. The map s 7→ F ′(s, 0) is a lift of the
map s 7→ F (s, 0) = α(s) and F ′(0, 0) = 0. Uniqueness of the lift of α (part (1))
implies that F ′(s, 0) = α′(s) for every s ∈ I.

The map t 7→ F ′(0, t) is a lift of the map t 7→ F (0, t) = 1. Thus it maps I to
p−1(1) = Z, which implies that it is a constant map. Then F ′(0, 0) = 0 implies
that F ′(0, 0) = 0, for every t ∈ I. Similarly, F ′(s, 1) = β′(s) for every s ∈ I and
F ′(1, t) is constant. Thus F ′ : α′ ' β′ relİ. �

Definition 9.5. Let α : I → S1 be a closed path with α(0) = α(1) = 1. Let
α′ : I → R be the unique lift of α with α′(0) = 0. We call α′(1) ∈ Z the degree of
α and denote it by degα.

Notice that p(α′(1)) = α(1) = 1 implies that α′(1) ∈ kerp = Z. If α ' β relİ,
then α′ ' β′ relİ. Thus

degα = α′(1) = β′(1) = deg β.

We obtain a function

deg : π1(S1, 1)→ Z, [α] 7→ degα.

Proposition 9.6. The function

deg : π1(S1, 1)→ Z, [α] 7→ degα,

is a group isomorphism.

Proof. The proof has three parts:
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(1) deg is an injection,
(2) deg is a surjection,
(3) deg is a group homomorphism.

We begin by proving part (1). Assume deg[α] = deg[β]. Let α′ and β′ be the
lifts of α and β, respectively. Then α′(1) = β′(1) and α′(0) = β′(0) = 0. Let

F : I × I → R, (s, t) 7→ (1− t)α′(s) + tβ′(s).

Then F : α′ ' β′ relİ, and hence pF : α ' β relİ. Thus [α] = [β], and it follows
that deg is an injection.

Let then n ∈ Z. Let αn : I → S1, s 7→ ei2πns. The lift of αn is α′n : I → R,
s 7→ ns. Then α′n(1) = n, which implies that deg[αn] = n. It follows that deg is
a surjection.

It remains to show that deg is a group homomorphism. By parts (1) and (2),
π1(S1, 1) = {[αn] | n ∈ Z}. Since deg[αn] = n, we will show that deg[αm ∗ αn] =
m+ n. Now,

(αm ∗ αn)(s) =

{
ei2πm2s, if 0 ≤ s ≤ 1

2
,

ei2πn(2s−1), if 1
2
≤ s ≤ 1.

The path αm ∗ αn has a lift

(αm ∗ αn)′(s) =

{
2sm, if 0 ≤ s ≤ 1

2
,

(2s− 1)n+m, if 1
2
≤ s ≤ 1

and (αm ∗ αn)′(1) = m+ n. Thus deg[αm ∗ αn] = (αm ∗ αn)′(1) = m+ n. �

Corollary 9.7. S1 is not a retract of D2.

Proof. Counterassumption: Assume there is a retraction r : D2 → S1. Let i : S1 ↪→
D2 be the inclusion. Then both r and i are based maps with respect to the
basepoint 1 ∈ S1. Since r ◦ i = 1S1 , it follows that

r∗ ◦ i∗ = (r ◦ i)∗ = (1S1)∗ = 1: π1(S1, 1)→ π1(S1, 1).

But

Z ∼= π1(S1, 1)
i∗→ π1(D2, 1)

r∗→ π1(S1, 1) ∼= Z.
Since π1(D2, 1) = 0, it follows that r∗ ◦ i∗ cannot be an isomorphism, a contra-
diction. �

More generally we may conclude the following: Assume r : X → A is a based
retraction, i.e, a based map that also is a retraction. Then

i∗ : π1(A, a0)→ π1(X, a0) is an injection

and

r∗ : π1(X, a0)→ π1(A, a0) is a surjection.

A fixed point of a map f : X → X is a point x ∈ X such that f(x) = x.

Corollary 9.8. (Brouwer fixed point theorem) Every continuous map f : D2 →
D2 has a fixed point.



37

Proof. Counterassumption: There exists a continuous map f : D2 → D2 such that
f(x) 6= x, for every x ∈ D2. Define g : D2 → S1 as follows: g(x) is the point where
the half line starting at f(x) and going through x meets S1. Then g is continuous.
Clearly, g : D2 → S1 is a retraction, a contradiction. �

Corollary 9.9. S1 is not simply connected. �

Corollary 9.10. Closed paths f and g in S1 at 1 are homotopic relİ, if and only
if deg f = deg g.

Proof. Since deg : π1(S1, 1) → Z is well-defined, it follows that deg f = deg g, if
f ' g relİ. Since deg is injective, deg f = deg g implies that [f ] = [g]. �

Theorem 9.11. (The Fundamental Theorem of Algebra) Every complex polyno-
mial p(z) = anz

n + an−1z
n−1 + · · · + a1z + a0, where each ai ∈ C, an 6= 0 and

n > 0, has a root z0 ∈ C.

Proof. If an 6= 1, then dividing p by an yields a polynomial that has the same
roots as P . Therefore, we may assume that an = 1. Assume that p(z) 6= 0, for
every z ∈ C. Let

P : S1 × [0,∞)→ S1, (z, r) 7→ p(rz)

|p(rz)|
· |p(r)|
p(r)

.

Then P is continuous. Let

pr : S1 → S1, z 7→ P(z, r).

We will prove the following claims:

(1) [pr] ∈ π1(S1, 1) does not depend on r,
(2) deg p0 = 0,
(3) deg p1 = n.

This will lead to a contradiction, since if [p0] = [p1], then deg p0 = deg p1.

Proof of Claim (1): Let r1, r2 ≥ 0. Let

F : S1 × I → S1, (z, t) 7→ P(z, (1− t)r1 + tr2).

Then F : pr1 ' pr2 rel{1}.
Proof of Claim (2): For every z ∈ S1,

p0(z) =
p(0 · z)

|p(0 · z)|
· |p(0)|
p(0)

= 1.

Thus [p0] = 0, which implies that degP0 = 0.

Proof of Claim (3): Let t > 0. Then

p
(z
t

)
=

1

tn
(
anz

n + an−1tz
n−1 + · · ·+ a1t

n−1z + a0t
n
)
.

Thus
p(z/t)

|p(z/t)|
=

anz
n + an−1tz

n−1 + · · ·+ a1t
n−1z + a0t

n

|anzn + an−1tzn−1 + · · ·+ a1tn−1z + a0tn|
.
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As a function of (z, t) this can be extended to be continuous also at points (z, 0),
where the right side of the equation obtains the value

anz
n

|anzn|
=

an
|an|
· 1

|zn|
zn =

an
|an|

zn = zn,

since an = 1. Thus the function

F : S1 × [0,∞)→ S1, (z, t) 7→
{

zn, if t = 0,
P(z, 1

t
), if 0 < t ≤ 1,

is continuous. Let µn : S1 → S1, z 7→ zn. Then:
(1) F (z, 0) = zn = µn(z), for all z ∈ S1.
(2) F (z, 1) = P(z, 1) = p1(z), for all z ∈ S1.
(3)

F (1, t) =

{
1n = 1, if t = 0,

P(1, 1/t) = P (1·(1/t))
|P (1·(1/t))| ·

|P (1/t)|
P (1/t)

= 1, if 0 < t ≤ 1.

Thus F : µn ' p1 rel{1}. Hence deg p1 = deg µn. Let

β : I → S1, t 7→ ei2πt,

and let
αn : I → S1, t 7→ (µn ◦ β)(t) = (ei2πt)n = ein2πt.

Then αn(0) = αn(1) = 1, and αn has a lift

α′n : I → R, t 7→ nt.

Then α′n(0) = 0 and α′n(1) = n. Thus

deg p1 = deg µn = degαn = α′n(1) = n.

�

10. Seifert - van Kampen theorem

Recall the following:

Theorem 10.1. (Lebesque Number Theorem) Let X be a compact metric space
and let U be an open cover of X. Then there exists λ > 0 such that every open
ball of radius less that λ lies in some element of U .

Proof. See Chapter 3, Lemma 27.5 in [2]. �

Theorem 10.2. (Seifert - van Kampen ) Let X be a topological space. Assume
X = X1∪X2, where X1 and X2 are open, simply connected subsets of X. Assume
X0 = X1 ∩X2 6= ∅ is path-connected. Then π1(X, x0) = {1}, for every x0 ∈ X.

Proof. Since X1 and X2 are simply connected, they are path-connected. Since
X1 ∩X2 is path-connected, it now follows that also X is path-connected. Thus,
up to isomorphism, π1(X, x0) does not depend on the choice of x0. Therefore,
we may assume that x0 ∈ X0. Let α : I → X be a closed path at x0. Then
{α−1(X1), α−1(X2)} is an open cover of I. Since I is compact, it follows from
Theorem 10.1 that there exists λ > 0 such that every subinterval J of I, whose
length is less than λ, lies in α−1(X1) or in α−1(X2).
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Let n ∈ N, where 1
n
< λ. Then

0 <
1

n
<

2

n
< · · · < n− 1

n
< 1,

and

α([
k − 1

n
,
k

n
]) ⊂ X1 or α([

k − 1

n
,
k

n
]) ⊂ X2,

for every k ∈ {1, . . . , n}. By deleting some of the points k
n

if necessary, we obtain
ti ∈ [0, 1]:

0 = t0 < t1 < . . . < tm = 1,

such that α([ti−1, t1]) and α([ti, ti+1]) lie in different sets X1, X2. Then α(ti) ∈
X1∩X2 = X0, for every i. Since X0 is path-connected there is a path βi : I → X0

from x0 to α(ti), for every i. Let αi : I → X be the path α|[ti−1,ti] parametrized
so that it is defined on the unit interval I. Then

α ' α1 ∗ α2 ∗ · · · ∗ αm
' (α1 ∗ β−1

1 ) ∗ (β1 ∗ α2 ∗ β−1
2 ) ∗ · · · ∗ (βm−1 ∗ αm) relİ .

Now, each of the paths α1 ∗ β−1
1 , . . . , βm−1 ∗ αm in the concatenation above is a

closed path at x0, and each of these paths lies in X1 or in X2. Since X1 and X2

are simply connected, each of these paths is nullhomotopic rel İ. Thus also α is
nullhomotopic rel İ. �

Lemma 10.3. There is a homeomorphism Sn \ {en+1} → Rn, for every n ≥ 1,
where en+1 = (0, . . . , 0, 1) ∈ Rn+1. Also, there is a homeomorphism Dn/Sn−1 →
Sn.

Proof. Let

π : Dn → Sn, y 7→
(
2
√

1− ‖y‖2 y, 2‖y‖2 − 1
)
.

Since ‖π(y)‖ = 1, for all y ∈ Dn, it follows that π is well-defined. Also,

π−1({en+1}) = Sn−1. The restriction of π to D̊n is a homeomorphism D̊n →
Sn \ {en+1}. The inverse is given by

% : Sn \ {en+1} → D̊n, (z, t) 7→ z√
2(1− t)

.

The map π induces a continuous bijection

π̄ : Dn/Sn−1 → Sn,
so that π = π̄◦p, where p : Dn → D/Sn−1 is the quotient map. Since Dn is compact
and p is a continuous surjection, it follows that D/Sn−1 is compact. Since Sn is
Hausdorff, it follows that π̄ is a closed map. Hence π̄ is a homeomorphism. The
map

π′ : D̊n → Rn, y 7→ y

1− ‖y‖
,

is a homeomorphism with the inverse

%′ : Rn → D̊n, z 7→ z

1 + ‖z‖
.
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Then the composed map

π′ ◦ % : Sn \ {en+1} → Rn

is a homeomorphism. �

Notice that in the previous lemma the point en+1 could be replaced by any
x0 ∈ Sn.

Theorem 10.4. The sphere Sn is simply connected for all n ≥ 2.

Proof. Let
U1 = Sn \ {en+1}, and U2 = Sn \ {−en+1}.

Then Sn = U1 ∪ U2. By Lemma 10.3, both U1 and U2 are homeomorphic to Rn.
Now, Rn is path-connected for all n, and U1 ∩ U2 6= ∅ for n ≥ 1. Thus Sn is
path-connected for n ≥ 1. Since Rn is simply connected, it follows that also U1

and U2 are simply connected. Also,

f : U1 ∩ U2 → Sn−1 × (−1, 1), (z, t) 7→ (
z

‖z‖
, t),

is a homeomorphism. The inverse of f is

f−1 : Sn−1 × (−1, 1)→ U1 ∩ U2, (z, t) 7→
(√

1− t2z, t
)
.

Thus U1∩U2 is path-connected for n ≥ 2. It follows from the Seifert-van Kampen
theorem that π1(Sn, x0) = {1}, for all x0 ∈ U1 ∩ U2 = Sn \ {±en+1}. Since Sn
is path-connected, it follows from Theorem 8.3 that also π1(Sn, en+1) = {1} =
π1(Sn,−en+1), for n ≥ 2. �

Corollary 10.5. The spheres S1 and Sn do not have the same homotopy type for
n > 1.

Proof. By Corollary 8.8, topological spaces that have the same homotopy type,
have isomorphic fundamental groups. �

Corollary 10.6. The euclidean spaces R2 and Rn are not homeomorphic for
n ≥ 3.

Proof. Let’s make a counterassumption, and assume there is a homeomorphism
f : R2 → Rn. If f(0) = x0, then

f ′ : R2 → Rn, x 7→ f(x)− x0,

is a homeomorphism satisfying f ′(0) = 0. Let e1 = (1, 0, . . . , 0) ∈ Rn. Since f ′ is
a bijection, it follows that f ′(e1) 6= 0. Let A : Rn → Rn be a linear bijection with
A(f ′(e1)) = e1. Then

g = A ◦ f ′ : R2 → Rn

is a homeomorphism,

g(0) = (A ◦ f ′)(0) = A(f ′(0)) = A(0) = 0, and g(e1) = A(f ′(e1)) = e1.

The restriction of A ◦ f ′,
h : R2 \ {0} → Rn \ {0}, x 7→ g(x),



41

is a homeomorphism and h(e1) = e1. Let i : S1 ↪→ R2 \ {0} be the inclusion and
let

r : Rn \ {0} → Sn−1, x 7→ x

‖x‖
.

Then i and r are homotopy equivalences. Thus the composed map

S1 i
↪→ R2 \ {0} h→ Rn \ {0} r→ Sn−1

is a homotopy equivalence. This is a contradiction. �

11. Topological groups and H-spaces

Definition 11.1. A topological group G is a group equipped with a topology such
that sets consisting of one point are closed and

(1) the multiplication map µ : G×G→ G, (x, y) 7→ xy, is continuous if G×G
has the product topology,

(2) the inversion map i : G→ G, x 7→ x−1, is continuous.

Example 11.2. The groups (R,+) and (Z,+) are topological groups. The circle S1

equipped with complex multiplication is a topological group. Any group equipped
with the discrete topology is a topological group.

Lemma 11.3. Topological groups are Hausdorff spaces.

Proof. Recall that a topological space X is Hausdorff if and only if its diagonal
∆X = {(x, x) | x ∈ X} is closed in X ×X. Let G be a topological group. The
map f : G× G → G, (g, h) 7→ gh−1 is continuous. Let e be the identity element
of G. Since {e} is closed in G, it follows that ∆G = f−1(e) is closed in G × G.
Thus G is Hausdorff. �

Let G be a topological group, and let h ∈ G. Then h can be considered as
a homeomorphism G → G, g 7→ hg. Then h is continuous as a composition of
continuous maps (ch, 1G) : G→ G×G, g 7→ (h, g), and µ : G×G→ G. Similarly,
the inverse h−1 is continuous.

Let H be a closed normal subgroup of a topological group G. Then G/H is
a group. Let p : G → G/H, g 7→ gH. Then p is a surjection. Equip G/H with
the quotient topology from G: a subset U of G/H is open in G/H if and only if
p−1(U) is open in G. Then p is a continuous function.

Lemma 11.4. The quotient map p : G→ G/H is an open map.

Proof. Let U be open in G. Let g ∈ G. Then the set Ug = {xg | x ∈ U} is open in
U , since g : G → G, x 7→ xg, is a homeomorphism. Now, p−1(p(U)) =

⋃
h∈H Uh

is open in G as a union of open sets. Thus p(U) is open in G/H. �

Proposition 11.5. Let G be a topological group and let H be a closed, normal
subgroup of G. Then G/H is a topological group.

Proof. Homework. �

Proposition 11.6. Let G be a topological group and let H be an open subgroup
of G. Then H is closed in G.



42

Proof. Homework. �

Definition 11.7. Let (X, x0) be a pointed space. Assume there is a pointed map

m : (X ×X, (x0, x0))→ (X, x0)

such that the pointed maps m( , x0) and m(x0, ) are homotopic to 1X rel {x0}.
Then (X, x0) is called an H-space (after H. Hopf).

Example 11.8. Every topological group X with identity x0 is an H-space.

Let (X, x0) be an H-space. Let k : X → X, x 7→ x0. Then m(x0, ) = m ◦
(k, 1X), where (k, 1X) : X → X×X, x 7→ (x0, x). Similarly, m( , x0) = m◦(1X , k).
Thus both m ◦ (k, 1X) and m ◦ (1X , k) are homotopic to 1X rel {x0}.

Recall the following: Let G and H be groups with identity elements e and e′,
respectively. Let x ∈ G and let y ∈ H. Then

(x, e′)(e, y) = (x, y) = (e, y)(x, e′).

Theorem 11.9. Let (X, x0) be an H-space. Then π1(X, x0) is abelian.

Proof. By Theorem 8.4, the map

θ : π1(X, x0)× π1(X, x0)→ π1(X ×X, (x0, x0)), ([f ], [g]) 7→ [(f, g)],

is a group isomorphism. (Here (f, g) : I → X×X, t 7→ (f(t), g(t)).) Let [f ], [g] ∈
π1(X, x0). Then

[g] =
(
m ◦ (k, 1X)

)
∗[g] (definitition of H−space)

= m∗(k, 1X)∗[g]

= m∗[(k, 1X) ◦ g]

= m∗[(kg, g)]

= m∗θ
(
[kg], [g]

)
(definition of G)

= m∗θ
(
e, [g]

)
,

where e = [k] is the identity element of π1(X, x0). Similarly, [f ] = m∗θ
(
[f ], e

)
,

since m ◦ (1X , k) ' 1X rel{x0}. The composition

m∗θ : π1(X, x0)× π1(X, x0)
θ→ π1(X ×X, (x0, x0))

m∗→ π1(X, x0)

is a homomorphism. Therefore,

m∗θ
(
[f ], [g]

)
= m∗θ

(
(e, [g])([f ], e)

)
= m∗θ

(
(e, [g])

)
m∗θ

(
([f ], e)

)
= [g][f ].

By writing (
[f ], [g]

)
=
(
[f ], e

)(
e, [g]

)
,

one sees that
m∗θ

(
[f ], [g]

)
= [f ][g].

Thus [g][f ] = [f ][g] and it follows that π1(X, x0) is abelian. �

Corollary 11.10. Let G be a topological group. Then π1(G, e) is abelian. �
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12. Eilenberg - Steenrod axioms

Let X be a topological space and let A ⊂ X. Then (X,A) is called a topological
pair. A continuous function f : (X,A) → (Y,B) means a continuous function
f : X → Y with f(A) ⊂ B. We write X for (X, ∅).

A homology theory H defined for all topological pairs (X,A) and for all contin-
uous functions f : (X,A)→ (Y,B) consists of the following: For every topological
pair (X,A) and for every n ∈ N∪{0}, there is an abelian group Hn(X,A). Every
continuous function f : (X,A)→ (Y,B) induces a group homomorphism

f∗ : Hn(X,A)→ Hn(Y,B), for all n ∈ N ∪ {0}.

For every (X,A) and for every n ∈ N ∪ {0}, there is a group homomorphism

∆: Hn(X,A)→ Hn−1(A),

such that the following axioms (called Eilenberg - Steenrod axioms) hold:

A1. The identity map id: (X,A)→ (X,A) induces

id∗ = id: Hn(X,A)→ Hn(X,A),

for all n ≥ 0.

A2. If f : (X,A)→ (Y,B) and g : (Y,B)→ (Z,C) are continuous, then

(g ◦ f)∗ = g∗ ◦ f∗ : Hn(X,A)→ Hn(Z,C),

for all n ≥ 0.

A3. If f : (X,A)→ (Y,B) is continuous, then the diagram

Hn(X,A)
∆
> Hn−1(A)

Hn(Y,B)

f∗
∨

∆
> Hn−1(B)

(f |A)∗
∨

.

commutes for all n ≥ 1.

A4. (Exactness axiom) If (X,A) is a topological space, and if i : A → X and
j : (X, ∅)→ (X,A) are inclusions, then the sequence

· · · j∗−→ Hn+1(X,A)
∆−→ Hn(A)

i∗−→ Hn(X)
j∗−→ Hn(X,A)

∆−→ Hn−1(A)
i∗−→ · · ·

is exact.
(A sequence of abelian groups and homomorphisms

· · · −→ Sn+1
fn+1−→ Sn

fn−→ Sn−1 · · ·

is called exact if imfn+1 = kerfn for all n.)

A5. (Homotopy axiom) If f, g : (X,A) → (Y,B) are homotopic (i.e., there is a
homotopy F : (X × I, A × I) → (Y,B) with F0 = f and F1 = g), then f∗ =
g∗ : Hn(X,A)→ Hn(Y,B) for all n ≥ 0.
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A6. (Excision axiom) For every topological pair (X,A) and for every open subset

U of X with U ⊂ Å, the inclusion i : (X \ U,A \ U) ↪→ (X,A) induces group
isomorphisms

i∗ : Hn(X \ U,A \ U)→ Hn(X,A),

for all n ≥ 0.

A7. (Dimension axiom) If X is a one-point space, then Hn(X) = 0 for all n > 0.
(The group H0(X, ∅) is called the coefficient group.)

Notice that it varies how the Eilenberg-Steenrod axioms are presented in liter-
ature. Sometimes axioms 1 and 2, although assumed to hold, are not considered
as axioms. Sometimes an extra axiom like the additivity axiom or the axiom of
compact supports is added. Of all these axioms the dimension axiom may seem
the least interesting. However, almost the opposite is true. There are mathemat-
ical theories that resemble homology theory, for example cobordism theory and
K-theory. These theories satisfy all the Eilenberg-Steenrod axioms except the
dimension axiom. Such theories are called extraordinary or generalized homology
theories.

13. Singular homology theory

Theorem 13.1. There exists a homology theory H defined for all topological
pairs (X,A) and for all continuous maps f : (X,A) → (Y,B) satisfying all 7
Eilenberg-Steenrod axioms.

We will prove Theorem 13.1 by constructing the singular homology theory (by
S. Eilenberg, around 1947).

Recall the the standard n-simplex, n ≥ 0, is

∆n = {(t0, t1, . . . , tn) ∈ Rn+1 |
n∑
i=0

ti = 1, ti ≥ 0, for all i}.

Then, for example,

∆0 = {t0 ∈ R | t0 = 1} = {1}

and

∆1 = {(t0, t1) ∈ R2 | t0 + t1 = 1, t0, t1 ≥ 0}.

Thus, if pi = (0, . . . , 0, 1, 0 . . . , 0), then ∆n is the convex hull of p0, . . . , pn. Re-
member, that here the indexing goes from 0 to n, the coordinate 1 of pi corre-
sponds to the index i. For every n ≥ 1 and 0 ≤ j ≤ n, define

ejn = ej : ∆n−1 → ∆n, (t0, . . . , tn−1) 7→ (t0, . . . , tj−1, 0, tj, . . . , tn−1).

Thus ejn adds an extra coordinate 0 between tj−1 and tj. For n = 1, there are the
maps

e0 : ∆0 → ∆1, 1 7→ (0, 1), and e1 : ∆0 → ∆1, 1 7→ (1, 0).
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For n = 2, there are three maps

e0 : ∆1 → ∆2, (t0, t1) 7→ (0, t0, t1),

e1 : ∆1 → ∆2, (t0, t1) 7→ (t0, 0, t1),

e2 : ∆1 → ∆2, (t0, t1) 7→ (t0, t1, 0).

Lemma 13.2. If 2 ≤ n and 0 ≤ k < j ≤ n, then

ejn ◦ ekn−1 = ekn ◦ e
j−1
n−1 : ∆n−2 → ∆n.

Proof. Assume first k = j − 1. Then

ejn ◦ ekn−1(t0, . . . , tn−2) = ejn(t0, . . . , tk−1, 0, tk, . . . , tn−2)

= (t0, . . . , tk−1, 0, 0, tk, . . . , tn−2)

and

ekn ◦ e
j−1
n−1(t0, . . . , tn−2) = ekn(t0, . . . , tj−2, 0, tj−1, . . . , tn−2)

= (t0, . . . , tj−2, 0, 0, tj−1, . . . , tn−2).

Since j− 2 = k− 1, it follows that ejn ◦ ekn−1(t0, . . . , tn−2) = ekn ◦ e
j−1
n−1(t0, . . . , tn−2),

for every (to, . . . , tn−2) ∈ ∆n−2. Therefore, ejn ◦ ekn−1 = ekn ◦ e
j−1
n−1.

The case k < j − 1 is left as an exercise. �

The map ejn is called the jth face map of the simplex ∆n.

Definition 13.3. Let X be a topological space. A continuous map T : ∆n → X
is called a singular n-simplex of X.

Define
Map(∆n;X)

to be the set of all continuous functions ∆n → X, i.e., the set of all singular
n-simplices of X. Let T ∈ Map(∆n;X). Let ZT ∼= Z be the infinite cyclic group
generated by T . Thus the elements of ZT are of the form mT , where m ∈ Z.
Define

Sn(X) =
∑

T∈Map(∆n;X)

⊕ZT , n ≥ 0,

to be the free abelian group with basis all singular n-simplices in X. Therefore,
the elements of Sn(X) are of the form∑

T∈Map(∆n;X)

nTT,

where nT ∈ Z, and nT = 0 except for finitely many T (i.e., of the form
∑k

i=1 niTi =
n1T1 + · · ·+ nkTk). The elements of Sn(X) are called (singular) n-chains in X.

Let
T : ∆n → X, (t0, . . . , tn) 7→ T (t0, . . . , tn).

The j-face of T , 0 ≤ j ≤ n, is

T (j) = T ◦ ej : ∆n−1 → X, (t0, . . . , tn−1) 7→ T (t0, . . . , tj−1, 0, tj, . . . , tn−1).
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Define S−1(X) to be {0} (sometimes it is convenient to define Sn(X) = {0}, for
all negative integers n). Define the boundary homomorphism

∂n : Sn(X)→ Sn−1(X)

as follows: If T ∈ Map(∆n;X), we define

∂nT =
n∑
i=0

(−1)iT (i),

and ∂n : Sn(X) → Sn−1(X) is obtained by requiring ∂n to be linear, for n > 0.
This means that

∂n(n1T1 + · · ·+ nkTk) = n1∂nT1 + · · ·+ nk∂nTk.

If n = 0, then ∂0 : S0(X)→ {0} is the constant map 0.
We have constructed a sequence of free abelian groups and homomorphisms

· · · ∂n+1−→ Sn(X)
∂n−→ Sn−1(X)

∂n−1−→ · · · ∂2−→ S1(X)
∂1−→ S0(X)

∂0−→ 0,

called the singular chain complex of X and denoted by

(S∗(X), ∂) or by S∗(X).

Proposition 13.4. The composed homomorphism

Sn(X)
∂n−→ Sn−1(X)

∂n−1−→ Sn−2(X)

is a zero homomorphism, i.e., ∂n−1 ◦ ∂n = 0.

Proof. Let T : ∆n → X be a singular n-simplex of X. Then

∂n−1∂n(T ) = ∂n−1

( n∑
j=0

(−1)jT (j)
)

=
n∑
j=0

(−1)j∂n−1T
(j)

=
n∑
j=0

(−1)j
(n−1∑
k=0

(−1)k(T (j))(k)
)

=
∑

0≤k<j≤n

(−1)j+k(T (j))(k) +
∑

0≤j≤k≤n−1

(−1)j+k(T (j))(k). (∗)

By Lemma 13.2, (T (j))(k) = (T (k))(j−1), when 0 ≤ k < j ≤ n. Thus the first sum
in (∗) equals∑

0≤k<j≤n

(−1)j+k(T (k))(j−1) =
∑

0≤k≤j−1≤n−1

−(−1)(j−1)+k(T (k))(j−1)

= −(the second sum in (∗)).
(Switch here: j ↔ k, k ↔ j − 1.) Thus ∂n−1∂n(T ) = 0. Since ∂n−1∂n(T ) = 0 for
all T ∈ map(∆n, X), it follows that

∂n−1∂n = 0: Sn(X)→ Sn−2(X).

�

Definition 13.5. Let c ∈ Sn(X).
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(1) If ∂nc = 0, we call c a (singular) n-cycle.
(2) If there is such d ∈ Sn+1(X) that ∂n+1d = c, we call c a (singular) n-

boundary.

Denote
Zn(X) = ker∂n and Bn(X) = im∂n+1.

Then Zn(X) and Bn(X) are subgroups of Sn(X). By Proposition 13.4, Bn(X) ⊂
Zn(X), for every n.

Definition 13.6. For each n ≥ 0, the nth (singular) homology group of a space
X is

Hn(X) = Zn(X)/Bn(X) = ker∂n/im∂n+1.

Let X and Y be topological spaces and let f : X → Y be continuous. Let
T : ∆n → X be a singular n-simplex of X. Then f ◦ T : ∆n → Y is a singular
n-simplex of Y . Define a homomorphism

f# : Sn(X)→ Sn(Y )

be setting f#(T ) = f ◦ T ∈ Sn(Y ), for all T ∈ Map(∆n;X) and extending by
linearity,

f#

( k∑
i=1

niTi
)

=
k∑
i=1

ni(f ◦ Ti),

where ni ∈ Z, for every i ∈ {1, . . . , k}.

Lemma 13.7. If f : X → Y is continuous, then ∂nf# = f#∂n, i.e., for every
n ≥ 0, the diagram

Sn(X)
∂n
> Sn−1(X)

Sn(Y )

f#
∨

∂n
> Sn−1(Y )

f#
∨

.

commutes.

Proof. Let T ∈ Map(∆n;X). Then

(∂n ◦ f#)(T ) = ∂n(f#(T )) = ∂n(f ◦ T ) =
n∑
j=0

(−1)j(f ◦ T ◦ ej)

= f#

( n∑
j=0

(−1)j(T ◦ ej)
)

= f#(∂nT ) = (f# ◦ ∂n)(T ).

Since the singular n-simplices T generate Sn(X) and since f# and ∂n are homo-
morphisms, it follows that ∂n ◦ f# = f# ◦ ∂n. �

Lemma 13.8. Let f : X → Y be continuous. Then for every n ≥ 0,

(1) f#(Zn(X)) ⊂ Zn(Y ), and
(2) f#(Bn(X)) ⊂ Bn(Y ).



48

Proof. (1):

c ∈ Zn(X)⇒ ∂n(c) = 0⇒ ∂n(f#(c)) = (∂n ◦ f#)(c)
13.7
= (f# ◦ ∂n)(c)

= f#(∂n(c)) = f#(0) = 0⇒ f#(c) ∈ Zn(Y ).

(2):

c ∈ Bn(X)⇒ ∃d ∈ Sn+1(X) : C = ∂n+1(d)

⇒ f#(c) = f#(∂n+1(d)) = (f# ◦ ∂n+1)(d)
13.7
= (∂n+1 ◦ f#)(d)

= ∂n+1(f#(d))⇒ f#(c) ∈ Bn(Y ).

�

It follows from Lemma 13.8, that f# : Sn(X) → Sn(Y ) induces a homomor-
phism

f∗ : Zn(X)/Bn(X)→ Zn(Y )/Bn(Y ), cBn(X) 7→ f#(c)Bn(Y ),

i.e., a homomorphism
f∗ : Hn(X)→ Hn(Y ).

If c ∈ Zn(X), we write

[c] = cBn(X) ∈ Hn(X),

and call [c] the homology class of c. Since Zn(X) is an abelian group, we may
sometimes write c+Bn(X) instead of cBn(X). If c, c′ ∈ Zn(X), then

[c] = [c′] ∈ Hn(X) ⇐⇒ cBn(X) = c′Bn(X)

⇐⇒ c = c′ + b, for some b ∈ Bn(X).

Theorem 13.9. For every n ≥ 0, Hn : Top→ Ab is a functor.

Proof. For every continuous f : X → Y , define

Hn(f) = f∗ : Hn(X)→ Hn(Y ), cBn(X) 7→ f#(c)Bn(Y ).

If f : X → X is the identity function idX , then f# = id: Sn(X) → Sn(X), for
all n ≥ 0. Thus Hn(f) : Hn(X) → Hn(Y ) is the identity homomorphism, for all
n ≥ 0.

Let then f : X → Y and g : Y → W be continuous. Then g ◦ f : X → W is
continuous, and

(g ◦ f)# = g# ◦ f# : Sn(X)→ Sn(W ),

for all n ≥ 0: For any continuous function T : ∆n → X,

g# ◦ f# : Sn(X)→ Sn(Y )→ Sn(W ), T 7→ f ◦ T 7→ g ◦ (f ◦ T ),

and
(g ◦ f)# : Sn(X)→ Sn(W ), T 7→ (g ◦ f)(T ),

where g ◦ (f ◦ T ) = (g ◦ f)(T ). Thus

g∗ ◦ f∗ = (g ◦ f)∗ : Hn(X)→ Hn(W ),

i.e.,
Hn(g) ◦Hn(f) = Hn(g ◦ f) : Hn(X)→ Hn(W ),
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for all n ≥ 0. �

Proposition 13.10. If topological spaces X and Y are homeomorphic, then
Hn(X) and Hn(Y ) are isomorphic, for all n ≥ 0.

Proof. Let f : X → Y be a homeomorphism. Then there is a continuous function
g : Y → X with g ◦ f = idX and f ◦ g = idY . Let n ≥ 0. The functions f and g
induce homomorphisms

f∗ : Hn(X)→ Hn(Y ) and g∗ : Hn(Y )→ Hn(X),

respectively. By Theorem 13.9,

g∗ ◦ f∗ = (g ◦ f)∗ = (idX)∗ = id: Hn(X)→ Hn(X),

and
f∗ ◦ g∗ = (f ◦ g)∗ = (idY )∗ = id: Hn(Y )→ Hn(Y ).

Thus f∗ is an isomorphism with the inverse f−1
∗ = g∗. �

14. Dimension axiom and examples

Example 14.1. Let X = {p} be a one-point space. For every n ≥ 0, there is
exactly one function Tn : ∆n → {p}. Thus Sn(X) = ZTn . The singular chain
complex of X is

· · · −→ Sn+1({p}) ∂n+1−→ Sn({p}) ∂n−→ Sn−1({p}) ∂n−1−→ · · · ∂1−→ S0({p}) −→ 0,

which then equals

· · · −→ ZTn+1

∂n+1−→ ZTn
∂n−→ ZTn−1

∂n−1−→ · · · ∂1−→ ZT0 −→ 0.

Now, for every j ∈ {0, . . . , n},
ej : ∆n−1 → ∆n, and Tn : ∆n → {p}

so that T
(j)
n = Tn ◦ ej is the unique function Tn−1 : ∆n−1 → {p}. Therefore,

∂n(Tn) =
n∑
j=0

(−1)jT (j)
n =

n∑
j=0

(−1)jTn−1 =
( n∑
j=0

(−1)j
)
Tn−1

=

{
Tn−1, if n is even,

0, if n is odd.

Thus ∂n is an isomorphism, if n is even, and ∂n = 0, if n is odd. The singular
chain complex becomes

· · · −→ S4({p})
∼=−→ S3({p}) 0−→ S2({p})

∼=−→ S1({p}) 0−→ S0({p}) 0−→ 0.

Therefore, if n is even, then ∂n : Sn({p})→ Sn−1({p}) is an isomorphism, and if
n is odd, then ∂n = 0: Sn({p})→ Sn−1({p}). Thus:

(1)

H0({p}) = Z0({p})/B0({p}) = S0({p})/im∂1

= S0({p})/0 ∼= S0({p}) ∼= Z.



50

(2) n ≥ 1, n odd:

Hn({p}) = Zn({p})/Bn({p}) = ker ∂n/im∂n+1

= Sn({p})/Sn({p}) = 0.

(3) n ≥ 1, n even:

Hn({p}) = Zn({p})/Bn({p}) = ker ∂n/im∂n+1

= 0/0 = 0.

Thus

Hn({p}) ∼=
{

Z, if n = 0,
0, if n > 0.

In particular we proved the following:

Theorem 14.2. (Dimension axiom) If X is a one-point space, then Hn(X) = 0,
for all n > 0. �

Proposition 14.3. Let X be path-connected, X 6= ∅. Then H0(X) ∼= Z.

Proof. Consider

· · · −→ S1(X)
∂−→ S0(X) −→ 0.

Here

Z0(X) = S0(X) and H0(X) = Z0(X)/B0(X) = S0(X)/B0(X).

Let T : ∆0 = {1} → X be a singular 0-simplex. We identify T with the point
T (∆0) ∈ X. Then an arbitrary element c0 of S0(X) is of the form

c0 =
∑

nxx,

where nx ∈ Z, x ∈ X, and nx 6= 0, for only finitely many x ∈ X. Let then
T : ∆1 → X be a singular 1-simplex. Then

∂T = T (0) − T (1)

= T (0)(∆0)− T (1)(∆0) (by identification)

= T (p1)− T (p0),

where p1 = (0, 1) and p0 = (1, 0).
Define a homomorphism

η : S0(X)→ Z,
∑
x∈X

nxx 7→
∑
x∈X

nx ∈ Z.

Since X 6= ∅, it follows that η is a surjection. Let T : ∆1 → X. Then

η∂T = η(T (p1)− T (p0)) = 1− 1 = 0.

Thus B0(X) ⊂ ker η. We show that ker η ⊂ B0(X): Let

c0 =
k∑
i=1

nixi ∈ ker η.
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Then
∑k

i=1 ni = 0. Let x0 ∈ X. For every i, let Ti : ∆1 → X, Ti(p0) = x0 and
Ti(pi) = xi. (Such Ti exist since X is path connected.) Then

∂
( k∑
i=1

niTi
)

=
k∑
i=1

ni∂Ti =
k∑
i=1

ni(Ti(pi)− Ti(p0))

=
k∑
i=1

ni(xi − x0) =
k∑
i=1

nixi −
( k∑
i=1

ni
)

︸ ︷︷ ︸
0

x0

=
k∑
i=1

nixi = c0.

Thus c0 ∈ B0(X). It follows that ker η ⊂ B0(X), and hence that ker η = B0(X).
Since η : S0(X)→ Z is a surjective homomorphism, there is an isomorphism

η̃ : S0(X)/ ker η ∼= Z.
Therefore, η induces an isomorphism

η̄ : H0(X) = Z0(X)/B0(X) = S0(X)/ ker η ∼= Z.
�

Definition 14.4. Let {Gi | i ∈ I} be a family of abelian groups. The direct sum∑
Gi of the groups Gi is the group of all (gi)i∈I such that gi 6= 0, for only finitely

many i ∈ I.

Theorem 14.5. Let X be a topological space, X 6= ∅. Let {Xλ | λ ∈ Λ} be the
set of path components of X. Then, for every n ≥ 0,

Hn(X) ∼=
∑
λ

Hn(Xλ).

Proof. Let γ =
∑
niTi ∈ Sn(X). For every i, the image Ti(∆

n) is contained in
a unique path component of X. Therefore, we may write γ =

∑
γλ, where γλ is

the sum of the terms in γ involving the Ti for which Ti(∆
n) ⊂ Xλ.

For every n ≥ 0, the map

Sn(X)→
∑
λ

Sn(Xλ), γ 7→ (γλ),

is an isomorphism. Then γ ∈ Zn(X), if and only if γλ ∈ Zn(Xλ), for every λ ∈ Λ,
and γ ∈ Bn(X), if and only if γλ ∈ Bn(Xλ), for every λ ∈ Λ. Therefore,

θn : Hn(X)→
∑
λ

Hn(Xλ), γBn(X) 7→ (γλBn(Xλ)),

is well-defined. The inverse of θn is

φn :
∑
λ

Hn(Xλ)→ Hn(X), (γλBn(Xλ)) 7→ (
∑

γλ)Bn(X).

�
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15. Chain complexes

Definition 15.1. A chain complex K is a sequence

· · · −→ Kn+1
∂n+1−→ Kn

∂n−→ Kn−1
∂n−1−→ · · · ,

where, for every n ∈ Z, Kn is an abelian group, ∂n is a group homomorphism,
and ∂n ◦ ∂n+1 = 0.

Often Kn = 0, for every n < 0. Denote

Zn(K) = ker ∂n and Bn(K) = im∂n+1.

Since ∂n ◦ ∂n+1 = 0, it follows that Bn(K) ⊂ Zn(K).

Definition 15.2. The nth homology group of K is

Hn(K) = Zn(K)/Bn(K).

Definition 15.3. Let K and L be chain complexes. A chain map f : K → L is
a sequence of homomorphisms {fn : Kn → Ln}, such that the diagram

· · · > Kn+1

∂n+1
> Kn

∂n
> Kn−1

∂n−1
> · · ·

· · · > Ln+1

fn+1
∨

∂′n+1

> Ln

fn
∨

∂′n
> Ln−1

fn−1
∨

∂′n−1

> · · ·

commutes, i.e., ∂′n ◦ fn = fn−1 ◦ ∂n, for all n ∈ Z.

Let f : K → L be a chain map. Then

fn(Zn(K)) ⊂ Zn(L), and fn(Bn(K)) ⊂ Bn(L),

for every n ∈ Z. Thus, for every n ∈ Z we obtain a homomorphism

Hn(f) = f∗ : Hn(K)→ Hn(L), [z] 7→ [fn(z)],

where [z] = zBn(X) (sometimes also denoted by z+Bn(K)) denotes the homology
class of z ∈ Zn(K).

Definition 15.4. Chain complexes (objects) and chain maps (morphisms) form
a category Comp. Composition of chain maps is defined coordinatewise: {gn} ◦
{fn} = {gn ◦ fn}.

Let K, L and M be chain complexes, and let f : K → L and g : L → M be
chain maps. Then g ◦ f : K →M is a chain map and

(g ◦ f)∗ = g∗ ◦ f∗ : Hn(K)→ Hn(M),

for all n ∈ Z. Clearly, the identity map id = (idKn) : K → K is a chain map and
it induces Hn(idK) = id∗ = id: Hn(K)→ Hn(K), for every n ∈ Z.

Therefore, we obtain:

Proposition 15.5. For every n ∈ Z, there is a functor Hn : Comp→ Ab. �



53

Definition 15.6. Let K be a chain complex. A subcomplex K ′ of K consists of
subgroups K ′n ⊂ Kn such that ∂n(K ′n) ⊂ K ′n−1, for every n ∈ Z.

...
...

K ′n+1

∨
↪→ Kn+1

∨

K ′n

∂′n+1 = ∂n+1|
∨

↪→ Kn

∂n+1
∨

K ′n−1

∂′n = ∂n|
∨

↪→ Kn−1

∂n
∨

...

∨
...

∨

Definition 15.7. Let K be a chain complex and let K ′ be a subcomplex of K.
The quotient complex K/K ′ is the complex

· · · −→ Kn+1/K
′
n+1

∂̄n+1−→ Kn/K
′
n

∂̄n−→ Kn−1/K
′
n−1

∂̄n−1−→ · · · ,

where ∂̄n is the homomorphism induced by ∂n:

∂̄n(cK ′n) = ∂n(c)K ′n−1.

Definition 15.8. A sequence

· · · −→ Gn+1
∂n+1−→ Gn

∂n−→ Gn−1
∂n−1−→ · · · , (∗)

where Gn is an abelian group and ∂n is a group homomorphism, for every n ∈ Z,
is called exact, if im∂n+1 = ker ∂n for every n.

In other words, the sequence (∗) is exact, if and only if it is a chain complex
G such that Hn(G) = 0, for every n.

Definition 15.9. Let A,B,C be abelian groups, and let α : A→ B and β : B →
C be group homomorphisms. The sequence

0 −→ A
α−→ B

β−→ C −→ 0 (∗)

is exact, if and only if,

(1) α is an injection (monomorphism), and
(2) β is a surjection (epimorphism), and
(3) imα = ker β.

If (∗) is exact, it is called a short exact sequence of abelian groups.
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Definition 15.10. Let K,L,M be chain complexes, and let α : K → L and
β : L→M be chain maps. The sequence

0 −→ K
α−→ L

β−→M −→ 0 (∗∗)

is called a short exact sequence of chain complexes, if

0 −→ Kn
αn−→ Ln

βn−→Mn −→ 0

is a short exact sequence of abelian groups, for every n ∈ Z.

The chain map α : K → L induces a homomorphism

α∗ : Hn(K)→ Hn(L),

and the chain map β : L→M induces a homomorphism

β∗ : Hn(L)→ Hn(M),

for every n ∈ Z. We will show that (∗∗) induces also homomorphisms

∆n : Hn(M)→ Hn−1(K),

for every n. The homomorphisms ∆n are called connecting homomorphisms.

...
...

...

0 > Kn+1

∨ α
> Ln+1

∨ β
> Mn+1

∨
> 0

0 > Kn

∂′

∨ α
> Ln

∂
∨ β

> Mn

∂′′

∨
> 0

0 > Kn−1

∂′

∨ α
> Ln−1

∂
∨ β

> Mn−1

∂′′

∨
> 0

...

∂′∨
...

∂∨
...

∂′′∨

First, we construct a homomorphism

∆̂n : Zn(M)→ Hn−1(K)

as follows: Let m ∈ Zn(M), i.e., m ∈Mn and ∂′′(m) = 0. Since β is a surjection,
there is l ∈ Ln with β(l) = m. Then

β∂(l) = ∂′′β(l) = ∂′′(m) = 0.

Thus ∂(l) ∈ ker β. Since the sequence

0 −→ Kn−1
α−→ Ln−1

β−→Mn−1 −→ 0
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is exact, it follows that ∂(l) ∈ imα. Thus there exists k ∈ Kn−1 with α(k) = ∂l.
Then

α∂′(k) = ∂α(k) = ∂∂(l) = 0.

Since α is an injection, it follows that ∂′(k) = 0, i.e., that k ∈ Zn−1(K).
Let l1 ∈ Ln be another element such that β(l1) = m. Then there is a unique

k1 ∈ Kn−1 with α(k1) = ∂(l1). Now

β(l − l1) = β(l)− β(l1) = m−m = 0.

Since ker β = imα, there is k̃ ∈ Kn with α(k̃) = l − l1. Since

α(∂′(k̃)) = ∂α(k̃) = ∂(l − l1) = ∂(l)− ∂(l1)

= α(k)− α(k1) = α(k − k1)

and α is an injection, it follows that ∂′(k̃) = k− k1. Thus k− k1 ∈ Bn−1(K), and
therefore, [k] = [k1] ∈ Hn−1(K). We obtain a well-defined function

∆̂n : Zn(M)→ Hn−1(K), m 7→ [k].

Here α(k) = ∂l, where β(l) = m.

Let’s check that ∆̂n is a homomorphism: Let m,m′ ∈ Zn(M). Then

∆̂n(m) = [k], where α(k) = ∂l, β(l) = m,

and
∆̂n(m′) = [k′], where α(k′) = ∂l′, β(l′) = m′.

Thus
α(k + k′) = α(k) + α(k′) = ∂l + ∂l′ = ∂(l + l′)

and
β(l + l′) = β(l) + β(l′) = m+m′.

Since
α(k + k′) = ∂(l + l′) and β(l + l′) = m+m′,

it follows that

∆̂n(m+m′) = [k + k′] = [k] + [k′] = ∆̂n(m) + ∆̂n(m′).

Hence ∆̂n is a homomorphism.
Next, let’s check that ∆̂n(Bn(M)) = 0: Let m ∈ Bn(M) ⊂ Mn. Then there is

m̃ ∈ Mn+1 such that ∂′′(m̃) = m. Since β is a surjection, there is l̃ ∈ Ln+1 with

β(l̃) = m̃. Then

β∂l̃ = ∂′′βl̃ = ∂′′m̃ = m.

Also, ∂∂l̃ = 0 ∈ Ln−1 Since α is an injection, the only element in Kn−1 that α
takes to 0 is 0. Thus α(0) = ∂(∂l̃) and β(∂l̃) = m. It now follows from the

definition of ∆̂n that ∆̂n(m) = 0. Therefore, ∆̂n(Bn(M)) = 0. It follows that ∆̂n

induces a homomorphism

∆n : Hn(M)→ Hn−1(K), [m] 7→ [k],

where α(k) = l and ∂l = m.
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Lemma 15.11. Let

0 −→ K
α−→ L

β−→M −→ 0 (∗∗)

be a short exact sequence of chain complexes. Then there is a long exact sequence

· · · −→ Hn+1(M)
∆−→ Hn(K)

α∗−→ Hn(L)
β∗−→ Hn(M)

∆−→ Hn−1(K) −→ · · ·

Proof. a) Exactness at Hn(K):

(1) im∆ ⊂ kerα∗:
Let [m] ∈ Hn+1(M), m ∈ Zn+1(M). Let l ∈ Ln+1 be such that β(l) = m, and

let k ∈ Zn(K) be such that α(k) = ∂l. Then

∆([m]) = ∆n+1([m]) = [k] ∈ Hn(K)

and

(α∗ ◦∆)([m]) = α∗[k] = [α(k)] = [∂l] = 0 ∈ Hn(L).

Therefore, ∆([m]) ⊂ kerα∗. It follows that im∆ ⊂ kerα∗.

(2) kerα∗ ⊂ im∆:
Assume [k] ∈ Hn(K) is such that α∗([k]) = 0. Then

[α(k)] = α∗([k]) = 0 ∈ Hn(L),

and hence α(k) ∈ Bn(L). Thus there exists l ∈ Ln+1 with ∂l = α(k). Let
m = β(l) ∈Mn+1. Then

∂′′(m) = ∂′′β(l) = β∂(l) = βα(k) = 0,

since β ◦ α = 0. Thus m ∈ Zn+1(M). Now,

β(l) = m ∈ Zn+1(M) and ∂l = α(k).

Thus

∆̂(m) = [k], i.e., ∆([m]) = [k].

Hence [k] ∈ im∆, and it follows that kerα∗ ⊂ im∆.
By (1) and (2), im∆ = kerα∗.

b) Exactness at Hn(L):

(1) imα∗ ⊂ ker β∗:

β ◦ α = 0 =⇒ 0 = 0∗ = (β ◦ α)∗ = β∗ ◦ α∗
=⇒ imα∗ ⊂ ker β∗.

(2) ker β∗ ⊂ imα∗:
Let l ∈ Zn(L), β∗([l]) = 0. Then

0 = β∗([l]) = [β(l)] =⇒ β(l) ∈ Bn(M)

=⇒ ∃m̃ ∈Mn+1 : ∂′′(m̃) = β(l).
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Since β is surjective, there exists l̃ ∈ Ln+1 with β(l̃) = m̃. Now,

β∂l̃ = ∂′′βl̃ = ∂′′m̃ = β(l)

=⇒ β(l − ∂l̃) = β(l)− β(∂l̃) = 0

=⇒ l − ∂l̃ ∈ ker β = imα

=⇒ ∃k ∈ Kn : α(k) = l − ∂l̃.

Then

α∂′k = ∂αk = ∂(l − l̃)
= ∂l − ∂∂l̃︸︷︷︸

0

= ∂l = 0,

since l ∈ Zn(L). Since α is an injection, it follows that ∂′k = 0. Thus k ∈ Zn(K)
and [k] ∈ Hn(K). Then

α∗([k]) = [α(k)] = [l − ∂l̃] = [l].

Thus [l] ∈ imα∗, and it follows that ker β∗ ⊂ imα∗.
By (1) and (2), imα∗ = ker β∗.

c) Exactness at Hn(M):

(1) imβ∗ ⊂ ker ∆:
Assume [l] ∈ Hn(L), where l ∈ Zn(L). Let m = β(l). Then β(l) = m and

α(0) = 0 = ∂l imply that ∆([m]) = 0 ∈ Hn−1(K). Since β∗([l]) = [β(l)] = [m], it
follows that ∆β∗([l]) = ∆([m]) = 0. Thus imβ∗ ⊂ ker ∆.

(2) ker ∆ ⊂ imβ∗:
Assume [m] ∈ ker ∆ ⊂ Hn(M). Then ∆([m]) = [k], where k ∈ Zn−1(K) is such

that α(k) = ∂l for some l ∈ Ln and β(l) = m. Now,

∆([m]) = [k] = 0⇒ k ∈ Bn−1(K)

⇒ ∃k̃ ∈ Kn : ∂′(k̃) = k.

Then

∂α(k̃) = α∂′(k̃) = α(k) = ∂l.

Thus ∂(l − α(k̃)) = 0, i.e., l − α(k̃) ∈ Zn(L), and

β(l − α(k̃)) = β(l)− βα︸︷︷︸
0

(k̃) = β(l) = m.

Hence

β∗
(
[l − α(k̃)]

)
= [β(l − α(k̃)] = [m].

It follows that [m] ∈ imβ∗, and hence that ker ∆ ⊂ imβ∗.
By (1) and (2), ker ∆ = imβ∗. �
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Proposition 15.12. Let

0 > K
α
> L

β
> M > 0

0
∨

> K ′

f
∨

α′
> L′

g
∨

β′
>M ′

h
∨

> 0
∨

be a commutative diagram, where the horizontal sequences are short exact se-
quences of chain complexes and f , g and h are chain maps. Then the diagram

Hn(M)
∆
> Hn−1(K)

Hn(M ′)

h∗
∨

∆′
> Hn−1(K ′)

f∗
∨

.

commutes.

Proof. Let [m] ∈ Hn(M). Then m ∈ Zn(M). Let l ∈ Ln be such that β(l) = m,
and let k ∈ Zn−1(K) be such that α(k) = ∂l. Then

∆([m]) = [k],

and

f∗(∆[m]) = f∗[k] = [f(k)] ∈ Hn−1(K ′).

Now, h∗([m]) = [h(m)] ∈ Hn(M ′). Also, β′g(l) = hβ(l) = h(m), f(k) ∈ Zn−1(K ′)
and

α′(f(k)) = g(α(k)) = g(∂l) = ∂g(l).

Thus β′(g(l)) = h(m) and α′(f(k)) = ∂(g(l)) imply that

∆′h∗([m]) = ∆′([h(m)]) = [f(k)] = f∗([k]) = f∗∆([m]).

Therefore, ∆′ ◦ h∗ = f∗ ◦∆.
�

Corollary 15.13. The diagram

· · · > Hn+1(M)
∆
> Hn(K)

α∗
> Hn(L)

β∗
> Hn(M)

∆
> Hn−1(K) > · · ·

· · · > Hn+1(M ′)

h∗
∨

∆′
> Hn(K ′)

f∗
∨

α′∗
> Hn(L′)

g∗
∨

β′∗
> Hn(M ′)

h∗
∨

∆′
> Hn−1(K ′)

f∗
∨

> · · ·

commutes and the horizontal lines are exact.

Proof. The horizontal lines are exact by Lemma 15.11. The first square on the
left commutes by Proposition 15.12. Since g ◦ α = α′ ◦ f , it follows that

α′∗ ◦ f∗ = (α′ ◦ f)∗ = (g ◦ α)∗ = g∗ ◦ α∗.
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Thus the second square from the left commutes. Since β′ ◦ g = h ◦ β, it follows
that

β′∗ ◦ g∗ = (β′ ◦ g)∗ = (h ◦ β)∗ = h∗ ◦ β∗.
Thus also the third square form the left commutes. �

16. Chain homotopy

Definition 16.1. Let K and K ′ be chain complexes, and let f : K → K ′ and
g : K → K ′ be chain maps. A chain homotopy from f to g is a family of homo-
morphisms

Dn : Kn → K ′n+1

satisfying ∂′n+1 ◦Dn +Dn−1 ◦ ∂n = f − g, for every n.

...
...

Kn+1

∨
> K ′n+1

∨

Kn

∂n+1
∨ f, g

>

Dn >

K ′n

∂′n+1∨

Kn−1

∂n
∨

>

Dn−1 >

K ′n−1

∂′n∨

...

∨
...

∨

If there is a chain homotopy from a chain map f to a chain map g (or equiv-
alently from g to f , since chain homotopy defines an equivalence relation on the
set of chain maps), we say that f and g are chain homotopic. If F is a chain
homotopy from f to g, we write F : f ' g.

Definition 16.2. Let K and K ′ be chain complexes. A chain map f : K → K ′

is called a chain homotopy equivalence, if there is a chain map g : K ′ → K such
that g ◦ f ' idK and f ◦ g ' idK′ . In this case we say that K and K ′ are chain
homotopy equivalent.

Proposition 16.3. If chain maps f, g : K → K ′ are chain homotopic, then

f∗ = g∗ : Hn(K)→ Hn(K ′),

for every n.

Proof. Let [k] ∈ Hn(K), where k ∈ Zn(K). Let {Dn : Kn → K ′n−1} be a chain
homotopy from f to g. Then

f = g + ∂′n+1 ◦Dn +Dn−1 ◦ ∂n
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and
f(k) = g(k) + ∂′n+1(Dn(k)) +Dn−1(∂n(k)︸ ︷︷ ︸

0

).

Thus

f∗([k]) = [f(k)] = [g(k) + ∂′n+1(Dn(k))]

= [g(k)] + [∂′n+1(Dn(k))]︸ ︷︷ ︸
0

= [g(k)] = g∗([k]).

Therefore, f∗ = g∗. �

Let K be a chain complex. Let id : K → K and 0: K → K, where id : Kn →
Kn is the identity map for all n, and 0: Kn → Kn is the zero map for all n. Then
id and 0 are chain maps.

Definition 16.4. Let K be a chain complex. If there is a chain homotopy from
the identity map id of K to the zero chain map 0: K → K, we call this chain
homotopy a chain contraction. If there is a chain contraction of K, then K is
said to be chain contractible. If Hn(K) = 0, for all n, we say that K is acyclic.

Lemma 16.5. A contractible chain complex is acyclic.

Proof. Let K be a contractible chain complex. Then id, 0: K → K are chain
homotopic. By Proposition 16.3, (id)∗ = 0∗ : Hn(K) → Hn(K), for every n.
However, (id)∗ = id: Hn(K) → Hn(K) and 0∗ = 0: Hn(K) → Hn(K). Thus
0 = id: Hn(K) → Hn(K), for every n, which is possible only when Hn(K) = 0,
for every n. �

A chain complex K is called free, if K is a free abelian group for every n.

Proposition 16.6. Let K be a free chain complex. Then K is acyclic if and only
if it is contractible.

Proof. By Lemma 16.5, a contractible chain complex is acyclic. Assume then
that K is acyclic. Consider the following diagram:

· · · > Kn+1

∂n+1
> Kn

∂n
> Kn−1

∂n−1
> · · ·

· · · > Kn+1

id∗
∨

0∗
∨

∂n+1

> Kn

id∗
∨

0∗
∨

∂n
> Kn+1

id∗
∨

0∗
∨

∂n−1

> · · ·

The boundary homomorphism ∂n takes Kn onto Bn−1(K), where Bn−1(K) =
Zn−1(K), since K is acyclic. Since Kn−1 is free, also Zn−1(K) is free (subgroups
of free abelian groups are free abelian). Thus there is a homomorphism

sn−1 : Zn−1(K)→ Kn

such that
∂n ◦ sn−1 = id: Zn−1(K)→ Zn−1(K).
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Then

idKn − sn−1∂n : Kn → Kn

maps Kn to Zn(K). Define

Dn : Kn → Kn+1, Dn = sn ◦ (idKn − sn−1∂n).

Then

∂n+1Dn +Dn−1∂n = ∂n+1sn︸ ︷︷ ︸
id

(idKn − sn−1∂n) + sn−1(idKn−1 − sn−2 ∂n−1)∂n︸ ︷︷ ︸
0

= idKn − sn−1∂n + sn−1idKn−1∂n︸ ︷︷ ︸
sn−1∂n

= idKn .

Thus {Dn} is a chain contraction. �

Example 16.7. Let C be the chain complex with Cq = 0, if q 6= 0, 1, 2, C0 = Z2

and C2 = C1 = Z. The boundary maps are defined as follows: ∂2(n) = 2n,
∂1(n) = 0, if n is even, and ∂1(n) = 1, if n is odd. It is left as an exercise to show
that C is acyclic.

Assume there is a chain contraction D : idK ' 0, and consider the following
diagram:

· · · > 0 > Z
∂2
> Z

∂1
> Z2

∂0
> 0 > · · ·

· · · > 0

id
∨

>

D2

< Z

id
∨

∂2

>

D1

< Z

id
∨

∂1

>

D0

< Z2

id
∨

∂0

>

D−1

<
0

id
∨

> · · ·

Then

D−1∂0︸ ︷︷ ︸
0

+∂1D0 = id: Z2 → Z2.

Thus

Z2
D0→ Z ∂1→ Z2

equals the identity homomorphism Z2 → Z2. This is impossible since the only
homomorphism Z2 → Z is trivial. It follows that C is not contractible.

17. Relative homology groups

Let X be a topological space and let S∗(X) be the singular chain complex of X.
Let A ⊂ X and let i : A ↪→ X be the inclusion. Then i induces a chain map
i# : S∗(A)→ S∗(X). For every n, the map

i# : Sn(A)→ Sn(X),
∑
T

nTT 7→
∑
T

nT (i ◦ T ),
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is injective. Now, S∗(A) is a subcomplex of S∗(X), and

Sn(A) = {
k∑
r=1

nrTr ∈ Sn(X) | Tr(∆n) ⊂ A ∀ r}.

The corresponding quotient complex is S∗(X)/S∗(A), where(
S∗(X)/S∗(A)

)
n

= Sn(X)/Sn(A).

The complex S∗(X)/S∗(A) is called the singular chain complex of the pair (X,A).
We obtain a short exact sequence of chain complexes:

0→ S∗(A)
i#→ S∗(X)

j#→ S∗(X)/S∗(A)→ 0.

Thus, for every n, the sequence

0→ Sn(A)
i#→ Sn(X)

j#→ Sn(X)/Sn(A)→ 0

is exact.
Notice that,

Sn(X) =
∑

T∈Map(∆n,X)

ZT =
∑

T∈Map1

ZT ⊕
∑

T∈Map2

ZT ,

where
Map1 = {T ∈ Map(∆n, X) | T (∆n) ⊂ A}

and
Map2 = {T ∈ Map(∆n, X) | T (∆n) ∩ (X \ A) 6= ∅}.

Thus
Sn(X)/Sn(A) ∼=

∑
T∈Map2

ZT ,

i.e., Sn(X)/Sn(A) is a free abelian group for every n.

Definition 17.1. The nth relative homology group Hn(X,A) of the pair (X,A) is
the nth homology group Hn(S∗(X)/S∗(A)) of the quotient complex S∗(X)/S∗(A).

According to Lemma 15.11, the short exact sequence

0→ S∗(A)
i#→ S∗(X)

j#→ S∗(X)/S∗(A)→ 0

induces a long exact sequence in homology:

· · · −→ Hn+1(X,A)
∆−→ Hn(A)

i∗−→ Hn(X)
j∗−→ Hn(X,A)

∆−→ Hn−1(A) −→ · · ·
This sequence is called the exact homology sequence of the pair (X,A), see the
Eilenberg-Steenrod Axioms.

Let (X,A) and (Y,B) be topological pairs and let f : (X,A) → (Y,B) be a
continuous map, Thus f : X → Y is continuous and f(A) ⊂ B. Let f | : A → B
denote the restriction. Then f induces the map

f# : S∗(X)→ S∗(Y ),

and f#(Sn(A)) ⊂ Sn(B), for every n. Therefore, we obtain

f# : Sn(X)/Sn(A)→ Sn(Y )/Sn(B),
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and the diagram

Sn(A)
i#
> Sn(X)

j#
> Sn(X)/Sn(A)

Sn(B)

f#
∨

i′#
> Sn(Y )

f#
∨

j′#
> Sn(Y )/Sn(B)

f#
∨

commutes, for every n. The chain map

f# : Sn(X)/Sn(A)→ Sn(Y )/Sn(B)

induces

f∗ : Hn(X,A)→ Hn(Y,B),

for every n. Let g : (Y,B)→ (Z,C) be a continuous function. Then

(g ◦ f)∗ = g∗ ◦ f∗ : Hn(X,A)→ Hn(Z,C).

The identity map id: (X,A)→ (X,A) induces

id∗ = id: Hn(X,A)→ Hn(X,A),

for every n.

Remark 17.2. Consider the case where A = ∅: We define Sn(∅) = {0}, for every
n. Then, for every n,

Sn(X)/Sn(∅) = Sn(X)/{0} = Sn(X),

and

Hn(X, ∅) = Hn(Sn(X)/Sn(∅)) = Hn(X).

A continuous function f : (X,A)→ (Y,B) induces the commutative diagram

0 > S∗(A)
i#
> S∗(X)

j#
> S∗(X)/S∗(A) > 0

0 > S∗(B)

f#
∨

i′#
> S∗(Y )

f#
∨

j′#
> S∗(Y )/S∗(B)

f#
∨

> 0,

where the horizontal lines are exact sequences. By Corollary 15.13, the diagram
(♥)

· · · > Hn+1(X,A)
∆
> Hn(A)

i∗
> Hn(X)

j∗
> Hn(X,A)

∆
> Hn−1(A) > · · ·

· · · > Hn+1(Y,B)
∨

∆′
> Hn(B)

∨

i′∗
> Hn(Y )

∨

j′∗
> Hn(Y,B)

∨

∆′
> Hn−1(B)

∨
> · · ·

commutes and the horizontal lines are long exact sequences. Since the squares
having ∆ and ∆′ are commutative, it follows that singular homology theory sat-
isfies Eilenberg - Steenrod axiom A3.
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Proposition 17.3. Let f : (X,A)→ (Y,B) be a continuous function. Assume

(f |A)∗ : Hn(A)→ Hn(B) and f∗ : Hn(X)→ Hn(Y )

are isomorphisms, for every n. Then also

f∗ : Hn(X,A)→ Hn(Y,B)

is an isomorphism, for every n.

Proof. The proof follows immediately from the fact that the diagram (♥) com-
mutes and from the following 5-lemma. �

Lemma 17.4. (5-lemma) Let

C1

α1
> C2

α2
> C3

α3
> C4

α4
> C5

D1

f1
∨

β1

> D2

f2
∨

β2

> D3

f3
∨

β3

> D4

f4
∨

β4

> D5

f5
∨

be a commutative diagram of (not necessarily abelian) groups and homomor-
phisms. Assume the horizontal lines are exact. (This means that the top line
is exact at C2, C3 and C4, and the bottom line is exact at D2, D3 and D4.) Then
the following hold:

(1) If f2 and f4 are surjective and f5 is injective, then f3 is surjective.
(2) If f2 and f4 are injective and f1 is surjective, then f3 is injective.
(3) If f1, f2, f4 and f5 are isomorphisms, then also f3 is an isomorphism.

Proof. Assume first that f2 and f4 are surjective and f5 is injective. We show
that f3 is surjective. Let d3 ∈ D3. Then β3(d3) ∈ D4. Since f4 is surjective, there
is c4 ∈ C4 with f4(c4) = β3(d3). Then

f5(α4(c4)) = β4(f4(c4)) = β4(β3(d3)) = 0,

since β4 ◦ β3 = 0. Since f5 is an injection, it follows that α4(c4) = 0. Thus
c4 ∈ kerα4 = imα3, and it follows that there is c3 ∈ C3 such that α3(c3) = c4.
Then

β3

(
f3(c3)− d3

)
= β3

(
f3(c3

)
)− β3(d3)

= f4

(
α3(c3)

)
− β3(d3)

= f4(c4)− β3(d3) = 0.

Thus f3(c3) − d3 ∈ kerβ3 = imβ2. Hence there is d2 ∈ D2 such that β2(d2) =
f3(c3)− d3. Since f2 is surjective, there is c2 ∈ C2 such that f2(c2) = d2. Then

f3

(
α2(c2)

)
= β2

(
f2(c2)

)
= β2(d2) = f3(c2)− d3.

Therefore,
d3 = f3(c3)− f3

(
α2(c2)

)
= f3

(
c3 − α2(c2)

)
.

Thus d3 ∈ imf3, and it follows that f3 is surjective.
Assume then that f2 and f4 are injective and f1 is surjective.We show that f3

is injective. Let c3 ∈ C3. Assume f3(c3) = 0. Then f4α3(c3)−β3f3(c3) = 0. Since
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f4 is an injection, it follows that α3(c3) = 0. Thus c3 ∈ kerα3 = imα2. But then
there is c2 ∈ C2 such that α2(c2) = c3. It follows that

β2f2(c2) = f3α2(c2) = f3(c3) = 0.

Thus f2(c2) ∈ kerβ2 = imβ1, and there exists d1 ∈ D1 such that β1(d1) = f2(c2).
Since f1 is surjective, there exists c1 ∈ C1 such that f1(c1) = d1. Then

f2α1(c1) = β1f1(c1) = β1(d1) = f2(c2).

Since f2 is an injection, it follows that α1(c1) = c2. Since α1(c1) = c2 and
α2(c2) = c3, it follows that

0 = α2α1︸︷︷︸
0

(c1) = α2(c2) = c3.

Therefore, f3 is an injection.
Part (3) follows immediately from parts (1) and (2). �

Example 17.5. Let X be a non-empty convex subset of Rm, m ≥ 0. Then{
H0(X) ∼= Z,
Hp(X) = 0, if p > 0.

Proof. Recall that a subset X ⊂ Rm is convex, if and only if

{(1− t)x+ ty | x, y ∈ X, 0 ≤ t ≤ 1} ⊂ X.

If X is convex, then it is path-connected, and by Proposition 14.3, H0(X) ∼= Z.
Let x0 ∈ X. For a continuous function T : ∆n → X, define

x0 · T : ∆n+1 → X

by setting

(x0 · T )(t0, . . . , tn+1) =

{
x0, if t0 = 1,

t0x0 + (1− t0)T
(

t1
1−t0 , . . . ,

tn+1

1−t0

)
, if 0 ≤ t0 < 1.

Notice that

x0 ∈ X and T
( t1

1− t0
, . . . ,

tn+1

1− t0
)
∈ X.

Since X is convex, it follows that

t0x0 + (1− t0)T
( t1

1− t0
, . . . ,

tn+1

1− t0
)
∈ X,

and thus that x0 · T is well-defined.
We next check that x0 · T is continuous: Clearly, x0 · T is continuous at points

(t0, . . . , tn+1), where t0 6= 1. Let’s check that x0 · T is continuous at (1, 0 . . . , 0).
Notice that (x0 · T )(1, 0, . . . , 0) = x0. For t0 < 1,

‖(x0 · T )(t0, . . . , tn+1)− x0‖ = ‖(1− t0)T
( t1

1− t0
, . . . ,

tn+1

1− t0
)

+ (t0 − 1)x0‖

≤ (1− t0)
(
‖T
( t1

1− t0
, . . . ,

tn+1

1− t0
)
‖+ ‖x0‖

)
.
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Since ∆n is compact and T is continuous, it follows that T (∆n) is compact. In
particular, T (∆n) is bounded. Therefore, there exists M > 0 satisfying

‖T
( t1

1− t0
, . . . ,

tn+1

1− t0
)
‖+ ‖x0‖ ≤M,

for every
(

t1
1−t0 , . . . ,

tn+1

1−t0

)
∈ ∆n. Thus

(1− t0)
(
‖T
( t1

1− t0
, . . . ,

tn+1

1− t0
)
‖+ ‖x0‖︸ ︷︷ ︸

<M

)
→ 0 when t0 → 1.

Thus x0 ·T is continuous also at (1, 0 . . . , 0) and it follows that x0 ·T is continuous.
Define

(x0, ·) : Sn(X)→ Sn+1(X), T 7→ x0 · T,
and extend linearly,

(x0, ·)
( k∑
i=1

niTi
)

=
k∑
i=1

ni(x0 · Ti).

Then (x0, ·) is a homomorphism.
We then determine the boundary ∂(x0 · T ): Since x0 · T ∈ Sn+1(X) we need to

figure out the

(x0 · T ) ◦ ej : ∆n → X,

where (
(x0 · T ) ◦ ej

)
(t0, t1, . . . , tn) = (x0 · T )(t0, . . . , tj−1, 0, tj, . . . , tn),

for 0 ≤ j ≤ n+ 1.
Assume first that n = 0. For j = 0,(

(x0 · T ) ◦ e0
)
(1 = t0) = (x0 · T )(0, t0) = (x0 · T )(0, 1) = 0 · x0 + 1 · T (1) = T (1).

Thus (x0 · T ) ◦ e0 = T . For j = 1,(
(x0 · T ) ◦ e1

)
(1) = (x0 · T )(1, 0) = x0.

Assume then that n ≥ 1. For j = 0,(
(x0 · T ) ◦ e0

)
(t0, . . . , tn) = (x0 · T )(0, t0, . . . , tn) = T (t0, . . . , tn).

Thus (x0 · T ) ◦ e0 = T . For 1 ≤ j ≤ n+ 1,(
(x0 · T ) ◦ ej

)
(t0, . . . , tn) = (x0 · T )(t0, . . . , tj−1, 0, tj, . . . , tn)

=


x0, if t0 = 1,

t0(x0) + (1− t0)T
( t1

1− t0
, . . . ,

tn
1− t0︸ ︷︷ ︸

the jth coord. =0

)
, if 0 ≤ t0 < 1.
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Also, (
x0 · (Tej−1)

)
(t0, . . . , tn)

=

{
x0, if t0 = 1,

t0(x0) + (1− t0)Tej−1
(

t1
1−t0 , . . . ,

tn
1−t0

)
, if 0 ≤ t0 < 1,

=

{
x0, if t0 = 1,

t0(x0) + (1− t0)T
(

t1
1−t0 , . . . ,

tj−1

1−t0 , 0,
tj

1−t0 , . . . ,
tn

1−t0

)
, if 0 ≤ t0 < 1.

Thus (x0 · T ) ◦ ej = x0 · (Tej−1). Therefore, for n ≥ 1,

∂ ◦ (x0, ·)(T ) = ∂(x0 · T ) =
n+1∑
j=0

(−1)j(x0 · T ) ◦ ej

= (x0 · T ) ◦ e0 +
n+1∑
j=1

(−1)j (x0 · T ) ◦ ej︸ ︷︷ ︸
x0·(Tej−1)

= (x0 · T ) ◦ e0︸ ︷︷ ︸
T

−
n∑
i=0

(−1)i x0 · (T ◦ ei)︸ ︷︷ ︸
(x0,·)(T◦ei)

(i = j − 1)

= T − (x0, ·)
( n∑
i=0

(−1)iT ◦ ei︸ ︷︷ ︸
∂T

)
= T − (x0, ·)(∂T ).

Therefore, for n ≥ 1,

∂ ◦ (x0, ·) = id− (x0, ·) ◦ ∂.
We show that Zn(X) = Bn(X), for every n ≥ 1. Let c ∈ Zn(X). Then ∂c = 0.

Thus

∂ ◦ (x0, ·)(c) + (x0, ·)∂c︸ ︷︷ ︸
0

= id(c) = c,

and it follows that

c = ∂
(
(x0, ·)(c)︸ ︷︷ ︸
∈Sn+1(X)

)
.

Thus c ∈ Bn(X). Consequently,

Hn(X) = Zn(X)/Bn(X) = 0,

for every n ≥ 1.
�

18. Homotopy invariance of homology

Recall that two functions f, g : (X,A) → (Y,B) are called homotopic if there is
a homotopy F : X × I → Y such that F0 = f , F1 = g and F (a, t) ∈ B, for every
(a, t) ∈ A× I. In this section we prove the following result:
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Theorem 18.1. Let f, g : (X,A) → (Y,B) be homotopic functions. Then the
induced homomorphisms f#, g# : S∗(X,A)→ S∗(Y,B) are chain homotopic.

Proposition 16.3 and Theorem 18.1 imply

Theorem 18.2. If f, g : (X,A)→ (Y,B) are homotopic, then

f∗ = g∗ : Hn(X,A)→ Hn(Y,B),

for every n. �

Theorem 18.3. If f : X → Y is a homotopy equivalence, then

f∗ : Hn(X)→ Hn(Y )

is an isomorphism, for every n.

Proof. Let g : Y → X be a continuous map such that g ◦f ' idX and f ◦g ' idY .
By Theorem 18.2,

g∗ ◦ f∗ = (g ◦ f)∗ = (idX)∗ = id: Hn(X)→ Hn(X), for every n,

and

f∗ ◦ g∗ = (f ◦ g)∗ = (idY )∗ = id: Hn(Y )→ Hn(Y ), for every n.

Therefore, f∗ is an isomorphism with the inverse (f∗)
−1 = g∗, for every n. �

Remark 18.4. Theorem 18.2 says that Eilenberg - Steenrod axiom 5 (the Homo-
topy axiom) holds for singular homology.

We now return to the proof of Theorem 18.1. There exist different proofs for
the result, we will do a proof based on induction.

Proof of Theorem 18.1. We will first show that if f ' g : X → Y , then
f#, g# : S∗(X) → S∗(Y ) are chain homotopic. The chain homotopy that we
will construct has a certain naturality property that then implies the claim in the
relative case. Define

i0 : X → X × I, x 7→ (x, 0),

and

i1 : X → X × I, x 7→ (x, 1).

Then

id: X × I → X × I
is a homotopy i0 ' i1.

Claim 1: To show that f#, g# : S∗(X) → S∗(Y ) are chain homotopic, it suffices
to prove that (i0)#, (i1)# : S∗(X)→ S∗(X × I) are chain homotopic.

Proof of Claim 1: Let F : X×I → Y , F : f ' g. Assume D : S∗(X)→ S∗(X×I)
is a chain homotopy from (i0)# to (i1)#:
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· · · > Sn+2(X)
∂n+2

> Sn+1(X)
∂n+1

> Sn(X)
∂n

> Sn−1(X) > · · ·

· · · > Sn+2(X × I)
∨

∂′n+2

>

Dn+1

<
Sn+1(X × I)

∨

∂′n+1

>

Dn

<
Sn(X × I)
∨

∂′n
>

Dn−1

<
Sn−1(X × I)

(i0)#, (i1)#
∨

> · · ·

where

∂′n+1Dn +Dn−1∂n = (i1)# − (i0)#.

Let

F# : S∗(X × I)→ S∗(Y )

be the chain map induced by F : X × I → Y . The following diagram commutes:

· · · > Sn+2(X × I)
∂′n+2

> Sn+1(X × I)
∂′n+1

> Sn(X × I)
∂′n> Sn−1(X × I) > · · ·

· · · > Sn+2(Y )

F#
∨

∂′′n+2

> Sn+1(Y )

F#
∨

∂′′n+1

> Sn(Y )

F#
∨

∂′′n
> Sn−1(Y )

F#
∨

> · · ·

Then

F#(∂′D +D∂) = F#

(
(i1)# − (i0)#

)
= F#(i1)# − F#(i0)#

= (F ◦ i1)# − (F ◦ i0)#

= g# − f#.

Since F# is a chain map, it follows that

∂′′F# = F#∂
′.

Therefore,

∂′′(F#D) + (F#D)∂ = F#∂
′D + F#D∂

= F#(∂′D +D∂)

= g# − f#.

Thus F# ◦D : S∗(X) → S∗(Y ) is a chain homotopy from g# to f#. This proves
Claim 1.

We next prove that (i0)# and (i1)# are chain homotopic. In fact, we prove a
stronger result:

Claim 2: For every topological space X, there is a chain homotopy DX : S∗(X)→
S∗(X × I) from (i1)# to (i0)# satisfying the following naturality condition: If
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h : X → X ′ is a continuous function, then the diagram

Sn(X)
DX
> Sn+1(X × I)

Sn(X ′)

h#
∨

DX′
> Sn+1(X ′ × I)

(h× id)#
∨

commutes, for every n.

Proof of Claim 2: The proof is done by induction on n.
First, let n = 0. Let T : ∆0 → X be a singular 0-simplex of X. Define a

singular 1-simplex DXT of X × I by

DXT : ∆1 → X × I, (t0, t1) 7→ (T (∆0)︸ ︷︷ ︸
T (1)

, t1).

(Here t0 + t1 = 1, t0, t1 ≥ 0, and ∆0 = {1}.) We will determine the boundary of
DXT : Here

(DXT ) ◦ e0 : ∆0 = {1} → X × I,

(DXT )e0(1) = (DXT )(0, 1) = (T (∆0), 1) = (i1 ◦ T )(1)

and

(DXT )e1(1) = (DXT )(1, 0) = (T (∆0), 0) = (i0 ◦ T )(1).

Thus

∂′(DXT ) = (DXT ) ◦ e0 − (DXT ) ◦ e1 = i1 ◦ T − i0 ◦ T
= (i1)#(T )− (i0)#(T ) =

(
(i1)# − (i0)#

)
(T ).

The homomorphisms can be seen in the following diagram,

...
...

S1(X)
∨

> S1(X × I)
∨

S0(X)

∂
∨ (i0)#

(i1)#

>

DX >

S0(X × I)

∂′
∨

S−1(X)︸ ︷︷ ︸
0

∨ 0

>

S−1(X × I)︸ ︷︷ ︸
0

∨

where

∂′DX +DX∂︸︷︷︸
0

= ∂′DX = (i1)# − (i0)#.
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The naturality condition is also satisfied: Let h : X → X ′ be a continuous
function. On one hand,(

(h× id)#DX

)
(T ) = (h× id)#(DXT ) = (h× id) ◦DXT : ∆1 → X ′ × I.

Thus (
(h× id)#DXT

)
(t0, t1) = (h× id)(DXT (t0, t1))

= (h× id)(T (∆0), t1)

= (hT (∆0), t1).

On the other hand,

(DX′h#)(T ) = DX′(h ◦ T ).

Therefore,

(DX′h#)(T )(t0, t1) = DX′(h ◦ T )(t0, t1) = (hT (∆0), t1).

Thus

DX′ ◦ h# = (h× id)# ◦DX ,

and it follows that the naturality condition holds for n = 0. Consequently, Claim
2 holds for n = 0.
Induction assumption: Let n ≥ 1. Assume that (DX)j : Sj(X) → Sj+1(X × I)
has been constructed for every j < n in such a way that both the chain homotopy
condition and the naturality condition holds.

We next construct (DX)n : Sn(X)→ Sn+1(X × I). Since the naturality condi-
tion must hold, the diagram

Sn(X)
DX
> Sn+1(X × I)

Sn(X ′)

h#
∨

DX′
> Sn+1(X ′ × I)

(h× id)#
∨

must commute for every X ′ and for every continuous h : X → X ′. Choose X =
∆n, X ′ = X and t h = T : ∆n → X. Then the diagram (♠)

Sn(∆n)
D∆n

> Sn+1(∆n × I)

Sn(X)

T#
∨

DX

> Sn+1(X × I)

(T × id)#
∨

must commute.
Let id∆n : ∆n → ∆n be the identity map. Then id∆n ∈ Sn(∆n). Now,

T#(id∆n) = T ◦ id∆n = T ∈ Sn(X).

Since the diagram (♠) must commute, it follows that

(T × id)#D∆n(id∆n) = DXT#(id∆n),
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i.e.,

DXT = DXT#(id∆n) = (T × id)#D∆n(id∆n).

This means that DX is completely determined when we first construct D∆n(id∆n):

D∆n : Sn(∆n)→ Sn+1(∆n × I), id∆n 7→?.

Let’s consider certain element c ∈ Sn(∆n × I):

c = (i1)#(id∆n)− (i0)#(id∆n)−D∆n(∂(id∆n)).

Notice that id∆n ∈ Sn(∆n), so ∂(id∆n) ∈ Sn−1(∆n), and since by the induction
assumption D∆n : Sn−1(∆n) → Sn(∆n × I) has been constructed, it follows that
c indeed is an element in Sn(∆n × I).

We next check that c is a cycle:

∂c = ∂(i1)#(id∆n)− ∂(i0)#(id∆n)− ∂D∆n(∂(id∆n))

= (i1)#∂(id∆n)− (i0)#∂(id∆n)

−
(
(i1)#∂(id∆n)− (i0)#∂(id∆n)−

0, since ∂∂=0︷ ︸︸ ︷
D∆n∂(∂(id∆n))︸ ︷︷ ︸

=∂D∆n (∂id∆n )

)
= 0.

Thus c ∈ Sn(∆n × I) is such that ∂c = 0 ∈ Sn−1(∆n × I). The space ∆n × I ⊂
Rn+1× I ⊂ Rn+2 is convex. By Example 17.5, Hm(∆n× I) = 0, for every m ≥ 1.
In particular, Hn(∆n× I) = 0. Thus c ∈ Zn(∆n× I) = Bn(∆n× I) and it follows
that there is b ∈ Sn+1(∆n × I) such that ∂b = c. But then

∂b+D∆n

(
∂(id∆n)

)
= (i1)#(id∆n)− (i0)#(id∆n).

By the naturality condition, the diagram

Sn(∆n)
D∆n

> Sn+1(∆n × I)

Sn(X)

T#
∨

DX

> Sn+1(X × I)

(T × id)#
∨

must commute. Now, id∆n ∈ Sn(∆n), and T#(id∆n) = T ∈ Sn(X). By the
commutativity,

DX(T ) = (DX ◦ T#)(id∆n) = (T × id)#D∆n(id∆n).

Define

D∆n(id∆n) = b.

Then

DX(T ) = (T × id)#(b).

Thus we obtain a homomorphism

DX : Sn(X)→ Sn+1(X),
∑

niTi 7→
∑

niDX(Ti).
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· · · > Sn+2(X)
∂n+2

> Sn+1(X)
∂n+1

> Sn(X)
∂n

> Sn−1(X) > · · ·

· · · > Sn+2(X × I)
∨

∂′n+2

>

Dn+1

<
Sn+1(X × I)

∨

∂′n+1

>

Dn

<
Sn(X × I)
∨

∂′n
>

Dn−1

<
Sn−1(X × I)

(i0)#, (i1)#
∨

> · · ·

By the induction assumption,

∂j+1(DX)j + (DX)j−1∂j = (i1)# − (i0)#,

for j + 1 ≤ n, i.e., for j < n. Let now j = n. Then

∂DX(T ) +DX(∂T ) = ∂(T × id)#(b) +DX∂
(
T#(id∆n)

)
= (T × id)# ∂b︸︷︷︸

c

+DXT#∂(id∆n)

= (T × id)#(c) + (T × id)#D∆n(∂id∆n)

= (T × id)#

(
(i1)#(id∆n)− (i0)#(id∆n)−D∆n(∂id∆n)

)
+ (T × id)#D∆n(∂id∆n) (the diagram ♠ commutes)

= (T × id)#

(
(i1)#(id∆n)

)
− (T × id)#

(
(i0)#(id∆n)

)
= (i1T )#(id∆n)− (i0T )#(id∆n)

= (i1)#(T )− (i0)#(T ) =
(
(i1)# − (i0)#

)
(T ).

Thus

∂DX +DX∂ = (i1)# − (i0)#.

Thus DX : Sn(X) → Sn+1(X × I) is a chain homotopy between (i1)# and (i0)#

up to dimension n. We still have to check that the naturality condition holds:
Let h : X → X ′. Then

(h× id)#(DXT ) = (h× id)#(T × id)#(b)

= (hT × id)#(b)

= DX′(hT )

= DX′h#(T ),

i.e.,

(h× id)#DX = DX′h#,

which means that the diagram

Sn(X)
DX
> Sn+1(X × I)

Sn(X ′)

h#
∨

DX′
> Sn+1(X ′ × I)

(h× id)#
∨

commutes. Thus we are done with the induction step.
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We have constructed a chain homotopy DX : S∗(X)→ S∗(X×I) between (i1)#

and (i0)#, satisfying the naturality condition.

The relative case: Let A ⊂ X and let i : A ↪→ X be the inclusion. We now have
chain homotopies DA and DX such that the diagram

Sn(A)
DA
> Sn+1(A× I)

Sn(X)

i#
∨

DX′
> Sn+1(X × I)

(i× id)#
∨

commutes. Thus DX |Sn(A) = DA, for every n. Therefore, DX induces a chain
homotopy

D(X,A) : Sn(X)/Sn(A)︸ ︷︷ ︸
=Sn(X,A)

→ Sn+1(X × I)/Sn+1(A× I)︸ ︷︷ ︸
=Sn+1(X×I,A×I)

from (i1)# to (i1)#, where

(i0)#, (i1)# : S∗(X,A)→ S∗(X × I, A× I)

are chain maps. Assume f, g : (X,A)→ (Y,B) are homotopic, F : f ' g. Then

F#D(X,A) : S∗(X,A)→ S∗(Y,B)

is a chain homotopy from g# to f#, where

F# : S∗(X × I, A× I)→ S∗(Y,B)

is the chain map induced by F : (X × I, A× I)→ (Y,B). �

19. Reduced homology

Let X be a topological space. The singular chain complex of X is

· · · → Sn(X)
∂n−→ Sn−1(X)

∂n−1−→ Sn−2(X) −→ · · · −→ S1(X)
∂1−→ S0(X)

∂0−→ 0.

To define the reduced homology H̃∗(X) we change S−1(X) and ∂0 as follows:

· · · −→ S1(X)
∂1−→ S0(X)

∂′0−→ Z, (∗)
where

∂′0(
∑
x

nxx) =
∑
x

nx (finite sums).

Let T : ∆1 → X. Then

∂1T = T ◦ e0 − T ◦ e1 ∈ S0(X),

and

∂′0(∂1T ) = 1 + (−1) = 0 =⇒ ∂′0 ◦ ∂1 = 0.

Thus (∗) is a chain complex. The reduced homology groups H̃∗(X) of X are

H̃n(X) = Hn(X), for n > 0, and H̃0(X) = ker∂′0/im∂1.
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Remark 19.1. Notice that we already had the homomorphism ∂′0 : S0(X)→ Z in
Proposition 14.3, where we proved that H0(X) ∼= Z for a path-connected space X.
There we used the notation η for ∂′0 and proved that kerη = im(∂1(S1)) = B0(X).
Thus H̃0(X) = ker∂′0/im∂1 = 0, for path-connected X.

We will show that H̃n(X) ∼= Hn(X, {x0}), where x0 ∈ X, for any topological
space X. Notation Hn(X, x0) will be used for Hn(X, {x0}). First we will have to
do some preliminary work.

LetX be a topological space and let A be a subspace ofX. We have the singular
chain complexes S∗(X) and S∗(A), and the quotient complex S∗(X)/S∗(A). We
defined the relative homology groups:

Hn(X,A) = Hn(S∗(X)/S∗(A)).

There is another way to consider these groups: Let

∂n : Sn(X)→ Sn−1(X)

be the boundary map, for all n. The ∂n induce boundary homomorphisms ∂̄n for
S∗(X)/S∗(A),

∂̄n : Sn(X)/Sn(A)→ Sn−1(X)/Sn−1(A), γ + Sn(A) 7→ ∂nγ + Sn−1(A).

Then

ker∂̄n = {γ + Sn(A) | ∂nγ ∈ Sn−1(A)}
and

im∂̄n+1 = {γ + Sn(A) | γ ∈ im∂n+1 = Bn(X)}.

Definition 19.2. The group of relative n-cycles mod A is

Zn(X,A) = {γ ∈ Sn(X) | ∂nγ ∈ Sn−1(A)},

and the group of relative n-boundaries mod A is

Bn(X,A) = {γ ∈ Sn(X) | γ − γ′ ∈ Bn(X) for some γ′ ∈ Sn(A)}
= Bn(X) + Sn(A).

Then

Sn(A) ⊂ Bn(X,A) ⊂ Zn(X,A) ⊂ Sn(X).

Theorem 19.3. For all n ≥ 0,

Hn(X,A) ∼= Zn(X,A)/Bn(X,A).

Proof. By definition,

Hn(X,A) = ker∂̄n/im∂̄n+1,

where

ker∂̄n = Zn(X,A)/Sn(A)

and

im∂̄n+1 = Bn(X,A)/Sn(A).
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Thus

Hn(X,A) =
(
Zn(X,A)/Sn(A)

)
/
(
Bn(X,A)/Sn(A)

)
∼= Zn(X,A)/Bn(X,A).

�

Theorem 19.4. Let X be a path-connected topological space, and let A ⊂ X,
A 6= ∅. Then H0(X,A) = 0.

Proof. Since A 6= ∅, there is some x0 ∈ A. Let

γ =
∑
i

nixi ∈ Z0(X,A) = S0(X),

where we identify Ti : ∆0 → X with xi = Ti(1). Since X is path-connected, there
are continuous maps

σi : ∆1 → X,

where

σi(e0) = x0, and σi(e1) = xi

for every i. (Recall that e0 = (1, 0) and e1 = (0, 1).) Then
∑

i niσi ∈ S1(X), and

∂1(
∑
i

niσi) =
∑
i

ni∂1σi =
∑
i

ni(xi − x0)

=
∑
i

nixi − (
∑
i

ni)x0 = γ − (
∑
i

ni)x0︸ ︷︷ ︸
γ′

.

Here

γ′ = (
∑
i

ni)x0 ∈ S0(A).

Thus

γ − γ′ = ∂1(
∑
i

niσi) ∈ B0(X),

and hence γ ∈ B0(X,A). It follows that

B0(X,A) = Z0(X,A).

Hence

H0(X,A) = 0.

�

Theorem 19.5. Let X be a topological space, and let {Xλ | λ ∈ Λ} be the family
of path components of X. Then, for every n ≥ 0,

Hn(X,A) ∼=
∑
λ

Hn(Xλ, A ∩Xλ).
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Proof. First show that for a direct sum of chain complexes, S∗ =
∑

λ S
λ
∗ ,

Hn

(∑
λ

Sλ∗
) ∼= ∑

λ

Hn(Sλ∗ ).

Then write

S∗(X) =
∑
λ

S∗(Xλ) and S∗(A) =
∑
λ

S∗(A ∩Xλ).

Thus

S∗(X,A) = S∗(X)/S∗(A)

=
∑
λ

S∗(Xλ)/
∑
λ

S∗(A ∩Xλ)

∼=
∑
λ

(
S∗(Xλ)/S∗(A ∩Xλ)

)
,

which implies that for every n ≥ 0,

Hn(X,A) = Hn(S∗(X,A))

∼= Hn

(∑
λ

(
S∗(Xλ)/S∗(A ∩Xλ)

)
∼=
∑
λ

Hn

(
S∗(Xλ)/S∗(A ∩Xλ)

)
=
∑
λ

Hn(Xλ, A ∩Xλ).

�

The rank of a free abelian group means the cardinality of the basis of the group.
Any two bases of a free abelian group have the same cardinality.

Corollary 19.6. For every topological space X and for every subspace A of X,
the group H0(X,A) is free abelian and

rankH0(X,A) = card{λ ∈ Λ | A ∩Xλ = ∅},
where {Xλ | λ ∈ Λ} is the family of the path components of X.

Proof. By Theorem 19.5,

H0(X,A) ∼=
∑
λ

H0(Xλ, A ∩Xλ).

If A ∩Xλ = ∅, then

H0(Xλ, A ∩Xλ) = H0(Xλ, ∅) ∼= H0(Xλ) ∼= Z,
since Xλ is path-connected. If A ∩ Xλ 6= ∅, then Theorem 19.4 implies that
H0(Xλ, A ∩Xλ) = 0. �

Corollary 19.7. Let X be a topological space, and let x0 ∈ X. Then H0(X, x0)
is a free abelian group of rank r, where X has exactly r + 1 path components.
(Here r may equal ∞, in which case ∞+ 1 =∞.)
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Proof. Let Xλ0 be the unique path component of X containing x0. Then {x0} ∩
Xλ = ∅, for every λ 6= λ0. Thus H0(Xλ, {x0} ∩ Xλ) ∼= Z for every λ 6= λ0 and
H0(Xλ0 , x0) = 0. �

Theorem 19.8. Let X be a topological space with basepoint x0. Then

Hn(X, x0) ∼= Hn(X),

for all n ≥ 1.

Proof. The inclusion {x0} ↪→ X induces the exact sequence in homology

· · · −→ Hn({x0}) −→ Hn(X)
g−→ Hn(X, x0)→ Hn−1({x0}) −→ · · ·

Let n ≥ 2. Then n − 1 ≥ 1. The Dimension axiom for homology implies
that Hn({x0}) = 0 = Hn−1({x0}). It follows that g is an isomorphism. Thus
Hn(X) ∼= Hn(X, x0), for n ≥ 2.

Let then n = 1. Consider the tail of the exact homology sequence:

H1({x0})︸ ︷︷ ︸
0

−→ H1(X)
g−→ H1(X, x0)

f−→ H0({x0})
h−→ H0(X)

k−→ H0(X, x0) −→ 0.

Then H1({x0}) = 0 implies that kerg = 0, and it follows that g is an injection.
Assume h is an injection. Then imf = kerh = 0, and it follows that img =

kerf = H1(X, x0). Therefore, to show that g is surjective, it suffices to show that
h is injective. Since H0({x0}) ∼= Z and H0(X) is free abelian, it follows that h is
injective if it is not the zero homomorphism, i.e., if imh 6= 0. Thus it suffices to
check that imh = kerk 6= 0.

The homomorphism k : H0(X) → H0(X, x0) is induced by the inclusion X ↪→
(X, x0). Now, Z0(X) = S0(X), so that H0(X) = S0(X)/B0(X). By Theorem
19.3,

H0(X, x0) = Z0(X, x0)/B0(X, x0),

where

Z0(X, x0) = S0(X) and B0(X, x0) = B0(X) + S0(x0).

Thus

k : S0(X)/B0(X)→ S0(X)/
(
B0(X) + S0(x0)

)
,

γ +B0(X) 7→ γ +B0(X) + S0(x0).

Therefore,

kerk =
(
B0(X) + S0(x0)

)
/B0(X).

But, by the proof of Proposition 14.3,

B0(X) = {
∑

mxx ∈ S0(X) |
∑

mx = 0}.

Thus kerk 6= 0. �

Theorem 19.9. Let X be a topological space and let x0 ∈ X. For all n ≥ 0,

H̃n(X) ∼= Hn(X, x0).
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Proof. For n ≥ 1,
H̃n(X) = Hn(X) ∼= Hn(X, x0),

by Theorem 19.8.
Let then n = 0. The tail of the reduced singular chain complex of X is

· · · −→ S1(X)
∂1−→ S0(X)

∂′0−→ S−1(X) = Z,
where ∂′0(

∑
x nxx) =

∑
x nx. This induces the short exact sequence

0 −→ ker∂′0 −→ S0(X)
∂′0−→ Z −→ 0,

since ∂′0 is a surjection. Let α ∈ S0(X) be such that ∂′0(α) = 1.

Claim: Let < α > denote the infinite cyclic group generated by α. Then

S0(X) = ker∂′0⊕ < α > .

Proof of the claim: Let γ ∈ S0(X), and let ∂′0(γ) = k. Then

γ = (γ − kα) + kα ∈ ker∂′0+ < α > .

Assume x ∈ ker∂′0∩ < α >. Then x = mα, for some m ∈ Z and ∂′0(x) = 0 and
∂′0(x) = ∂′0(mα) = m∂′0(α) = m. Thus m = 0, and consequently x = 0. This
proves the claim.

Since ∂′0∂1 = 0, it follows that B0(X) = im∂1 ⊂ ker∂′0. Since S0(X) = Z0(X),
it follows that

H0(X) = S0(X)/B0(X)

=
(
ker∂′0⊕ < α >

)
/B0(X)

∼=
(
ker∂′0/B0(X)

)
⊕ Z

= H̃0(X)⊕ Z.

It now follows from Corollary 19.6, that H̃0(X) ∼= H0(X, x0).
�

20. Excision and Mayer-Vietoris sequences

In this section we discuss the Excision axiom for singular homology. Later we
will prove that singular homology satisfies the Excision axiom. Recall that if X
is a topological space and A ⊂ X, then the interior of A is denoted by Å. There
are two equivalent ways to formulate the Excision axiom:

Theorem 20.1. ( Excision 1.) Let X be a topological space and let U ⊂ A ⊂ X

be subspaces with U ⊂ Å. Then the inclusion

i : (X \ U,A \ U) ↪→ (X,A)

induces isomorphisms

i∗ : Hn(X \ U,A \ U)→ Hn(X,A),

for every n.
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Theorem 20.2. (Excision 2.) Let X be a topological space and let X1 and X2

be subspaces of X with X = X̊1 ∪ X̊2. Then the inclusion

j : (X1, X1 ∩X2) ↪→ (X1 ∪X2, X2) = (X,X2)

induces isomorphisms

j∗ : Hn(X1, X1 ∩X2)→ Hn(X,X2),

for every n.

Theorem 20.3. Excision 1 is equivalent with Excision 2.

Proof. Assume first that Excision 1 holds. Let X1 and X2 be subspaces of X with
X = X̊1 ∪ X̊2. Let A = X2 and U = X \X1.

Now,

X̊1 ⊂ X1 =⇒ X \X1 ⊂ X \ X̊1 ← closed set

=⇒ U = X \X1 ⊂ X \ X̊1,

and

X \ X̊1 = (X̊1 ∪ X̊2) \ X̊1 = X̊2 \ X̊1

⊂ X̊2 = Å.

Thus U ⊂ Å. Also,
X \ U = X \ (X \X1) = X1

and
A \ U = X2 \ (X \X1) = X1 ∩X2.

Thus
(X \ U,A \ U) = (X1, X1 ∩X2) and (X,A) = (X,X2).

By Excision 1, the inclusion

(X1, X1 ∩X2) = (X \ U,A \ U) ↪→ (X,A) = (X,X2)

induces isomorphisms

Hn(X1, X1 ∩X2)→ Hn(X,X2),

for every n.
Assume then that Excision 2 holds. Let U and A be subspaces of X such that

U ⊂ Å. Define
X1 = X \ U and X2 = A.

Since U ⊂ U ⊂ Å, it follows that

X \ Å ⊂ X \ U ⊂ X \ U.
Since X \ U is open,

X \ Å ⊂ X \ U = (X \ U)◦.

Thus

X = (X \ Å) ∪ Å ⊂ (X \ U)◦ ∪ Å

⊂ (X \ U)◦ ∪ Å = X̊1 ∪ X̊2.
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Then

(X1, X1 ∩X2) = (X \ U,A \ U) and (X,X2) = (X,A)

and the inclusion

(X \ U,A \ U) = (X1, X1 ∩X2) ↪→ (X,X2) = (X,A)

induces isomorphisms

Hn(X \ U,A \ U)→ Hn(X,A),

for every n. �

Lemma 20.4. (Barratt-Whitehead) Consider the following commutative diagram
of abelian groups and homomorphisms

· · · > An
in
> Bn

pn
> Cn

dn
> An−1 > · · ·

· · · > A′n

fn
∨

jn
> B′n

gn
∨

qn
> C ′n

hn
∨

∆n

> A′n−1

fn−1
∨

> · · ·

where the rows are exact sequences and the homomorphisms hn are isomorphisms.
Then there is an exact sequence

· · · −→ An
(in,fn)−→ Bn ⊕ A′n

gn−jn−→ B′n
dnh
−1
n qn−→ An−1 −→ · · · ,

where

(in, fn)(an) = (in(an), fn(an)) and (gn − jn)(bn, a
′
n) = gn(bn)− jn(a′n).

Proof. Exercise. �

Theorem 20.5. (Mayer - Vietoris) Let X be a topological space and let X1, X2

be subspaces of X with X = X̊1 ∪ X̊2. Then there is an exact sequence

· · · −→ Hn(X1∩X2)
(i1,∗,i2,∗)−→ Hn(X1)⊕Hn(X2)

g∗−j∗−→ Hn(X)
D−→ Hn−1(X1∩X2) −→ · · · ,

where

(1) i1 : X1 ∩X2 ↪→ X1,
(2) i2 : X1 ∩X2 ↪→ X2,
(3) g : X1 ↪→ X,
(4) j : X2 ↪→ X,
(5) q : (X, ∅) ↪→ (X,X2), and
(6) h : (X1, X1 ∩X2) ↪→ (X,X2)

are inclusions, d : Hn(X1, X1 ∩X2)→ Hn−1(X1 ∩X2) is a connecting homomor-
phism, and D = dh−1

∗ q∗.
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Proof. The following diagram commutes, all maps are inclusions:

(X1 ∩X2, ∅)
i1
> (X1, ∅)

p
> (X1, X1 ∩X2)

(X2, ∅)

i2
∨

j
> (X, ∅)

g
∨

q
> (X,X2)

h
∨

This diagram induces a commutative diagram of chain complexes:

0 > S∗(X1 ∩X2)
(i1)#

> S∗(X1)
p#
> S∗(X1, X1 ∩X2) > 0

0 > S∗(X2)

(i2)#
∨

j#

> S∗(X)

g#
∨

q#

> S∗(X,X2)

h#
∨

> 0,

where all the horizontal lines are exact. By Corollary 15.13, the diagram

· · · > Hn(X1 ∩X2)
(i1)∗

> Hn(X1)
p∗
> Hn(X1, X1 ∩X2)

d
> Hn−1(X1 ∩X2) > · · ·

· · · > Hn(X2)

(i2)∗
∨

j∗
> Hn(X)

g∗
∨

q∗
> Hn(X,X2)

h∗
∨

∆
> Hn−1(X2)

(i2)∗
∨

> · · ·

commutes and the horizontal lines are exact. Here d and ∆ are connecting homo-
morphisms. The homomorphisms h∗ are isomorphisms by Excision 2. By Lemma
20.4, there is an exact sequence

· · · −→ Hn(X1∩X2)
(i1,∗,i2,∗)−→ Hn(X1)⊕Hn(X2)

g∗−j∗−→ Hn(X)
D−→ Hn−1(X1∩X2) −→ · · ·

�

There is a corresponding result for reduced homology:

Theorem 20.6. (Mayer - Vietoris theorem for reduced homology) Let X be a

topological space and let X1, X2 be subspaces of X with X = X̊1 ∪ X̊2, and
X1 ∩X2 6= ∅. Then there is an exact sequence

· · · −→ H̃n(X1∩X2)
(i1,∗,i2,∗)−→ H̃n(X1)⊕H̃n(X2)

g∗−j∗−→ H̃n(X)
D−→ H̃n−1(X1∩X2) −→ · · · ,

that ends

· · · −→ H̃0(X1)⊕ H̃0(X2) −→ H̃0(X) −→ 0.

The induced maps are as in Theorem 20.5.
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Proof. Let x0 ∈ X1 ∩X2. We have the following commutative diagram of inclu-
sions of pairs

(X1 ∩X2, x0)
i1
> (X1, x0)

p
> (X1, X1 ∩X2)

(X2, x0)

i2
∨

j
> (X, x0)

g
∨

q
> (X,X2).

h
∨

Then the following diagram with exact rows commutes:

· · · > Hn(X1 ∩X2, x0)
(i1)∗

> Hn(X1, x0)
p∗
> Hn(X1, X1 ∩X2)

d
> Hn−1(X1 ∩X2, x0) > · · ·

· · · > Hn(X2, x0)

(i2)∗
∨

j∗
> Hn(X, x0)

g∗
∨

q∗
> Hn(X,X2)

h∗
∨

∆
> Hn−1(X2, x0)

(i2)∗
∨

> · · ·

By excision, h∗ is an isomorphism. By the Barratt - Whitehead lemma (Lemma
20.4), there is an exact sequence

· · · −→Hn(X1 ∩X2, x0)
(i1,∗,i2,∗)−→ Hn(X1, x0)⊕Hn(X2, x0)

g∗−j∗−→ Hn(X, x0)
D−→

Hn−1(X1 ∩X2, x0) −→ · · ·

Then, by Theorem 19.9, there is an exact sequence

· · · −→ H̃n(X1∩X2) −→ H̃n(X1)⊕H̃n(X2) −→ H̃n(X) −→ H̃n−1(X1∩X2) −→ · · ·

�

21. Applications of excision and Mayer - Vietoris sequences

Before proving that singular homology satisfies excision we introduce some ap-
plications.

Theorem 21.1. Let Sn be the n-sphere, n ≥ 0. Then

Hp(S0) =

{
Z⊕ Z, if p = 0,

0, if p > 0.

If n > 0, then

Hp(Sn) =

{
Z, if p = 0 or p = n,
0, otherwise.

Using reduced homology these claims can be combined: For every n ≥ 0,

H̃p(Sn) =

{
Z, if p = n,
0, otherwise.

Proof. The proof is by induction on n:
Let n = 0. Then S0 = {−1, 1}. By Theorem 19.9 and Corollary 19.7,

H̃0(S0) ∼= H0(S0, 1) ∼= Z.
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For p > 0, Theorems 19.8 and 19.9 imply that

H̃p(S0) ∼= Hp(S0, 1) ∼= Hp(S0) = 0.

Thus the claim holds for n = 0.
Assume then n > 0. Let a and b be the north and the south poles of Sn,

respectively. Let X1 = Sn \ {a} and X2 = Sn \ {b}. Then X̊1 = X1, X̊2 = X2

and Sn = X̊1 ∪ X̊2, X1 and X2 are contractible (homeomorphic to Rn). The
intersection X1 ∩ X2 = Sn \ {a, b} has the same homotopy type as the equator
Sn−1. Mayer - Vietoris sequence for reduced homology yields the long exact
sequence

· · · −→H̃p(X1)⊕ H̃p(X2) −→ H̃p(Sn) −→ H̃p−1(X1 ∩X2) −→
H̃p−1(X1)⊕ H̃p−1(X2) −→ · · ·

where all the reduced homology groups of X1 and X2 are trivial. Thus

H̃p(Sn) ∼= H̃p−1(X1 ∩X2)

∼= H̃p−1(Sn−1)

X
=

{
Z, if p− 1 = n− 1,
0, if p− 1 6= n− 1,

=

{
Z, if p = n,
0, otherwise.

Induction is being used at X. �

Corollary 21.2. Let n ≥ 0. Then Sn is not a retract of Dn+1.

Proof. Assume Sn is a retract of Dn+1. Then there is a continuous map r : Dn+1 →
Sn such that r ◦ i : Sn → Sn is the identity, where i : Sn ↪→ Dn+1 is the inclusion.
Thus there are homomorphisms

Hn(Sn)
i∗−→ Hn(Dn+1)

r∗−→ Hn(Sn)

where the composition is

r∗ ◦ i∗ = (r ◦ i)∗ = id∗ = id: Hn(Sn)→ Hn(Sn).

This is impossible, since Hn(Sn) ∼= Z and Hn(Dn+1) = 0. �

Corollary 21.3. (Brouwer’s fixed point theorem) Let f : Dn → Dn be continuous.
Then there is x ∈ Dn with f(x) = x.

Proof. Assume f(x) 6= x, for all x ∈ Dn. Then the points x and f(x) determine
a line. Let g : Dn → Sn−1 be the function that assigns to x the point where the
ray from f(x) to x intersects Sn−1. Then g is continuous and g(x) = x, for every
x ∈ Sn−1. Thus g is a retraction, which contradicts Corollary 21.2. �

Corollary 21.4. If m 6= n, then Sm and Sn do not have the same homotopy type.
In particular, they are not homeomorphic.

Proof. A homotopy equivalence would induce an isomorphism Hp(Sm) ∼= Hp(Sn),
for all p ≥ 0. �
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Corollary 21.5. If m 6= n, then Rm and Rn are not homeomorphic.

Proof. Assume f : Rm → Rn is a homeomorphism. Then choose x0 ∈ Rm. The
restriction

f | : Rm \ {x0} → Rn \ {f(x0)}
is a homeomorphism. This is a contradiction, since Rm \ {x0} has the same
homotopy type as Sm−1 while Rn \ {f(x0)} has the same homotopy type as Sn−1,
but Sm−1 and Sn−1 do not have the same homotopy type. �

Corollary 21.6. If n ≥ 0, then Sn is not contractible.

Proof. If Sn were contractible, it would have the same homology groups as a
point. �

The following theorem says that the relative homology groups Hn(X,A) can
be considered as reduced homology groups of the quotient space X/A if A has a
nice neighborhood in X.

Theorem 21.7. Let X be a topological space and let A be a subspace of X.
Assume A has a neighborhood V such that A is a strong deformation retract of
V . Let

q : (X,A)→ (X/A,A/A)

be the quotient map. Then, for all n ≥ 0, q induces isomorphisms

q∗ : Hn(X,A)→ Hn(X/A,A/A) ∼= H̃n(X/A).

Proof. We have the following commutative diagram, where the horizontal maps
are induced by inclusions:

Hn(X,A)
f

> Hn(X, V ) <
g

Hn(X \ A, V \ A)

Hn(X/A,A/A)

q∗
∨

h
> Hn(X/A, V/A)

q∗
∨

<
l
Hn((X/A) \ (A/A), (V/A) \ (A/A))

q∗
∨

Let’s consider the homomorphisms f . Since A is a strong deformation retract
of V , it follows that the inclusion i : A ↪→ V is a homotopy equivalence. Thus
i∗ : Hn(A)→ Hn(V ) is an isomorphism, for every n. Consider the exact sequence

· · · −→ Hn(A)
i∗−→∼= Hn(V )

p−→ Hn(V,A)
∆−→ Hn−1(A)

i∗−→∼= Hn−1(V ) −→ · · ·

Since i∗ (on the right) is an isomorphism, it follows that im(∆) = ker(i∗) = 0.
Thus ker(∆) = Hn(V,A). Since i∗ (on the left) is an isomorphism, it follows
that ker(p) = im(i∗) = Hn(V ). Thus im(p) = 0. Exactness of the sequence then
implies that

0 = im(p) = ker(∆) = Hn(V,A).

Consider the inclusions

(V,A) ↪→ (X,A) ↪→ (X, V ).
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They induce a commutative diagram

0 > S∗(A) > S∗(V ) > S∗(V )/S∗(A) > 0

0 > S∗(A)
∨

> S∗(X)
∨

> S∗(X)/S∗(A)
∨

> 0

0 > S∗(V )
∨

> S∗(X)
∨

> S∗(X)/S∗(V )
∨

> 0

and a short exact sequence

0 −→ S∗(V )/S∗(A) −→ S∗(X)/S∗(A) −→ S∗(X)/S∗(V ) −→ 0.

Hence there is a long exact sequence in homology:

· · · −→ Hn(V,A)
i∗−→ Hn(X,A)

f−→ Hn(X, V )
∆−→ Hn−1(V,A) −→ · · ·

where Hn(V,A) = 0 = Hn−1(V,A). Then ker(f) = im(i∗) = 0, and it follows that
f is an injection. Also, im(f) = ker(∆) = Hn(X, V ), and hence f is a surjection.
Thus f is an isomorphism.

Since A is a strong deformation retract of V , it follows that A/A is a strong
deformation retract of V/A. Thus, just as we proved that f is an isomorphism,
we can show that h is an isomorphism.

It follows from excision that g and l are isomorphisms.
The quotient map q : X → X/A restricts to a homeomorphism on the comple-

ment of A. It follows that the q∗ on the right is an isomorphism. Thus the q∗ on
the left is

(q∗)left = h−1 ◦ l ◦ (q∗)right ◦ g−1 ◦ f,
which is an isomorphism as a composition of isomorphisms. �

22. The proof of excision

In this section we prove Theorem 20.2. A main tool used in the proof is the
barycentric subdivision of simplices:

Since ∆0 = {1}, it can not be divided any further.
The one-dimensional standard simplex is [e0, e1], where e0 = (1, 0) and e1 =

(0, 1). The barycenter b of ∆1 is the the midpoint of the interval [e0, e1]. The
barycentric subdivision of ∆1 consists of the simplices [e0, b] and [b, e1].

The two-dimensional standard simplex is ∆2 = [e0, e1, e2]. Let

(1) b0 be the barycenter of [e1, e2],
(2) b1 be the barycenter of [e0, e2],
(3) b2 be the barycenter of [e0, e1],
(4) b be the barycenter of [e0, e1, e2].

Notice that e0, e1 and e2 are barycenters of 0-faces (themselves), b1, b2 and b3

are barycenters of 1-faces, and b is the barycenter of ∆2. Thus each vertex of the
barycentric subdivision of ∆2 can be considered as the barycenter bσ of a face σ
of ∆2.
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For faces τ and σ of ∆2, write τ < σ, if τ is a proper face of σ. Then {bτ , bσ, bδ}
forms a triangle exactly when τ < σ < δ or τ < σ < δ etc., and it follows that
there are exactly 3 · 2 = 3! triangles in the barycentric subdivision of ∆2.

Definition 22.1. Let Σn be an affine n-simplex. The barycentric subdivision
SdΣn is a family of affine n-simplices defined inductively for n ≥ 0:

(1) SdΣ0 = Σ0.
(2) Let ϕ0, ϕ1, . . . , ϕn+1 be the n-faces of Σn+1 and let b be the barycenter of

Σn+1. Then SdΣn+1 consists of all the (n+ 1)-simplices spanned by b and
n-simplices Sdϕi

, i = 0, . . . , n+ 1.

Then Σn is the union of the n-simplices in SdΣn.

Exercise 22.2. Show that SdΣn consists of exactly (n+ 1)! n-simplices.

Definition 22.3. Let E be a convex subset of a euclidean space. The barycentric
subdivision of E is a homomorphism

Sdn : Sn(E)→ Sn(E)

defined inductively on generators τ : ∆n → E as follows:

(1) If n = 0, then Sd0(τ) = τ .
(2) If n > 0, then

Sdn(τ) = τ(bn) · Sdn−1(∂τ),

where bn is the barycenter of ∆n and

τ(bn) · Sdn−1(∂τ) = τ(bn) · Sdn−1

( n∑
j=0

(−1)jτ ◦ ej
)

def
=

n∑
j=0

(−1)jτ(bn) · Sdn−1(τ ◦ ej).

Notice that this type of maps were already used to calculate the homology
groups of convex subsets of Rn, see Example 17.5.

Recall that for a convex subset X of Rn, a point x0 ∈ X and a continuous map
T : ∆n → X we defined

x0 · T : ∆n+1 → X

by setting

(x0 · T )(t0, . . . , tn+1) =

{
x0, if t0 = 1,

t0(x0) + (1− t0)T
(

t1
1−t0 , . . . ,

tn+1

1−t0

)
, if 0 ≤ t0 < 1.

Thus, for τ : ∆n → E,

τ(bn) · Sdn−1(τ ◦ ej)(t0, . . . , tn)

=

{
τ(bn), if t0 = 1,

t0τ(bn) + (1− t0)Sdn−1(τ ◦ ej)
(

t1
1−t0 , . . . ,

tn+1

1−t0

)
, if 0 ≤ t0 < 1.
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Example 22.4. Let n = 1, and let τ = δ1 = id: ∆1 → ∆1. Then bn = (1
2
, 1

2
). Also,

∂δ1 = δ1 ◦ e0 − δ1 ◦ e1,

where

δ1 ◦ e0(1) = δ1(0, 1) = (0, 1) and δ1 ◦ e1(1) = δ1(1, 0) = (1, 0).

Here
δ1 ◦ e0, δ1 ◦ e1 : ∆0 → E,

so that
Sd ◦ (δ1 ◦ e0) = δ1 ◦ e0 and Sd ◦ (δ1 ◦ e1) = δ1 ◦ e1.

Then

δ1(bn) · Sd0(δ1 ◦ e0)(t0, t1)

=
(
(
1

2
,
1

2
) · (δ1 ◦ e0)

)
(t0, t1)

=


(1

2
, 1

2
), if t0 = 1,

t0(1
2
, 1

2
) + (1− t0)(δ1 ◦ e0)(

t1
1− t0︸ ︷︷ ︸

=1

), if 0 ≤ t0 < 1

=

{
(1

2
, 1

2
), if t0 = 1,

t0(1
2
, 1

2
) + (1− t0)δ1(0, 1) = t0(1

2
, 1

2
) + (1− t0)(0, 1), if 0 ≤ t0 < 1.

Similarly,

δ1(bn) · Sd0(δ1 ◦ e1)(t0, t1)

=

{
(1

2
, 1

2
), if t0 = 1,

t0(1
2
, 1

2
) + (1− t0)(δ1 ◦ e1)(1) = t0(1

2
, 1

2
) + (1− t0)(1, 0), if 0 ≤ t0 < 1.

Let next X be any topological space. The nth barycentric subdivision of X,
n ≥ 0, is the homomorphism

Sdn : Sn(X)→ Sn(X),

defined on the generators σ : ∆n → X of Sn(X) by

Sdn(σ) = σ#Sdn(δn),

where δn : ∆n → ∆n is the identity map:

Sn(∆n)
Sdn−→ Sn(∆n)

σ#−→ Sn(X), δn 7→ Sdn(δn) 7→ σ#Sdn(δn).

Example 22.5. By Example 22.4, Sd1(δ1) = T0 − T1, where

T0 : ∆1 → ∆1, (t0, t1) 7→ t0(
1

2
,
1

2
) + (1− t0)(0, 1),

and

T1 : ∆1 → ∆1, (t0, t1) 7→ t0(
1

2
,
1

2
) + (1− t0)(1, 0).

Let σ : ∆1 → X. Then

Sd1(σ) = σ#Sd1(δ1) = σ#(T0 − T1) = σ ◦ T0 − σ ◦ T1.
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Lemma 22.6. Let f : X → Y be continuous. Then the diagram

Sn(X)
Sdn
> Sn(X)

Sn(Y )

f#
∨

Sdn
> Sn(Y )

f#
∨

commutes, for every n ≥ 0.

Proof. Let σ : ∆n → X be a generator of Sn(X). Then

(f# ◦ Sdn)(σ) = f#(σ#Sdn(δn))

= (f# ◦ σ#)(Sdn(δn))

= (f ◦ σ)#(Sdn(δn))

= Sdn(f ◦ σ)

= (Sd ◦ f#)(σ).

�

Lemma 22.7. The map Sd: S∗(X)→ S∗(X) is a chain map.

Proof. First, let’s assume X is convex. Let τ : ∆n → X be a singular n-simplex.
We show that Sdn−1∂nτ = ∂nSdnτ . The proof is done by induction on n.

Let n = 0. Then S−1(X) = 0, thus ∂0 = 0 and Sd−1 = 0. Hence Sd−1 ◦ ∂0 =
∂0 ◦ Sd0.

Let then n > 0.

∂nSdnτ = ∂n
(
τn(bn) · Sdn−1(∂nτ)

)
(definition of Sdn)

= Sdn−1∂nτ − τ(bn) ·
(
(∂n−1Sdn−1)∂nτ

)
(see p. 63)

= Sdn−1∂nτ − τ(bn) ·
(
(Sdn−2 ∂n−1)∂n︸ ︷︷ ︸

0

τ
)

(induction)

= Sdn−1∂nτ.

This proves the claim for convex X.
Let then X be any space, not necessarily convex. Let σ : ∆n → X be a singular

simplex. Then

∂nSdn(σ) = ∂nσ#Sdn(δn) (definition of Sdn)

= σ#∂nSdn(δn) (σ# is a chain map)

= σ#Sdn−1∂n(δn) (∆n is convex)

= Sdn−1σ#∂n(δn) (Lemma 22.6)

= Sdn−1∂nσ#(δn) (σ# is a chain map)

= Sdn−1∂n(σ). (σ#(δn) = σ)

�

Lemma 22.8. For each n ≥ 0, Hn(Sd) : Hn(X)→ Hn(X) is the identity.
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Proof. By Proposition 16.3, it suffices to prove that Sd is chain homotopic to
id : S∗(X)→ S∗(X). Therefore, we will construct homomorphisms Tn : Sn(X)→
Sn+1(X) satisfying

∂n+1Tn + Tn−1∂n = idn − Sdn.

First, let’s assume that X is convex, and let’s construct the Tn by induction on
n. For n = 0, let

T0 = 0: S0(X)→ S1(X).

Then, for a 0-simplex σ,

∂1T0σ = 0 and id(σ)− Sd0(σ) = σ − σ = 0.

Let then n > 0. Then Tn should satisfy

∂n+1Tnγ + Tn−1∂nγ = γ − Sdn(γ),

for any γ ∈ Sn(X). Equivalently, should be

∂n+1Tnγ = γ − Sdn(γ)− Tn−1∂nγ. (♣)

The right side of (♣) is

∂n(γ − Sdn(γ)− Tn−1∂nγ)

=∂nγ − ∂nSdn(γ)− ∂nTn−1∂nγ

=∂nγ − ∂nSdn(γ)− (idn−1 − Sdn−1 − Tn−2∂n−1)∂nγ (by induction)

=∂nγ − ∂nSdn(γ)− ∂nγ + Sdn−1∂nγ + Tn−2 ∂n−1∂n︸ ︷︷ ︸
0

γ

= (Sdn−1∂n − ∂nSdn)︸ ︷︷ ︸
0, since Sd is a chain map

(γ) = 0.

Thus γ−Sdn(γ)−Tn−1∂nγ ∈ Zn(X). In the end of Example 17.5 we showed that

∂n+1(b · γ′) = γ′,

for γ′ ∈ Zn(X). Thus, let’s define Tn by

Tn(γ) = b · (γ − Sdn(γ)− Tn−1∂nγ),

where b ∈ X. It follows that

∂n+1Tn(γ) = γ − Sd(γ)− Tn−1∂nγ

= the right side of (♣).

Thus we have constructed the Tn for convex spaces X.
Let then X be any topological space, not necessarily convex. Let σ : ∆n → X

be an n-simplex. Define

Tn(σ) = σ#( Tn(δn)︸ ︷︷ ︸
∈Sn+1(∆n)

) ∈ Sn+1(X),

and extend Tn by linearity,

Tn
(∑

i

niσi
)

=
∑
i

Tn(σi),
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for σi : ∆n → X. Then

∂n+1Tnσ + Tn−1∂nσ

def.
= ∂n+1σ#Tn(δn) + Tn−1∂nσ#(δn)

=σ#∂n+1Tn(δn) + Tn−1∂nσ#(δn) (σ# is a chain map)

=σ#

(
δn − Sdn(δn)− Tn−1∂n(δn)

)
+ Tn−1∂nσ#(δn)

=σ − σ#Sdn(δn)︸ ︷︷ ︸
= Sdn(σ)

−σ#Tn−1∂n(δn) + Tn−1σ#∂n(δn) (the claim holds for ∆n)

= σ − Sdn(σ),

since
σ#Tn−1 = Tn−1σ#

by the following commutative diagram

Sn(∆n)
σ#
> Sn(X)

Sn+1(∆n)

Tn
∨

σ#

> Sn+1(X),

Tn
∨

where σ : ∆n → X, c : ∆n → ∆n,

Tnσ#(c) = Tn(σ ◦ c) = (σ ◦ c)#Tn(δn)

and also
σ#Tn(c) = σ# ◦ c#Tn(δn) = (σ ◦ c)#Tn(δn).

�

Corollary 22.9. Let q ≥ 0 and let z ∈ Zn(X). Then [z] = [Sdqz].

Proof. Since Hn(Sd) : Hn(X)→ Hn(X) is the identity, it follows that [Sdz] = [z].
Thus [Sd2z] = [Sdz] = [z] and, inductively [Sdqz] = [z]. �

Recall that the diameter of an n-simplex S = [p0, . . . , pn] is

diam
def.
= sup{‖u− v‖ | u, v ∈ S}

5.21
= sup

i,j
{‖pi − pj‖}.

For δn = id: ∆n → ∆n, define

diam(δn) = diam(δn(∆n)) = diam(∆n).

If Sd(δn) =
∑
miσi, define

diam(σi) = diam(σi(∆
n)).

Lemma 22.10. Let δn = id: ∆n → ∆n. Let Sd(δn) =
∑
miσi. Then

diam(σi) ≤
n

n+ 1
diam(δn),

for every i.
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Proof. The image σi(∆
n) is an n-simplex for every i, the vertices of σi(∆

n) are
barycenters of the faces of the original simplex, for example it can be that the
vertices are

e0, b01 =
1

2
(e0 + e1), b012 =

1

3
(e0 + e1 + e2), . . . , b012···n =

1

n+ 1
(e0 + · · ·+ en).

Notice that not any arbitrary choice of barycenters gives a simplex in the barycen-
tric subdivision, they must be compatible. For example: [e0] is a proper face of
[e0, b01], [e0, b01] is a proper face of [e0, b01, b012] etc. (Thus the barycentric subdi-
vision of ∆n has (n+ 1)! small simplices.)

Notice also that after subdividing the standard n-simplex ∆n we get smaller
simplices that will be subdivided again. Therefore, in the following calculation
the vertices do not have to be the vertices of the standard n-simplex. Let’s denote
the vertices of ∆n by w1, . . . , wn+1. Then each vertex of σi(∆

n) is of the form

1

k

k∑
j=1

wj,

where 1 ≤ j ≤ n+ 1. Then, showing that

‖1

k

k∑
j=1

wj −
1

m

m∑
j=1

wj‖ ≤
n

n+ 1
max
l,j
{‖wl − wj‖}︸ ︷︷ ︸
diam(∆n)

,

for all 1 ≤ m < k ≤ n + 1, will imply that diam(σi) ≤ n
n+1

diam(δn). Therefore,
let’s make an estimation:

‖ 1

m

m∑
j=1

wj −
1

k

k∑
j=1

wj‖

=‖ 1

m

m∑
j=1

wj −
1

k

m∑
j=1

wj −
1

k

k∑
j=m+1

wj‖

=‖k −m
km

m∑
j=1

wj −
1

k

k∑
j=m+1

wj‖

=
k −m
k
‖ 1

m

m∑
j=1

wj −
1

k −m

k∑
j=m+1

wj‖,

where each sum in the bottom term is in the convex hull of the wj, and therefore
in ∆n. Thus it follows that

‖ 1

m

m∑
j=1

wj −
1

k

k∑
j=1

wj‖ ≤
k −m
m

diam(δn).

The function f : [0,∞)→ [0,∞), x 7→ x
x+1

, is increasing. Thus

k −m
k
≤ k − 1

k
= f(k − 1) ≤ f(n) =

n

n+ 1
,
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which implies that

‖ 1

m

m∑
j=1

wj −
1

k

k∑
j=1

wj‖ ≤
n

n+ 1
diam(δn),

and furthermore that

diam(σi) ≤
n

n+ 1
diam(δn).

�

Corollary 22.11. Let δn = id: ∆n → ∆n, and let Sdq(δn) =
∑
aiσi. Then

diam(σi) ≤ (
n

n+ 1
)qdiam(δn),

for all i.

Proof. Apply the proof of Lemma 22.10 repeatedly. �

Lemma 22.12. Let X be a topological space and let X1 and X2 be subspaces of
X with X = X̊1∪X̊2. Let γ : ∆n → X be a continuous map. Then there is p ≥ 1,
with

Sdp(γ) ∈ Sn(X1) + Sn(X2).

Proof. Since γ : ∆n → X is continuous, it follows that the sets γ−1(X̊1) and

γ−1(X̊2) form an open cover for ∆n. Now, ∆n is a compact metric space. By the
Lebesque number theorem (Theorem 10.1), there exists λ > 0 such that when
ever x, y ∈ ∆n, ‖x− y‖ < λ, then

{x, y} ⊂ γ−1(X̊1) or {x, y} ⊂ γ−1(X̊2).

Let p ≥ 1 be such that

(
n

n+ 1
)pdiam∆n < λ.

Write Sdp(δn) =
∑
mjσj. By Corollary 22.11,

diam(σj) ≤ (
n

n+ 1
)p diam(δn)︸ ︷︷ ︸

=diam(∆n)

< λ,

for any singular simplex σj in the linear combination of Sdp(δn). Then diam(σj(∆
n)) <

λ, for every j. Thus, for every j,

σj(∆
n) ⊂ γ−1(X̊1) or σj(∆

n) ⊂ γ−1(X̊1).

Now,

Sdpγ = γ#Sdp(δn) = γ#(
∑

mjσj) =
∑

mjγσj.

Thus

γσj(∆
n) ⊂ X̊1 ⊂ X1 or γσj(∆

n) ⊂ X̊2 ⊂ X2,

for every j. Thus, by collecting terms, we can write Sdpγ = γ1 + γ2, where
γ1 ∈ Sn(X1) and γ2 ∈ Sn(X2).

�
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Lemma 22.13. Let X be a topological space and let X1 and X2 be subspaces of
X. Assume the inclusion

S∗(X1) + S∗(X2)→ S∗(X)

induces isomorphisms in homology. Then excision holds for the subspaces X1 and
X2 of X, i.e., the inclusion

j : (X1, X1 ∩X2) ↪→ (X1 ∪X2, X2) = (X,X2)

induces isomorphisms

j∗ : Hn(X1, X1 ∩X2)→ Hn(X,X2),

for all n ≥ 0.

Proof. There is a short exact sequence of chain complexes:

0 −→ S∗(X1) + S∗(X2)︸ ︷︷ ︸
K

−→ S∗(X)︸ ︷︷ ︸
L

−→ S∗(X)/
(
S∗(X1) + S∗(X2)

)︸ ︷︷ ︸
M

−→ 0,

which induces a long exact sequence in homology:

· · · −→ Hn(K)
fn−→ Hn(L) −→ Hn(M) −→ Hn−1(K)

fn−1−→ Hn−1(L) −→ · · ·

By assumption the sequence has isomorphisms fn, for all n. It follows that

H∗
(
S∗(X)/

(
S∗(X1) + S∗(X2)

))
= H∗(M) = 0,

for all n. There also is a short exact sequence of chain complexes:

0 −→ S∗(X1) + S∗(X2)

S∗(X2)︸ ︷︷ ︸
K′

k−→ S∗(X)

S∗(X2)︸ ︷︷ ︸
L′

−→ S∗(X)/
(
S∗(X1) + S∗(X2)

)︸ ︷︷ ︸
M

−→ 0,

which induces a long exact sequence in homology:

· · · −→ Hn(K ′)
Hn(k)−→ Hn(L′) −→ Hn(M)︸ ︷︷ ︸

0

−→ Hn−1(K ′) −→ Hn−1(L′) −→ · · ·

Since Hn(M) = 0, for every n, it follows that

k∗ : H∗(K
′)→ H∗(L

′)

is an isomorphism for all ∗. Consider the diagram

S∗(X1)/S∗(X1 ∩X2)

(
S∗(X1) + S∗(X2)

)
/S∗(X2)

l
∨

k
> S∗(X)/S∗(X2)

j

>

where j is induced by the inclusion

(X1, X1 ∩X2) ↪→ (X,X2).
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The diagram commutes and l is an isomorphism of chain complexes. Since j = kl,
it follows that

j∗ = k∗l∗ : H∗
(
S∗(X1)/S∗(X1 ∩X2)

)︸ ︷︷ ︸
H∗(X1,X1∩X2)

→ H∗
(
S∗(X)/S∗(X2)

)︸ ︷︷ ︸
H∗(X,X2)

.

Since k∗ and l∗ are isomorphisms, it follows that j∗ is an isomorphism. Therefore,
excision holds for X1 and X2 in X. �

We are ready to prove that singular homology satisfies excision. Since the two
versions for excision are equivalent, it suffices to prove one of them. Recall the
second version (Theorem 20.2):
Theorem 20.2 (Excision 2.) Let X be a topological space and let X1 and X2 be

subspaces of X with X = X̊1 ∪ X̊2. Then the inclusion

j : (X1, X1 ∩X2) ↪→ (X1 ∪X2, X2) = (X,X2)

induces isomorphisms

j∗ : Hn(X1, X1 ∩X2)→ Hn(X,X2),

for every n.

Proof. By lemma 22.13, it suffices to show that the inclusion

S∗(X1) + S∗(X2)→ S∗(X)

induces isomorphisms

θn : Hn

(
S∗(X1) + S∗(X2)

)
→ Hn(S∗(X)) = Hn(X),

for all n. Let γ1 ∈ Sn(X1), γ2 ∈ Sn(X2), and assume γ1 + γ2 is a cycle in Sn(X).
Then γ1 + γ2 is also a cycle in Sn(X1) + Sn(X2). Denote the homology class of
γ1 + γ2 in Sn(X1) + Sn(X2) by [γ1 + γ2]sub and in Sn(X) by [γ1 + γ2], as usual.
Then

θn : [γ1 + γ2]sub 7→ [γ1 + γ2].

We first show that θn is surjective: Let z =
∑
mizi ∈ Zn(X) ⊂ Sn(X), where

zi : ∆n → X are continuous for all (finitely many) i. Then, by Lemma 22.12,
there is q ≥ 1 such that

Sdq(zi) = γ1
i + γ2

i ,

where γ1
i ∈ Sn(X1) and γ2

i ∈ Sn(X2), for every i. Since z is an n-cycle and since
Sdq is a chain map, it follows that

Sdqz = Sdq(
∑

mizi) =
∑

mi(γ
1
i + γ2

i )

is an n-cycle, both in S∗(X) and in S∗(X1) + S∗(X2). Therefore,

[
∑

mi(γ
1
i + γ2

i )]sub ∈ Hn

(
S∗(X1) + S∗(X2)

)
and

θn
(
[
∑

mi(γ
1
i + γ2

i )]sub

)
= [
∑

mi(γ
1
i + γ2

i )]

= [Sdq(z)] = [z].

It follows that θn is surjective.
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It remains to show that θn is injective: Assume

θn[γ1 + γ2]sub = 0 = [γ1 + γ2].

Then there exists β ∈ Sn+1(X) with ∂β = γ1 + γ2. It follows from Lemma
22.12 that there is q ≥ 1 satisfying Sdqβ = β1 + β2, where β1 ∈ Sn+1(X1) and
β2 ∈ Sn+1(X2). Then

∂(β1 + β2) = ∂Sdqβ = Sdq∂β = Sdq(γ1 + γ2),

where the second equality holds since Sdq is a chain map. Thus [Sdq(γ1+γ2)]sub =
0. Let ji : Xi ↪→ X, i = 1, 2, be the inclusions. By Lemma 22.6, the diagram

Sn(Xi)
Sdn
> Sn(Xi)

Sn(X)

(ji)#
∨

Sdn
> Sn(X)

(ji)#
∨

commutes for i = 1, 2. Thus Sd: S∗(X) → S∗(X) takes S∗(X1) into S∗(X1) and
S∗(X2) into S∗(X2). Therefore, Sd takes the subcomplex S∗(X1) + S∗(X2) into
S∗(X1) + S∗(X2). Similarly, the diagram

Sn(Xi)
Tn
> Sn+1(Xi)

Sn(X)

(ji)#
∨

Tn
> Sn+1(X)

(ji)#
∨

commutes for i = 1, 2. Thus the chain homotopy {Tn : Sn(X)→ Sn+1(X)} from
id to Sd restricts to chain homotopies {T 1

n : Sn(X1)→ Sn+1(X)} and {T 2
n : Sn(X2)→

Sn+1(X2)}. Hence

γ1 − Sdqγ1 = (T 1∂ + ∂T 1)γ1

and

γ2 − Sdqγ2 = (T 2∂ + ∂T 2)γ2.

Thus

γ1 + γ2 − Sdq(γ1 + γ2) = T 1∂γ1 + T 2∂γ2︸ ︷︷ ︸
T∂(γ1+γ2)

+∂(T 1γ1 + T 2γ2).

Now,

∂(T 1γ1 + T 2γ2) ∈ Bn

(
S∗(X1) + S∗(X2)

)
.

Since [γ1 + γ2] = 0, it follows that T∂(γ1 + γ2) = 0. Thus

[γ1 + γ2]sub =[Sdq(γ1 + γ2) + ∂(T 1γ1 + T 2γ2)]sub

=[Sdq(γ1 + γ2)]sub

=0.

It follows that θn is injective, which completes the proof. �
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23. Homology of a wedge sum

Let Xα, α ∈ I, be topological spaces. Let xα ∈ Xα be a basepoint of Xα, for all
α. The wedge sum (or just the wedge) of the Xα is∨

α

Xα =
⊔
α

Xα/ ∼,

where
⊔

denotes a disjoint union, and ∼ is the equivalence relation on
⊔
αXα

obtained by identifying all the basepoints xα with each others. Write

X =
⊔
α

Xα and A =
⊔
α

{xα}.

Then
X/A =

∨
α

Xα.

Proposition 23.1. Let Xα, α ∈ I, be path-connected topological spaces with
basepoints xα, respectively. Assume each xα is a strong deformation retract of an
open subset of Xα. Then, for all n,

H̃n

(∨
α

Xα

) ∼= ⊕
α

H̃n(Xα).

Proof. For every α ∈ I, let Fα : Uα × I → Uα be a strong deformation retraction
to xα. Thus

(1) Fα(x, 0) = x, for all x ∈ Uα.
(2) Fα(x, 1) = xα, for all x ∈ Uα.
(3) Fα(xα, t) = xα, for all t ∈ I.

Let
F :

⊔
α

Uα × I →
⊔

Uα, (x, t) 7→ Fα(x, t) ∀(x, t) ∈ Uα × I.

Then

(1) F (x, 0) = x, for all x ∈
⊔
α Uα,

(2) F (x.1) ∈ A =
⊔
{xα}, for all x ∈

⊔
α Uα,

(3) F (xα, t) = xα, for all xα and for all t.

Thus F strongly deformation retracts
⊔
α Uα to A. It follows that, for all n ≥ 0,

H̃n

(∨
α

Xα

)
= H̃n

(⊔
α

Xα/A
)

∼= Hn

(⊔
α

Xα, A) (Theorem 21.7)

∼=
⊕
α

Hn(Xα, A ∩Xα) (Theorem 19.5)

=
⊕
α

Hn(Xα, xα)

∼=
⊕
α

H̃n(Xα). (Theorem 19.9)
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�

24. Jordan separation theorem and invariance of domain

Definition 24.1. Let X be a topological space. Assume one-point sets are closed
in X. The space X is said to be normal, if for each pair A,B of disjoint closed
subsets of X, there exist disjoint open subsets of X containing A and B, respec-
tively.

It follows immediately from Definition 24.1, that every normal space is Haus-
dorff.

Theorem 24.2. (Tietze extension theorem) Let X be a normal space, and let A
be a closed subspace of X. Then:

(1) Any continuous map A → [a, b] (a, b ∈ R, a < b) may be extended to a
continuous map X → [a, b].

(2) Any continuous map A→ R may be extended to a continuous map X →
R.

Proof. For example, [2], Theorem 35.1, or see almost any text book in general
topology. �

Tietze extension theorem has the following consequence that will be applied to
prove the Jordan separation theorem:

Proposition 24.3. Let A ⊂ Rm and B ⊂ Rn be closed subsets and let f : A→ B
be a homeomorphism. Then there exists a homeomorphism of pairs

F : (Rm × Rn, A× {0})→ (Rn × Rm, B × {0}),
such that F (a, 0) = (f(a), 0), for every a ∈ A.

Proof. Apply Tietze extension theorem to the coordinate functions of f : A →
B ⊂ Rn. This gives a continuous extension ϕ : Rm → Rn for f . Define the maps

ϕ+ : Rm × Rn → Rm × Rn, (x, y) 7→ (x, y + ϕ(x)),

ϕ− : Rm × Rn → Rm × Rn, (x, y) 7→ (x, y − ϕ(x)).

Clearly, ϕ+ and ϕ− are continuous, and it is easy to check that ϕ+ is a homeo-
morphism with the inverse function ϕ− (ϕ− ◦ ϕ+ = idRm×Rn = ϕ+ ◦ ϕ−). Let

Gr(f) = {(a, f(a)) | a ∈ A}
be the graph of f . Then

ϕ+| : A× {0} → Rm × Rn, (a, 0) 7→ (a, 0 + ϕ(a)) = (a, f(a)) ∈ Gr(f).

The image ϕ+(A × {0}) = Gr(f) and it follows that ϕ+ takes A × {0} homeo-
morphically to Gr(f).

Let g : B → A be the inverse function of f , and let ψ : Rn → Rm be a continuous
extension of g (such an extension exists by the Tietze extension theorem). As
above, there are homeomorphisms

ψ+ : Rn × Rm → Rn × Rm, (y, x) 7→ (y, x+ ψ(y)),
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ψ− : Rn × Rm → Rn × Rm, (y, x) 7→ (y, x− ψ(y)).

Then

F = ψ− ◦ τ ◦ ϕ+ : Rm × Rn → Rn × Rm

is a homeomorphism, where

τ : Rm × Rn → Rn × Rm, (x, y) 7→ (y, x).

The homeomorphism F has the desired properties:
1.

F (a, 0) = (ψ− ◦ τ ◦ ϕ+)(a, 0) = (ψ− ◦ τ)(a, f(a))

= ψ−(f(a), a) = (f(a), a− ψ(f(a)))

= (f(a), a− a) = (f(a), 0).

2.

A× {0} ϕ+−→ Gr(f)
τ−→ {(f(a), a) | a ∈ A} ψ−−→ {(f(a), 0) | a ∈ A} = B × {0}.

So, F takes A× {0} homeomorphically to B × {0}. �

To prove the Jordan separation theorem we will also apply the following result
from singular homology:

Theorem 24.4. Let X be a topological space. Let A ⊂ X and let A′ ⊂ A. Then
there is an exact sequence

· · · −→ Hn(A,A′) −→ Hn(X,A′) −→ Hn(X,A)
∆−→ Hn−1(A,A′) −→ · · ·

Moreover, if there is a commutative diagram (,) of pairs of spaces, where the
horizontal maps are inclusions,

(A,A′) > (X,A′) > (X,A)

(B,B′)
∨

> (Y,B′)
∨

> (Y,B),
∨

then there is a commutative diagram of exact rows:

· · · > Hn(A,A′) > Hn(X,A′) > Hn(X,A)
∆
> Hn−1(A,A′) > · · ·

· · · > Hn(B,B′)
∨

> Hn(Y,B′)
∨

> Hn(Y,B)
∨ ∆′

> Hn−1(B,B′)
∨

> · · ·
where ∆ and ∆′ are connecting homomorphisms.

Proof. There are short exact sequences of chain complexes:

0 −→ S∗(A)/S∗(A
′) −→ S∗(X)/S∗(A

′) −→ S∗(X)/S∗(A) −→ 0

and

0 −→ S∗(B)/S∗(B
′) −→ S∗(Y )/S∗(B

′) −→ S∗(Y )/S∗(B) −→ 0.
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The vertical maps in (,) induce chain maps that make the following diagram
commute:

0 > S∗(A)/S∗(A
′) > S∗(X)/S∗(A

′) > S∗(X)/S∗(A) > 0

0 > S∗(B)/S∗(B
′)

∨
> S∗(Y )/S∗(B

′)
∨

> S∗(Y )/S∗(B)
∨

> 0

It now follows from Corollary 15.13, that there is the following commutative
diagram with exact rows:

· · · > Hn(A,A′) > Hn(X,A′) > Hn(X,A)
∆
> Hn−1(A,A′) > · · ·

· · · > Hn(B,B′)
∨

> Hn(Y,B′)
∨

> Hn(Y,B)
∨ ∆′

> Hn−1(B,B′)
∨

> · · ·
�

We will also need a couple of results concerning singular homology of subsets
of euclidean spaces:

Proposition 24.5. Let A ⊂ Rn be a closed subset. Then the homology groups

Hk(Rn,Rn \ A) and Hk+1(Rn × R, (Rn × R) \ (A× {0}))

are isomorphic, for every k ≥ 0.

Proof. Consider the following open subsets of Rn+1:

(1) H+ =
(
(Rn \ A)×]− 1,∞[

)
∪
(
A×]0,∞[

)
,

(2) H− =
(
(Rn \ A)×]−∞, 1[

)
∪
(
A×]−∞, 0[

)
,

(3) H+ ∪H− =
(
(Rn \ A)× R

)
∪
(
A× (R \ {0})

)
= Rn+1 \ (A× {0}),

(4) H+ ∩H− =
(
(Rn \ A)×]− 1, 1[

)
∪ (A× ∅) = (Rn \ A)×]− 1, 1[.

We obtain the following diagram:

Hk(Rn,Rn \ A) Hk+1

(
Rn+1,

H+∪H−︷ ︸︸ ︷
Rn+1 \ (A× {0}

)

Hk(Rn, H+ ∩H−)

γ
∨

<
β

Hk(H+, H+ ∩H−)
α

> Hk(H+ ∪H−, H−)

∆
∨

where ∆ is the connecting homomorphism of the triple (Rn+1, H+∪H−, H−) while
α, β and γ are induced by the inclusions

(H+, H+ ∩H−) ↪→ (H+ ∪H−, H−),

(H+, H+ ∩H−) ↪→ (Rn+1, H+ ∩H−)

and

(Rn,Rn \ A) ∼= (Rn × {0}, (Rn \ A)× {0}) ↪→ (Rn+1, H+ ∩H−),

respectively. We show that ∆, α, β and γ are isomorphisms.
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1. ∆ is an isomorphism: Notice that H− is contractible. Moreover, x0 = (b,−1),
where b ∈ Rn \ A, is a deformation retract of H−. Therefore,

Hk(Rn+1, H−) ∼= Hk(Rn+1, x0) ∼= H̃k(Rn+1) = 0,

for every k. The long exact sequence of the triple (Rn+1, H+ ∪H−, H−) is

· · · −→Hk+1(H+ ∪H−, H−) −→ Hk+1(Rn+1, H−)︸ ︷︷ ︸
0

−→ Hk+1(Rn+1, H+ ∪H−)

∆−→Hk(H+ ∪H−, H−) −→ Hk(Rn+1, H−)︸ ︷︷ ︸
0

−→ Hk(Rn+1, H+ ∪H−) −→ · · ·

Therefore, ∆ is an isomorphism.

2. α is an isomorphism: The inclusion

(H+, H+ ∩H−) ↪→ (H+ ∪H−, H−)

induces isomorphisms

α : Hk(H+, H+ ∩H−)→ Hk(H+ ∪H−, H−)

by Excision 2.

3. β is an isomorphism: The inclusion

(H+, H+ ∩H−) ↪→ (Rn+1, H+ ∩H−)

induces the following commutative diagram, where the rows are exact and the
vertical homomorphisms are induced by inclusions:

· · · > Hk+1(H+ ∩H−) > Hk+1(H+) > Hk+1(H+, H+ ∩H−) > Hk(H+ ∩H−) > Hk(H+) > · · ·

· · · > Hk+1(H+ ∩H−)

∼=
∨

> Hk+1(Rn+1)

∼=
∨

> Hk+1(Rn+1, H+ ∩H−)
∨

> Hk(H+ ∩H−)

∼=
∨

> Hk(Rn+1)

∼=
∨

> · · ·

Here the homomorphism H∗(H+∩H−)→ H∗(H∗∩H−) is induced by the identity
map of H+ ∩H−, hence it is an isomorphism.

For k > 0, Hk(H∗) = 0 = Hk(Rn+1), and thus the corresponding vertical
homomorphism is an isomorphism.

For k = 0, H0(H+) ∼= Z ∼= H0(Rn+1), and the inclusion H+ ↪→ Rn+1 induces a
surjective homomorphism Z→ Z, hence an isomorphism.

Each row in the above ladder remains exact if we extend the row by adding
trivial groups:

· · · > H0(H+ ∩H−) > H0(H+) > H0(H+, H+ ∩H−) > 0 > 0 > · · ·

· · · > H0(H+ ∩H−)

∼=
∨

> H0(Rn+1)

∼=
∨

> H0(Rn+1, H+ ∩H−)
∨

> 0

∼=
∨

> 0

∼=
∨

> · · ·
It now follows form the 5-lemma, that

β : Hk(H+, H+ ∩H−)→ Hk(Rn+1, H+ ∩H−)

is an isomorphism for every k ≥ 0.
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4. γ is an isomorphism: The inclusion

(Rn,Rn \ A) ↪→ (Rn+1, H+ ∩H−),

where H+ ∩H− = (Rn \ A)×]− 1, 1[, induces isomorphisms

Hk(Rn)→ Hk(Rn+1)

and

Hk(Rn \ A)→ Hk(H+ ∩H−),

for every k ≥ 0. An argument similar to the one in case 3 shows that

γ : Hk(Rn,Rn \ A)→ Hk(Rn+1, (Rn \ A)×]− 1, 1[)

is an isomorphism for every k ≥ 0.
Since α, β, γ and ∆ are isomorphisms, we obtain an isomorphism

∆−1 ◦ α ◦ β−1 ◦ γ : Hk(Rn,Rn \ A)→ Hk(Rn+1, H+ ∪H−),

for every k ≥ 0. �

Theorem 24.6. (Duality theorem) Let A and B be closed homeomorphic subsets
of Rn. Then the groups

Hk(Rn,Rn \ A) and Hk(Rn,Rn \B)

are isomorphic fo all k ≥ 0.

Proof. Let f : A → B be a homeomorphism. By Proposition 24.3, there is a
homeomorphism of pairs

F : (Rn × Rn, A× {0})→ (Rn × Rn, B × {0})
such that F (a, 0) = (f(a), 0), for every a ∈ A. Then F induces isomorphisms in
homology, in particular isomorphisms

Hk+n

(
Rn×Rn, (Rn×Rn) \ (A×{0})

)
→ Hk+n

(
Rn×Rn, (Rn×Rn) \ (B×{0})

)
.

(Notice here that F maps (Rn×Rn)\ (A×{0}) homeomorphically to (Rn×Rn)\
(B × {0}).) Applying Proposition 24.5 n times yields isomorphisms

Hk(Rn,Rn \ A) ∼= Hk+1

(
Rn × R, (Rn × R) \ (A× {0})

)
∼= Hk+2

(
Rn × R2, (Rn × R2) \ (A× {0})

)
· · · ∼= Hk+n

(
Rn × Rn, (Rn × Rn) \ (A× {0})

)
.

Similarly

Hk(Rn,Rn \B) ∼= Hk+n

(
Rn × Rn, (Rn × Rn) \ (B × {0})

)
.

Therefore, there are isomorphisms

Hk(Rn,Rn \ A) ∼= Hk(Rn,Rn \B),

for all k ≥ 0. �

Theorem 24.7. (Component theorem) Let A and B be closed homeomorphic
subsets of Rn. Then π0(Rn \ A) and π0(Rn \B) have the same cardinality.
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Proof. Assume first that A 6= Rn and that B 6= Rn. The long exact homotopy
sequence of the pair (Rn,Rn \ A) ends as follows

· · · −→ H1(Rn)︸ ︷︷ ︸
0

−→ H1(Rn,Rn \ A) −→ H0(Rn \ A)

f−→ H0(Rn)︸ ︷︷ ︸
∼=Z

−→ H0(Rn,Rn \ A)︸ ︷︷ ︸
0

.

Then f is a surjection. Let x ∈ H0(Rn \ A) be such that f(x) = 1 equals a
generator of H0(Rn). Define g : H0(Rn) → H0(Rn \ A) by g(1) = x and g(n) =
nx = x+ · · ·+ x. Then g is a homomorphism and f ◦ g = id: Z→ Z. Therefore,
the sequence above splits, i.e.,

H0(Rn \ A) ∼= H1(Rn,Rn \ A)⊕ Z.
Now, H0(Rn \A) is a free abelian group whose rank (= the cardinality of a basis)
equals the cardinality of π0(Rn \ A). Similarly,

H0(Rn \B) ∼= H1(Rn,Rn \B)⊕ Z.
By Theorem 24.6,

H1(Rn,Rn \ A) ∼= H1(Rn,Rn \B).

Thus
H0(Rn \ A) ∼= H0(Rn \B),

and it follows that π0(Rn \ A) and π0(Rn \B) have the same cardinality.
If A = Rn, then by the invariance of domain (to be proved soon!) also B is

open. Since B is also closed and Rn is connected, it follows that also B = Rn. �

Remark 24.8. We will use Theorem 24.7 to prove results that are used to prove
the invariance of domain. However, we will only use the case where A,B 6= Rn.
Thus we are not using the invariance of domain to prove the invariance of domain!

Let f : S1 ↪→ R2 be an injective continuous mapping. Since S1 is compact and
R2 is Hausdorff, it follows that f is a closed map. Therefore, f is an embedding,
i.e., f is a homeomorphism onto the image f(S1).

Theorem 24.9. (Jordan separation theorem) Let S ⊂ Rn be homeomorphic to
the sphere Sn−1, where n ≥ 2. Then Rn \ S has two path components: a bounded
path component J (”interior”) and an unbounded path component A (”exterior”).
Moreover, S is the set of boundary points of J and A. (Thus J and A do not
contain their boundary points, which means that they are open in Rn.)

Proof. The claim is true if S = Sn−1. It now follows from Theorem 24.7 that
the complement Rn \ S has two path components. Clearly, at least one of the
path components is unbounded, denote that path component by A. If both path
components were unbounded, then also S would have to be so. Therefore, the
other path component J is bounded.

Let’s next consider the boundary points of J and A. Let x ∈ S, and let V
be an open neighborhood of x in Rn. Then C = S \ (S ∩ V ) is closed in S and
homeomorphic to a closed subset of Sn−1. Denote this subset by D, notice that
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D 6= Sn−1. Then Rn \ D is path-connected (there is x ∈ Sn−1 ∩ (Rn \ D), if
y ∈ intDn and z ∈ Rn \D, then there is a path y → z in Rn \D going through
x.) Theorem 24.7 implies that Rn \ C is path-connected.

Let p ∈ J , q ∈ A, and w : [0, 1] → Rn \ C be a path from p to q. Then
w−1(S) 6= ∅. Since w−1(S) is compact, it has a minimum element t1 and a
maximum element t2. Then w(t1), w(t2) ∈ S∩V . Then w([0, t1)) ⊂ Rn \S. Since
w([0, t1)) is path-connected and p = w(0) ∈ J , it follows that w([0, t1)) ⊂ J .
Similarly, w((t2, 1]) ⊂ A. Now, w(t1) is a limit point (= an accumulation point)
of w((t2, 1]). Hence there is t3 ∈ [0, t1) with w(t3) ∈ J ∩ V and t4 ∈ (t2, 1] with
w(t4) ∈ A ∩ V . It follows that x is contained in the boundary of J and in the
boundary of A. �

Remark 24.10. The separation theorem can be improved for n = 2. The Schoen-
flies theorem says the following: Let S ⊂ R2 be a Jordan curve. Then there is a
homeomorphism f : R2 → R2 such that f(S) = S1.

Theorem 24.11. Let A ⊂ Rn, n > 1, be homeomorphic to the closed k-dimensional
unit disk Dk, k ≤ n. Then Rn \ A is path-connected.

Proof. Since Dk is compact, it follows that A is compact, which implies that A is
closed in Rn. Since Rn \ Dk is path-connectd, Theorem 24.7 implies that Rn \ A
is path-connected. �

Theorem 24.12. (Invariance of domain) Let U ⊂ Rn be open, and let f : U →
Rn be an injective continuous map. Then f(U) is open in Rn, and f maps U
homeomorphically onto f(U). Let V ⊂ Rn be homeomorphic to an open subset U
of Rn. Then V is open in Rn.

Proof. 1. The case n = 1 is left as an exercise.

2. Assume then n ≥ 2. We show that f is an open map. It then follows that
f(U) is open and that f takes U homeomorphically onto f(U). Let a ∈ U and
let δ > 0 be so small that

D = {x ∈ Rn | ‖x− a‖ ≤ δ} ⊂ U.

Let S be the boundary of D. It suffices to show that f(D̊) is open, where

D̊ = {x ∈ Rn | ‖x− a‖ < δ}
is the interior of D. Both S and T = f(S) are homeomorphic to Sn−1. Theorem
24.7 implies that Rn \T has two path components, U1 and U2. By Theorem 24.9,
one of the path components is bounded and the other is unbounded. Let U2 be the
unbounded one. It follows from Theorem 24.11 that Rn \f(D) is path-connected.
Since Rn \ f(D) ⊂ Rn \ T , it follows that Rn \ f(D) is contained in U1 or in U2.
Since f(D) is compact, Rn \ f(D) is unbounded, and thus Rn \ f(D) ⊂ U2. Thus

T ∪U1 = Rn \U2 ⊂ f(D) and U1 ⊂ f(D)\T = f(D̊). Since D̊ is path-connected,

also f(D̊) is path-connected. Since f(D̊) ⊂ Rn\T = U1∪U2, must be f(D̊) ⊂ U1.

Thus f(D̊) = U1 is open in Rn. It follows that f is an open map.
The second statement follows immediately from the first one.

�
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Theorem 24.13. (Invariance of dimension) Let U ⊂ Rm and V ⊂ Rn be open
subsets, U, V 6= ∅. Assume U and V are homeomorphic. Then m = n.

Proof. Assume m < n. Let h : U → V be a homeomorphism, and let i : Rm → Rn,
x 7→ (x, 0, . . . , 0). Then

f : V → Rn, y 7→ h−1(y) 7→ (h−1(y), 0 . . . , 0),

is a continuous injection. Invariance of domain implies that f(V ) is open in Rn,
which is a contradiction. �

25. Appendix: Free abelian groups

Theorem 25.1. Let F be a free abelian group, and let B and C be abelian groups.
Let g : B → C be a surjective homomorphism. Let h : F → C be a homomor-
phism. Then there exists a homomorphism f : F → B with g ◦ f = h.

F

B
g
>

f

<
C

h
∨

> 0

Proof. Let X be a basis for F . Since g is surjective, it follows that for every x ∈ X
there is an element bx ∈ B with g(bx) = h(x). The function x 7→ bx defines a
homomorphism f : F → B (extend x 7→ bx by linearity). For every x ∈ X,

g(f(x)) = g(bx) = h(x).

Since (g ◦f)(x) = h(x) for the basis elements x ∈ X, it follows that g ◦f = h. �

Corollary 25.2. Let F be a free abelian group, and let B be an abelian group. Let
g : B → F be a surjective homomorphism. Then B = kerg ⊕ F ′, where F ′ ∼= F .

Proof. Consider the diagram

F

B
g
>

f

<
F

id
∨

> 0

By Theorem 25.1, there is a homomorphism f : F → B with g ◦ f = id. Thus f
is injective. Check that B = kerg ⊕ imf : Let b ∈ B. Then

b = b− f(g(b)) + f(g(b)),

where g(b) ∈ F , f(g(b)) ∈ imf , and

g
(
b− f(g(b))

)
= g(b)− (g ◦ f︸︷︷︸

id

)(g(b)) = 0.

Thus b− f(g(b)) ∈ kerg.
Assume b ∈ kerg ∩ imf . Then b = f(x), for some x ∈ F , and

0 = g(b) = g(f(x)) = (g ◦ f)(x) = x.
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Thus b = f(x) = f(0) = 0. It follows that kerg ∩ imf = {0}. Thus

B = kerg ⊕ imf,

where F ′ = imf ∼= F . �

Definition 25.3. Let A,B,C be abelian groups. An exact sequence

0 −→ A
i−→ B

p−→ C −→ 0

is called split (or a split exact sequence), if there is a homomorphism s : C → B
with ps = idC .

Lemma 25.4. The following statements are equivalent:

(1) The exact sequence

0 −→ A
i−→ B

p−→ C −→ 0

is split.
(2) There is a homomorphism q : B → A with qi = idA.
(3) The group A is a direct summand of B (that is, there exists a subgroup

C ′ of B such that the restriction p| : C ′ → C is an isomorphism and
B = im(i)⊕ C ′).

Proof. Exercise. �

Theorem 25.5. Let F be a free abelian group. Let H be a subgroup of F . Then
H is free abelian and rank(H) ≤ rank(F ). In particular, H is finitely generated
if F is finitely generated.

Proof. We give two proofs. The first one only works for F having finite rank.

1. Assume F has finite rank n. We prove the claim by induction on n.
Let n = 1. Then F ∼= Z. Any subgroup of Z is either 0 or isomorphic to Z.

Thus H is free abelian and rank(H) ≤ 1 = rank(F ).
Assume then F has basis {x1, . . . , xn}. Let Fn =< x1, . . . , xn−1 >, and let

Hn = H ∩ Fn. By induction, Hn is a free abelian group, and rank(Hn) ≤ n− 1.
Now,

H/Hn = H/(H ∩ Fn) ∼= (H + Fn)/Fn ⊂ F/Fn ∼= Z.
Thus H/Hn is isomorphic to a subgroup of Z. If H/Hn = 0, then H = Hn.
If H/Hn

∼= Z, then it follows from Corollary 25.2 that H = Hn⊕ < yn >,
where < yn >∼= Z. Thus H is a free abelian group of rank less than equal to
(n− 1) + 1 = n. This completes the proof where rank(F ) is finite.

2. Assume then that the rank of F is not necessarily finite. Let {xk | k ∈ K} be
a basis of F . We assume {xk | k ∈ K} is well-ordered. (That every non-empty
set can be well-ordered is equivalent to the axiom of choice.) For k ∈ K, let

Fk =
∑
j<k

< xk >, F̄k =
∑
j≤k

< xk >,

Hk = H ∩ Fk, H̄k = H ∩ F̄k.
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Now,

F =
⋃
k

F̄k, H =
⋃
k

H̄k,

and
Hk = H ∩ Fk = H ∩ Fk ∩ F̄k = H̄k ∩ Fk.

Thus

H̄k/Hk = H̄k/(H̄k ∩ Fk) ∼= (H̄k + Fk)/Fk

⊂ F̄k/Fk ∼= Z.

As in the first proof, either H̄k = Hk, or H̄k = Hk⊕ < hk >, where < hk >∼= Z.
We show that H is a free abelian group with basis {hk}. It will then follow

that
rank(H) = card{hk} ≤ card(K) = rank(F ).

Let H0 be the subgroup of H generated by the hk. Now, each h ∈ H lies
in some F̄k, since F is the union of the F̄k. Let µ(h) be the least index k with
h ∈ F̄k. Assume H 6= H0. Consider the set

A = {µ(h) | h ∈ H, h /∈ H0}.
Since K is well-ordered, it follows that A has a least index j. Let h′ ∈ H be such
that µ(h′) = j and h′ /∈ H0. Then µ(h′) = j implies that h′ ∈ H ∩ F̄j. Thus
h′ = a + mhj, where a ∈ Hj and m ∈ Z. Thus a = h′ −mhj ∈ H, a /∈ H0 and
a ∈ Hj. It follows that µ(a) < j, which is a contradiction. Therefore, H = H0.

It remains to show that the linear combinations of the hk are unique. It suffices
to show that if

m1hk1 + · · ·+mnhkn = 0, k1 < · · · < kn,

then m1 = · · · = mn = 0. Assume mn 6= 0. Then

mnhkn = −m1hk1 − · · · −mn−1hkn−1 ∈< hkn > ∩Hkn = 0,

which is a contradiction. Thus the linear combinations of the hk are unique, and
it follows that H is a free abelian group with basis {hk}.

�
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26. English-Finnish dictionary

Here comes a list of some words that are frequently used in topology. Feel free
to suggest better Finnish words!
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boundary reuna
boundary homomorphism reunahomomorfismi
category kategoria
chain ketju
chain complex ketjukompleksi
class luokka
coboundary koreuna
cochain koketju
cocycle kosykli
cochain complex koketjukompleksi
cohomology kohomologia
connected yhtenäinen
connecting homomorphism yhdistävä homomorfismi
contractible kutistuva
cup product kuppitulo
cycle sykli
deformation retract deformaatioretrakti
direct product suora tulo
direct sum suora summa
exact sequence eksakti jono
excision typistys
diagram kaavio
face tahko
free abelian group vapaa Abelin ryhmä
functor funktori
fundamental group perusryhmä
graded ring porrasteinen rengas
groupoid grupoidi
homology homologia
homotopy homotopia
loop silmukka
morphism morfismi
natural transformation luonnollinen transformaatio
nullhomotopy nollahomotopia
object objekti
path polku
path component polkukomponentti
path-connected polkuyhtenäinen
pullback nykäisy
pushout töytäisy
retract retrakti
retraction retraktio
simplex simpleksi
smash nitistys
split exact sequence halkeava eksakti jono
suspension suspensio
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